


To understand the basic proportionality theorem, let us perform the following activity.

Draw any angle X4Y and mark points (say five points) A, P, D,P; and B on arm AX
such that AP, = PP, = P,D = DP, = P;B = 1 unit (say).

Through B draw any line intersecting arm AY at C. Again through D draw a line
parallel to BC to intersect AC at E. r

Now AD = AP, + PP, + P,D = 3 units
and DB = DP; + P;B = 2 units

AD _ 3

DB 2
Measure AF and EC.

AE _ 3
We observe that 7 5

Thus, in AABC if DE | BC, then 42 — AE 4 p P, D P, B X
DB EC Fig. 6.1

We prove this result as a theorem known as Basic Proportionality Theorem or Thales
Theorem as follows:

6.2 Basic proportionality and Angle Bisector theorems

Theorem 6.1 Basic Proportionality theorem

or Thales Theorem

If a straight line is drawn parallel to one side
of a triangle intersecting the other two sides, then it
divides the two sides in the same ratio.

Given: In a triangle ABC, a straight line / parallel to

BC, intersects AB at D and AC at E.

. AD _ AE
To prove: DB = EC | )
Construction: Join BE, CD. Fig. 6.2
Draw EF L AB and DG 1 CA.
Proof .

Since, EF 1 AB, EF is the height of triangles ADE and DBE.

Area (AADE) = %X base X height = %AD X EF and

Area (ADBE)= %x base X height = %DB x EF
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L ADXEF

area(AADE) _ 2 _ AD (D)
area(ADBE) 1 ppypp DB
2

Similarly, we get

1
area(AADE) 2 XAEXDG _ AE 2)
2

But, ADBE and ADCE are on the same base DE and between the same parallel
straight lines BC and DE.

area (ADBE) = area (ADCE) (3)
in AD _ AE
Form (1), (2) and (3), we obtain DB~ EC Hence the theorem.
Corollary
If in a AABC, a straight line DE parallel to BC, intersects AB at D and AC at E, then
y AB _ AC iy AB _ AC
W AD = AE ) pg = EC
Proof /
. ow?
(1) From Thales theorem, we have Do you Kkn ) ) \_
AD AE a+ ¢+
L = 88 If 4 — C th = ;
DB~ EC b=d b d
. DB _ EC This is called componendo rule.
Here 2 = =
DB _q, EC ’ AD ~ AE
= |+ AD 1+ AE
_, AD+ DB _ AE + EC
., AD+DB _ AE+EC AD — AE
AD AE b
~ y componendo rule. e
Thus AB _ AC
’ AD AE
(i1)  Similarly, we can prove
AB _ AC
DB  EC
Is the converse of this theorem also true? To examine this let us perform the following
activity.
{ctiviiyy

Draw an angle ZXAY and on the ray AX, mark points A, P, P, P; and B such that
AP, = PP, = PP, = P,P, = P,B = lunit (say).

Similarly, on ray AY, mark points Q;,(0,,0;,0. and C such that

AQ = 0.0, = 0,05 = 00, = 0,C = 2 units (say).
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Now join AQ; and BC.

Then RE 4 ™MpcTs 1
M = —AQI
Thus, PB 0.C

We observe that the lines A O and BC are parallel

the same ratio, then the line is parallel to the third side.

4 p P P P B X

to each other. ie., PO | BC Fig. 6.3 (1)
Similarly, by joining P.Q,, P;Q; and P,Q, we see that

AP, _ AQ, 2

P.B = QZC = 3 and PzQz " BC (2)

AP, _ AQs _ 3

PB = Q. 2 WMAPO|BC ¥

AP4 _ AQ4 _ i

PB  0.C 1 and RO | BC @

From (1), (2), (3) and (4) we observe that if a line divides two sides of a triangle in

In this direction, let us state and prove a theorem which is the converse of Thales

theorem.

Theorem 6.2

Converse of Basic Proportionality Theorem ( Converse of Thales Theorem)

If a straight line divides any two sides of a triangle in the same

ratio, then the line must be parallel to the third side. b Mo
R sy s !
Given: A line [ intersects the sides AB and AC of ¢ X
AABC respectively at D and E
AD _ AE P ¢
such that DB - EC (1) Fig. 6.4

To prove: DE | BC

Construction : If DE is not parallel to BC, then draw a line DF' || BC'.

Proof _ Since DF | BC, by Thales theorem we get,

AD _ AF

DB FC )

AF _ AE AF + FC _ AE + EC
From (1) and (2), we get EC EC FC EC

AC _ AC . -

fe C FC=EC

This is possible only when F and E coincide. Thus, DE | BC.
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Angle Bisector Theorem
The internal (external) bisector of an angle of a triangle divides the opposite side
internally (externally) in the ratio of the corresponding sides containing the angle.
Case (i) (Internally) ,,7E
Given : In AABC, AD is the internal bisector of /,’, ,"
ZBAC which meets BC at D. ) ,// ,"
’ A
To prove : % = j% l,'l
Construction : Draw CE | DA to meet B4 produced at E. ,'I
5 5 c
Proof Fig. 6.5
Since CE | DA and AC is the transversal, we have
(1)
(2)
3)

ZDAC = ZACE (alternate angles)
and ZBAD = ZAEC (corresponding angles)
Since AD is the angle bisector of £A4 , ZBAD = ZDAC

From (1), (2) and (3), we have ZACE = ZAEC
(sides opposite to equal angles are equal)

Thus in AACE, we have AE = AC

Now in ABCE we have, CE | DA
BA (Thales theorem)

BD _ BA
DC ~ AE
BD _ 4B _
DC ~ AC (AE=4C)

—'P

Hence the theorem.
Case (ii) Externally (this part is not for examination)

In AABC,
AD is the external bisector of £BAC

and intersects BC produced at D.

Given:

BD _ AB
DC AC
(D

To prove:
Construction: Draw CE | DA meeting AB at E.
(alternate angles)
Geometry |

Proof 4 CE| DA and AC is a transversal,
ZECA = ZCAD




Also CE | DA and BP is a transversal

ZCEA = ZDAP ( corresponding angles) (2)
But 4D is the bisector of ZCAP

ZCAD = ZDAP 3)
From (1), (2) and (3), we have

ZCEA = ZECA

Thus, in AECA, we have AC = AE (sides opposite to equal angles are equal)
In ABDA, we have EC | AD

BD _ BA
De i (Thales theorem)
—_— = —-—- —

- ch C (AE = AC)

Hence the theorem.

Theorem 6.4 Converse of Angle Bisector Theorem

If a straight line through one vertex of a triangle divides the opposite side internally

(externally) in the ratio of the other two sides, then the line E

bisects the angle internally (externally) at the vertex.

Case (i) : (Internally)

Given : In AABC, the line AD divides the opposite side
BC internally such that
B D c
BD _ AB Fig. 6.7 (1)
DC  AC
To prove :  AD is the internal bisector of ZBAC .
i.e., toprove ZBAD = ZDAC .
Construction :
Through C draw CE | AD meeting BA produced at E.
Proof ~ Since CE | AD, by Thales theorem, we have g—l()? = % (2)
AB _ AB
Thus, from (1) and (2) we have, AE = AC
AE = AC
Now, in A ACE, we have ZACE = ZAEC (AE = AC) (3)

| 10th Std. Mathematics



Case (ii) Externally (this part is not for examination)

Given : In AABC, the line AD divides externally the

Since AC is a transversal of the parallel lines 4D and CE,
we get, ZDAC = ZACE (alternate interior angles are equal) (4)

Also BE is a transversal of the parallel lines AD and CE.
we get ZBAD = ZAEC ( corresponding angles are equal)  (5)
From (3), (4) and (5), we get
ZBAD = ZDAC
AD is the angle bisector of ZBAC.

Hence the theorem.

opposite side BC produced at D.

BD _ AB
DC  AC

such that

To prove :  AD is the bisector of ZPAC,

i.e., toprove LPAD = ZDAC

Construction : Through C draw CE | DA meeting BA at E.

Proof . Since CE| DA , by Thales theorem BD _ BA (2)
DC  EA
From (1) and (2), we have
AB _ 4B . _
YE = AC " AE = AC
In AACE, we have ZACE = ZAEC (AE = AC) 3)

Since AC is a transversal of the parallel lines AD and CE, we have

ZACE = ZDAC (alternate interior angles) (4)
Also, BA is a transversal of the parallel lines AD and CE,

ZPAD = ZAEC (corresponding angles ) (5)
From (3), (4) and (5), we get

ZPAD = ZDAC
AD is the bisector of ZPAC. Thus AD is the external bisector of ZBAC

Hence the theorem.
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Example 6.1

In AABC, DE| BC and fég g . If AE = 3.7cm, find EC. 4
Solution In AABC, DE | BC 3.7em
AD _ AE
DB~ EC (Thales theorem) D E
AE X DB
- EC = AD
B C
Thus,  EC =3TX3 =555am Fig. 6.9
Example 6.2
P
In A PQOR, given that S is a point on PQ such that \
ST | OR and PS _3 irpr-= 5.6cm, then find PT. O‘%
SO 5 ;
Solution  In APQR, we have ST | OR and by Thales theorem, y
PS _ PT
SO TR ) 0 R
Let PT=x. Thus, TR = PR—-PT=5.6—x. Fig. 6.10
From (1), we get PT= TR( gg)
x=(56— x)(g)
5x =16.8 — 3x
Thus, X = % =2.1 Thatis, PT=2.1cm.
Example 6.3 A
Ina AABC, D and FE are points on AB and AC respectively such that
AD _ AE D E
L= Z V4
DB~ EC and ZADE = ZDEA. Prove that AABC is isosceles.
Solution Since g—g = ’é—g, by converse of Thales theorem, DE | BC 5 E—— c
ZADE = ZABC and (1)
/DEA = ZBCA )
But, given that ZADE = ZDEA (3)

From (1), (2) and (3), we get ZABC = ZBCA

AC =A4B (If opposite angles are equal, then opposite sides are equal).
Thus, A ABC is isosceles.
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Example 6.4
The points D, E and F' are taken on the sides AB, BC and CA of a AABC

respectively, such that DE | AC and FE | AB. F
D
Prove that % = % )
Solution  Given that in AABC, DE | AC. E
B Fig. 6.12
BD _ BE
DA~ EC (Thales theorem) (1)
Also, given that FE | AB.
BE _ AF
EC - FC (Thales theorem) (2)
From (1) and (2), we get
BD _ AF
AD  FC
BD+AD _ AF + FC
— AD 7C (componendo rule)
AB _ AC
Thus, AD _ FC
Example 6.5
A
In AABC, the internal bisector AD of £A meets the side BC
at D. If BD =2.5¢cm, AB=5cm and AC = 4.2 cm, then find DC.
Sem 4.2cm
Solution In AABC, AD is the internal bisector of £A4 .
% = j—g (angle bisector theorem) R A— c
_ BDxAC Fig. 6.13
= DC — 1B
Thus, pC = 23582 <2 jem,
Example 6.6
In AABC, AE is the external bisector of Z£A, meeting BC produced at E.
If AB=10cm, AC = 6 cm and BC = 12¢cm, then find CE.
Solution In AABC, AE is the external bisector of £A meeting BC produced at E.
Let CE = x cm. Now, by the angle bisector theorem, we have
BE _ AB — 12+x _ 10 D
CE AC X 6 A
o
— 3(12 +x) =5x. W2 6 om
= x=18. B 2cm C x E
Hence, CE=18cm. Fig. 6.14
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Example 6.7

D is the midpoint of the side BC of AABC. If P and Q are points on AB and on AC
such that DP bisects £BDA and DQ bisects £ADC, then prove that PQ || BC.

Solution In AABD, DP is the angle bisector of ZBDA.

A
% = ‘;% (angle bisector theorem) (1)
In AADC , DQ is the bisector of ZADC »
AQ _ 4D . N
oc - DC (angle bisector theorem) (2)
But, BD=DC (D is the midpoint of BC) B D ¢
Fig. 6.15
AQ _ 4D
Now (2) = 0C~ BD 3)
From (1) and (3) we get,
Ap _ AQ
PB QC
Thus, PO | BC. (converse of Thales theorem)

| Exercise 6.1

1. In a AABC, D and E are points on the sides 4B and AC respectively such that DE | BC.
(1) IfAD=6cm, DB =9cm and AE =8 cm, then find AC.
(i) IfAD=8cm, AB=12cm and AE = 12 cm, then find CE.
(ii1) If AD =4x-3, BD = 3x—1, AE = 8x—7 and EC = 5x-3, then find the value of x.
4
2. Inthe figure, AP=3cm, AR=4.5cm, AQ =6cm, AB = 5cm, ‘L
and AC = 10cm. Find the length of AD. P, 0

3. E and F are points on the sides PQ and PR respectively, of a APQR. For each of the
following cases, verify EF | OR.

(1) PE=39cm, EQ=3cm, PF=3.6cmand FR =2.4cm.
(i) PE=4cm, QF=4.5cm, PF=8cm and RF = 9cm.

0
4. In the figure, P
AC | BD and CE | DF. 1f OA =12cm, AB=9 cm, ) F
OC=8cmand EF =4.5 cm, then find FO.
B D
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10.

11.

12.

13.

14.

ABCD is a quadrilateral with 4B paralletho CD. A line drawn parallel to AB meets AD

at P and BC at Q. Prove that Ap _ B

PD  QC~
In the figure, PC | OKand BC | HK.If AQ =6 cm, QH = 4 cm,
HP =5 cm, KC = 18cm, then find AK and PB.

P
In the figure, DE | AQand DF | AR E F
Prove that EF | OR. i b E
0 R
4
In the figure h 4
DE | ABand DF | AC.
Prove that EF' || BC. /P
F
B c

Ina AABC, AD is the internal bisector of £A4, meeting BC at D.

i) IfBD=2cm,AB=5cm,DC=3cmfind AC.

(1) IfAB=5.6cm, AC=6 cmand DC =3 cm find BC.

(i) IfAB=x, AC=x-2, BD =x+2 and DC = x—1 find the value of x.

Check whether AD is the bisector of Z4 of A ABC in each of the following.
(i) 4AB=4cm,AC=6cm,BD=1.6 cm,and CD =2.4 cm.

(i) AB=6cm, AC=8cm, BD=1.5cm and CD = 3cm.

0
Ina AMNO, MP is the external bisector of ZM meeting v
o
NO produced at P. If MN =10 cm, W b
MO =6 cm, NO =12 c¢m, then find OP. NE—T7em O r

In a quadrilateral ABCD, the bisectors of ZB and ZD intersect on AC at E.
AB _ AD
P hat = = .
rove that B3C = DC
The internal bisector of £A4 of AABC meets BC at D and the external bisector of £4
BD _ CD
meets BC produced at E. Prove that BE — CE-
ABCD is a quadrilateral with AB =AD. If AE and AF are internal bisectors of £BAC
and ZDAC respectively, then prove that EF | BD.
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6.3 Similar triangles

In class VIII, we have studied congruence of triangles in detail. We have learnt that
two geometrical figures are congruent if they have the same size and shape. In this section,
we shall study about those geometrical figures which have the same shape but not necessarily
the same size. Such geometrical figures are called similar.

On looking around us, we see many objects which are of the same shape but of same or
different sizes. For example, leaves of a tree have almost the
same shapes but same or different sizes. Similarly photographs
of different sizes developed from the same negative are of
same shape but different sizes. All those objects which have
the same shape but different sizes are called similar objects.

Thales said to have introduced Geometry in Greece, is

believed to have found the heights of the Pyramids in Egypt, )
using shadows and the principle of similar triangles. Thus the Thales of Miletus

use of similar triangles has made possible the measurements (62é546 BC)
reece

of heights and distances. He observed that the base angles

of an isosceles triangle Thales was the first known philosopher,

are equal. He used the scientist and mathematician. He is
idea of similar triangles credited with the first use of deductive
and right triangles in reasoning applied to geometry. He

practical geometry. discovered  many  prepositions  in

. geometry. His method of attacking
It is clear that triangles

AA AN AN problems invited the attention of many
NN\ are similar NN

the congruent figures are
mathematicians. He also predicted an

eclipse of the Sun in 585 BC.

similar but the converse
need not be true. In this

/\ JAY JAY JAY
section. we shall discuss 2LLEAANRNANNNNNNNNNAN
9

only the similarity of triangles and apply this knowledge in solving problems. The following
simple activity helps us to visualize similar triangles.

+» Take a cardboard and make a triangular hole in it.

¢ Expose this cardboard to Sunlight at about one metre above the ground .

< Move it towards the ground to see the formation of a sequence of triangular shapes
on the ground.

% Moving close to the ground, the image becomes smaller and smaller. Moving away
from the ground, the image becomes larger and larger.

“* You see that, the size of the angles forming the three vertices of the triangle would
always be the same, even though their sizes are different.
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Definitioni
Two triangles are similar if

(1) their corresponding angles are equal (or)

(i1) their corresponding sides have lengths in the same ratio (or proportional),

which is equivalent to saying that one triangle is an enlargement of other.

D
Thus, two triangles AABC and A DEF are similar if
4
() LA = 4D, ZB=ZE, ZC = ZF (or)
DE EF FD c E
Fig. 6.16 Fig. 6.17

Here, the vertices 4, B and C correspond to the vertices D, E and F respectively.
Symbolically, we write the similarity of these two triangles as AABC ~ A DEF and read it
as AABC is similar to ADEF. The symbol ‘~’ stands for ‘is similar to’.

l Remarks ll

Similarity of AABC and ADEF can also be expressed symbolically using correct
correspondence of their vertices as ABCA ~ A EFDand ACAB ~ AFDE.

6.3.1 Criteria for similarity of triangles
The following three criteria are sufficient to prove that two triangles are similar.
(i) AA( Angle-Angle ) similarity criterion
If two angles of one triangle are respectively equal to two angles of another triangle,
then the two triangles are similar.

Remark If two angles of a triangle are respectively equal to two angles of another triangle
then their third angles will also be equal. Therefore AA similarity criterion is also referred to
AAA criteria.

(i)  SSS (Side-Side-Side) similarity criterion for Two Triangles

In two triangles, if the sides of one triangle are proportional (in the same ratio) to
the sides of the other triangle, then their corresponding angles are equal and hence the two
triangles are similar.
(ili) SAS (Side-Angle-Side) similarity criterion for Two Triangles

If one angle of a triangle is equal to one angle of the other triangle and if the
corresponding sides including these angles are proportional, then the two triangles are similar.
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Let us list out a few results without proofs on similarity of triangles.

(1) The ratio of the areas of two similar triangles is equal to the ratio of the squares of

their corresponding sides.

(i1))  Ifaperpendicular is drawn from the vertex of a right angled triangle to its hypotenuse,
A

then the triangles on each side of the perpendicular are
similar to the whole triangle.
Here, (a) A DBA~ A ABC

(b) A DAC ~ A ABC B D ¢

Fig. 6.18
(¢) A DBA~ A DAC

(iii) If two triangles are similar, then the ratio of the
corresponding sides is equal to the ratio of their
corresponding altitudes.

AB _ BC _ _ AD B
e., if AABC ~ AEFG, th
! VEF T FG T GE EH  Fig.6.19 Flg. 6.20

(iv)  If two triangles are similar, then the ratio of the corresponding sides is equal to the
ratio of the corresponding perimeters.

N AB _ BC _ CA _ AB+BC+CA
. & ABC ~ A DEF, then g = pF = FD = DE+ EF + FD

Example 6.8

In APQR, AB |QR. If AB is 3 cm, PB is 2cm and PR is 6 cm, then find
the length of OR.

P
Solution Given AB is 3cm, PB is 2cm PR is 6 cm and 4B |OR /2\
6
In APAB and APQR y 3
ZPAB = ZPQR (corresponding angles) \
and Z£P is common. Q R
Fig. 6.21
. APAB ~ APQR (AA similarity criterion)
Since corresponding sides are proportional,
AB _ PB
OR ~ PR
_ ABXPR
OR PB
- 3X6
2
Thus, OR =9cm.
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Example 6.9

A man of height 1.8 m is standing near a Pyramid. If the shadow of the man is of
length 2.7 m and the shadow of the Pyramid is 210 m long at that instant, find the height of
the Pyramid.

Solution  Let AB and DE be the heights of
the Pyramid and the man respectively.

Height of
pyramid

Let BC and EF be the lengths of the shadows of

the Pyramid and the man respectively. ________________

In AABC and ADEF, we have I 210 m |
ZABC = ZDEF =90°

Fig. 6.22
ZBCA = ZEFD
(angular elevation is same at the same instant)
..AABC ~ ADEF (AA similarity criterion)
AB _ BC
Thus, DE ~ EF
AB _ 210 _ 210 _
— 18 =27 — AB 57 x 1.8=140.

Hence, the height of the Pyramid is 140 m.
Example 6.10

A man sees the top of a tower in a mirror which is at a distance of 87.6 m from
the tower. The mirror is on the ground, facing upward. The man is 0.4 m away from the
mirror, and the distance of his eye level from the ground is 1.5 m. How tall is the tower?
(The foot of man, the mirror and the foot of the tower lie along a straight line).

Solution  Let AB and ED be the heights of the man and

the tower respectively. Let C be the point of incidence of

the tower in the mirror.

In AABC and AEDC,we have
ZABC = ZEDC =90°
/BCA = 2DCE

(angular elevation is same at the same instant. i.e., the angle

C D
of incidence and the angle of reflection are same.) 0-4mt 87.6m !
AABC ~ AEDC (AA similarity criterion) Fig. 6.24
ED _ DC ino si i
Thus, AB BC (corresponding sides are proportional)
- DC _ 3876 _
ED BC X AB = 0.4 X 1.5=328.5

Hence, the height of the tower is 328.5m.




Example 6.11

The image of a tree on the film of a camera is of length 35 mm, the distance from the
lens to the film is 42 mm and the distance from the lens to the tree is 6 m. How tall is the
portion of the tree being photographed?

4
Solution  Let AB and EF be the
heights of the portion of the tree and N
its image on the film respectively. & ,\
£
Let the point C denote the lens. ,% c 6m G
Let CG and CH be altitudes of /
AACBandA FEC Lo
Clearly, AB || FE. B
In AACBandA FEG Flg. 625
/BAC= 2/ FEC
ZECF=ZACB ( vertically opposite angles)
. AACB~ AECF ( AA criterion)
AB _ CG
Thus, EF ~ CH
_ CG _ 6x0.035 _
- AB cn X EF 0042 5.
Hence, the height of the tree photographed is Sm.
| Exercise 6.2 |
1. Find the unknown values in each of the following figures. All lengths are given in
centimetres. (All measures are not in scale)
(1) (i1) A (iii) A
A Y G
/ ; ¥ ; X
B z
b 0 E

2. The image of a man of height 1.8 m, is of length 1.5cm on the film of a camera. If the
film is 3 cm from the lens of the camera, how far is the man from the camera?

3. A girl of height 120 cm is walking away from the base of a lamp-post at a speed
of 0.6 m/sec. If the lamp is 3.6 m above the ground level, then find the length of her
shadow after 4 seconds.
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