
efiµ≈n∂Ú
‚g∂Ú s∞∂ ñ lrzbªÏgØ –zbM

 µÏÿc ñ II

µ—h·‰Ïª’M∑F
∑Ïªfl∂Ú ehegØ
e∂Ú•¶uCuÏ∞∂,  ukœ∞kñ600 006

ZzbªÏ∞g a¥ ∑Ï÷uC un∂Ú
ZzbªÏ∞g a¥  ∑¥G™ÿ[}[gØ
ZzbªÏ∞g g>µµ√µkœ∞gn[}[  un∂Ú

TôPèp úUmTôhÓd ÏÝ®u T¬kÕûW«u
A¥lTûP«p §ÚjRlThPÕ.



© µ—h·‰ÏM ¢r¨
±µ[} ∑c∑F∫–2005
c¥µ√cn ∑c∑F∫–2007 fl∂ÏV¶nÏ» g[}tgØ ÿdµ√µ∞∂÷Ï»fl∂ÏV¶nÏ» g[}tgØ ÿdµ√µ∞∂÷Ï»fl∂ÏV¶nÏ» g[}tgØ ÿdµ√µ∞∂÷Ï»fl∂ÏV¶nÏ» g[}tgØ ÿdµ√µ∞∂÷Ï»fl∂ÏV¶nÏ» g[}tgØ ÿdµ√µ∞∂÷Ï»

±∞k÷Ï»»  K. Q>÷Ïukœ
l∞z∑F ‚∑rÏV¶nÏ», efiµµ√U∞[

gÏs∂eˆ e∂Ú•¶ (µkœkÏª’V),  ukœ∞k ñ 600 005

fl∂ÏV¶nÏ» g[}tgØ ‚g∂Ïn›÷ÏıÏ»fl∂ÏV¶nÏ» g[}tgØ ‚g∂Ïn›÷ÏıÏ»fl∂ÏV¶nÏ» g[}tgØ ‚g∂Ïn›÷ÏıÏ»fl∂ÏV¶nÏ» g[}tgØ ‚g∂Ïn›÷ÏıÏ»fl∂ÏV¶nÏ» g[}tgØ ‚g∂Ïn›÷ÏıÏ»

±∞k÷Ï»»  A. r«gØ ∑Ïª’uÏ
l∞z∑F ‚∑rÏV¶nÏ», efiµµ√U∞[

gÏs∂eˆ e∂Ú•¶ (µkœkÏª’V),  ukœ∞k ñ 600 005

±∞k÷Ï»  E. u‰Õcr‚uerkœ
±Us∞∂ efiµ ≈¶¡∞rnÏıÏ»

gÏs∂eˆ e∂Ú•¶,  ukœ∞k ñ 600 005

fl∂ÏV¶nÏ»eı¤fl∂ÏV¶nÏ»eı¤fl∂ÏV¶nÏ»eı¤fl∂ÏV¶nÏ»eı¤fl∂ÏV¶nÏ»eı¤

l‰Õfl∂Ú 60 K.¸®ƒ.¸gØ. µÏL∂Ú ¢uCVª∑F∑ª’Mı¤ıU.

c¥ R. ̈ ÷Ï—‰Ïµkœ
±µ∂Ú÷Ï», ¢he∑F∑Ï  gª’¶ÿ‚∂Ókœ

‚g>∞∂∑F ∑ı¤L,  eÏ∞reˆÿ≥ ñ 630 003

±∞k÷Ï»  º ∑∂ÚNkœ C.  ekœk≥
±Us∞∂ efiµ ≈¶¡∞rnÏıÏ»

®ƒ ª∂Ú∂Ï gÏ◊®ƒ e∂Ú•¶,  ukœ∞kñ600 006

c¥gc R. oÏkS
±Ue∞∂ efiµ∑F  ∑Ïª –V¶∞n

lrÏfi  gn›ngØ∞g  ∑zbeı¤
 ‚g∂Ús∞∂∑F ∑ı¤L,  lrÏuÏ ¢zbzÏg∞∂∫rgØ,

 ukœ∞kñ600 028.

∑ÏªG™eı¤ µnÏ¶∑F∫ :  µ—h·‰ÏM ¢r¨eˆeÏe
∑ı¤Leˆe∂Ú≈ lneˆeegØ, µ—h·‰ÏM.

≈∞∂ : ‹.

 ÷∑F –∑F uª’ ±∞[J∂Ú ¢uCVª’‚ªÏÏ» :

±∞k÷Ï» µÏg®ƒ ‚rÏ˛
±Us∞∂ efiµ ≈¶¡∞rnÏıÏ»

 ukœ∞k S¥µ√U÷eˆ e∂Ú•¶,
µÏgØ∑rgØ,  ukœ∞kñ600 059.

c¥.  K. µG™e‚÷B
±Us∞∂ efiµ ≈¶¡∞rnÏıÏ»

∑uC∞un∑F∑kœ e∂Ú•¶,  ukœ∞kñ600 030

±∞k÷Ï» (c¥gc)  N.  u∂Ú≈
l∞z∑F ‚∑rÏV¶nÏ», efiµµ√U∞[

A.D.M.  ∑zbeı¤ e∂Ú•¶,  ‰Ïe∑F∑ª’≥zgØ

c¥ S. ∑kœÛÏ» u∂Ú÷gØ
±Ue∞∂ efiµ∑F∑Ïª –V¶nÏ»

¢r¨ ‚g∂Ús∞∂∑F∑ı¤L, ¢¥gØ∑ÏeˆegØ,
 ukœ∞kñ600 106.

c¥gc K.G. ∫ÓR∑÷∂ÚH
±Ue∞∂ efiµ∑F∑Ïª –V¶∞n

WgÏª’≥ V÷®ƒ÷Ï— ¢n›nÏ»  ∑zbeı¤
‚g∂Ús∞∂∑F∑ı¤L, gJ∂Ï∑F≠Ï»,

 ukœ∞kñ600 004.

c¥. A.V. ∑Ï∫ Si®ƒ‚ªÏ∑Ï»
±Ue∞∂ efiµ∑F∑Ïª –V¶nÏ»

∫>µ p∞un∑F∑Ï» ‚g∂Ús∞∂∑F ∑ı¤L
 uG™e∂Ú∑ª’M ñ 603 002

±∞k÷Ï»  C.  u∂Ú÷rÏo‘
±Us∞∂ efiµ ≈¶¡∞rnÏıÏ»

q.‰Ï. ¢r¨eˆ e∂Ú•¶,  ∑Ïkœ‚k¶ ñ 601 204

±∞k÷Ï»  M. u‰Õcr‚ueÏ»
qµ≈∑F ‚∑rÏV¶nÏ», efiµµ√U∞[

¢zbzÏ ∑∂Úe∞∂eˆehegØ,  ukœ∞k ñ 600 025

‚g∂Ïn›÷ÏıÏ»eı¤‚g∂Ïn›÷ÏıÏ»eı¤‚g∂Ïn›÷ÏıÏ»eı¤‚g∂Ïn›÷ÏıÏ»eı¤‚g∂Ïn›÷ÏıÏ»eı¤



  

ùTôÚ[PdLm 

TdL Gi 
  èp ØLm 

  TôPj§hPm 

5. YûL ÖiL¦Rm : TVuTôÓLs-I 1 

 5.1 A±ØLm 1 

 5.2 ÅR A[ûY«p YûLÂÓ 1 

 5.3 NôokR ÅReLs 6 

 5.4 ùRôÓúLôÓLs Utßm ùNeúLôÓLs 12 

 5.5 CÚ Yû[YûWLÞdÏ CûPlThP úLôQm  17 

 5.6 CûPU§l×j úRt\eLs Utßm AYt±u TVuTôÓLs 21 

 5.7 úR\lùT\ôR Y¥YeL°u U§l× LôQp 33 

 5.8 K¬Vp×f Nôo×Ls  39 

 5.9 ùTÚU Utßm £ßU U§l×LÞm  

  AYt±u TVuTôÓLÞm 48 

 5.10 ùTÚU Utßm £ßU U§l×Lû[f NôokÕs[  

  SûPØû\d LQdÏLs 60 

 5.11 Ï¯Ü (Ï®Ü) Utßm Yû[Ü Uôtßl ×s°Ls 68 

6. YûL ÖiL¦Rm : TVuTôÓLs-II 77 

 6.1 YûLÂÓLs. ©ûZLs Utßm úRôWôV U§l×Ls 77 
 6.2 Yû[YûW YûWRp 83 
 6.3 TÏ§ YûL«Pp 88 

7. ùRôûL ÖiL¦Rm : TVuTôÓLs 98 

 7.1 A±ØLm 98 

 7.2 G°V YûWVßjRj ùRôûLLs 98 

 7.3 YûWVßjRj ùRôûL«P−u Ti×Ls 101 

 7.4 Ïû\l× ãj§Wm 110 

 7.5 TWl× Utßm L] A[Ü 115 

 7.6 Yû[YûW«u ¿[m 131 

 7.7 §Pl ùTôÚ°u Yû[TWl× 132 



  

8. YûLdùLÝf NUuTôÓLs 137 

 8.1 A±ØLm 137 

 8.2 YûLdùLÝf NUuTôh¥u Y¬ûN Utßm T¥ 139 

 8.3 YûLdùLÝf NUuTôÓLû[ AûUjRp 140 

 8.4 ØRp Y¬ûN. ØRtT¥ YûLdùLÝf NUuTôÓLs 144 

 8.5 Uô±−Lû[d ùLÝdL[ôLd ùLôiP  

  CWiPôm Y¬ûN úS¬V YûLdùLÝf NUuTôÓLs 156 

 8.6 TVuTôÓLs 166 

9. R²¨ûX LQd¡Vp 172 

 9.1 RodL L¦Rm – A±ØLm 172 

 9.2 ÏXeLs 186 

10. ¨LrRLÜl TWYp 212 

 10.1 A±ØLm 212 

 10.2 NUYônl× Uô±Ls 212 

 10.3 L¦R G§oTôol× 227 

 10.4 A±Øû\ TWYpLs 235 

TpYônl× ®ûPV° ®]ôdLs 254 

®ûPLs  272 

§hP CVp¨ûXl TWYp – TWl× AhPYûQ 285 

úUtTôoûY èpLs 286 

 



 1

 
5, YûL ÖiL¦Rm : TVuTôÓLs - I 

(DIFFERENTIAL CALCULUS : APPLICATIONS - I) 

5,1 A±ØLm : 
 úUp¨ûX ØRXôm Bi¥p Sôm YûL ÖiL¦Rj§u 

A±Øû\dÏ¬V ÖÔdLeLû[Ùm. YûLùLÝlTÓjÕYRtLô] TX 

ùNnØû\Lû[Ùm TôojúRôm, úUÛm ØRp Y¬ûN. CWiPôm 

Y¬ûN YûLdùLÝdL°u Y¥Yd L¦Rm Utßm CVdL Ã§Vô] 

®YWeLÞm ®[dLlThP], ClúTôÕ YûL ÖiL¦Rj§u £X 

ùNVpØû\l TVuTôÓLû[l Tt± T¥dLXôm, 

 Sôm ©uYÚm ©¬ÜL°p TVuTôÓLÞPu ùRôPo×ûPV 

LQdÏLû[l Tt± TôodLXôm,  (i) NUR[ Y¥®Vp, (ii) ùUn 

Nôo©Vp, (iii) ELUm (ùTÚUm. £ßUm) LôQp LQdÏLs Utßm 

úRôWôVUôdLp LQdÏLs. 

5,2 ÅR A[ûY«p YûLÂÓ (Derivative as a rate measure) : 
 y Gu\ L¦Vm x Gu\ L¦VjûRf NôokÕ UôßTÓ¡u\Õ, 

G]úY xI ùTôßjÕ yCu UôßÅRm 
dy
dx  BÏm, 

 GÓjÕdLôhPôL EVWm hI ùTôßjÕ. AÝjRm pCu UôßÅRm 

dp
dh  BÏm, ùTôÕYôL LôXjûRl ùTôßjÕ LQd¡PlTÓm 

UôßÅRjûR ‘UôßÅRm’ G]d ùLôs[Xôm, CeÏ  ‘LôXjûRl 

ùTôßjÕ’ GuTÕ Es°ÚlTRôL ùTôÚs, GÓjÕdLôhPôL 

ªu][Ü ‘i’Cu UôßÅRm 
di
dt  BÏm, RhTùYlT¨ûX ‘θ’Cu 

UôßÅRm 
dθ
dt   BÏm, 

GÓjÕdLôhÓ 5.1 : θ°C ùYlT ¨ûX«p l ÁhPo ¿[Øs[ JÚ 

EúXôLj Õi¥u NUuTôÓ l = 1 + 0.00005θ + 0.0000004θ2
 G²p. 

¿[j§p HtTÓm UôßÅRm (mm/°C)I (i) 100°CCp  (ii)  400°CCp 

LôiL, 

¾oÜ : ¿[j§p HtTÓm UôßÅRm  
dl
dθ  BÏm, 

    
dl
dθ  =  0.00005 + 0.0000008θ . 
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 (i) θ =  100°C G] CÚdÏmúTôÕ 
dl
dθ =  0.00005 + (0.0000008) (100) 

                          = 0.00013 m/°C  = 0.13 mm/°C  

 (ii) θ =  400°C G] CÚdÏmúTôÕ 
dl
dθ =  0.00005 + (0.0000008) (400) 

               = 0.00037 m/°C  = 0.37 mm/°C  
GÓjÕdLôhÓ 5.2 : JÚ ®[d¡u J°oÜ RuûU«u Å¬Vm I 

úLuÓXô GuTÕ úYôpúPw VI ùTôßjÕ I = 4 × 10−4V2
 Gu\ 

NUuTôhPôp RWlTÓUô«u. HtTÓm UôßÅRm 0.6 G²p ARu 

úYôpúPw Gu]? 

¾oÜ : úYôpúPû_ ùTôßjÕ J°«p HtTÓm UôßÅRm 
dI
dV .  

 I = 4 × 10−4V2
 G]d ùLôiPôp 

dI
dV = 8 × 10−4V 

 JÚ úYôph¥p HtTÓm J° Ht\m 0.6 úLuÓXô G²p  

dI
dV  = + 0.6 BÏm,  

 G]úY  0.6  = 8 × 10-4 V BÏm,  

   úYôpúPw V = 
0.6

8 × 10−4  = 0.075 × 104  = 750  úYôphv 

§ûNúYLm (Velocity) Utßm ØÓdLm (Acceleration) : 
 JÚ £tßkÕ x ÁhPo çWm  

t ®]ô¥ úSWj§p Ko úSoY¯f NôûX«p 

ùNp¡\Õ, CRu §ûNúYLm ‘v’ JÚ  

Uô±− G²p. v = 
x
t   ÁhPo/®]ô¥ i.e.,  

TPm 5.1Cp LôhPlThÓs[ çWm/úSWm 

Yû[YûW«u NônÜ JÚ Uô±−VôÏm, 

 
 
 
 
 

TPm 5.1 

 JÚ £tßk§u §ûNúYLm JÚ Uô±VôL 

CÚl©u CRu çWm / úSWm ùTôßjÕ 

YûWVlTÓm YûWTPm JÚ úSodúLôPôL 

AûUVôÕ (TPm 5.2Cp Es[Õ úTôp) 
 JÚ Ïû\kR LôX A[ûYÙm (∆t) Utßm 

£ß çWjûRÙm (∆x) ùTôßjÕ ¡ûPdÏm 

NWôN¬ §ûNúYLm. AB Gu\ Sô¦u NônÜ 

ÅRm BÏm,  
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 i.e., ∆tI ùTôßjÕ ¡ûPdÏm NWôN¬ §ûNúYLm    
∆x
∆t

 BÏm,  

∆t → 0 GàmúTôÕ AB Gu\ Sôi ACp ùRôÓúLôPôÏm ThNj§p 

A Gu\ ×s°«p ¡ûPdLlùTßm §ûNúYLm  v = 
dx
dt   BÏm,  

 G]úY £tßk§u §ûNúYLm GkúSWj§Ûm çWm / úSWm 

YûWTPj§u NônÜ ÅRm BÏm, çWm xB]Õ úSWj§u (t) êXm 

ùLôÓdLlThPôp. ARû] YûLlTÓjR Sôm AûPYÕ §ûNúYLm 

BÏm,  

 JÚ £tßk§u ØÓdLm B]Õ 

§ûNúYLjûRl ùTôßjÕ HtTÓm 

UôßÅRm G] YûWVßdLXôm, TPm  

5.3Cp §ûNúYLm/úSWm YûWTPm 

ùLôÓdLlThÓs[Õ,  vCp HtTÓm 

Uôt\jûR  ∆v  G]Üm. ARtÏ HtT HtTÓm 

úSW Uôt\jûR ∆t G]Üm ùLôiPôp  

a = 
∆v
∆t

  BÏm,  ∆t → 0 BÏm úTôÕ CD Gu\ 

Sôi. CGu\ ×s°«p ùRôÓúLôPôÏm 

ThNj§p CGu\ ×s°«p  ¡ûPdLlùTßm 

 
 
 
 
 
 
 

 
TPm 5.3 

ØÓdLm  a = 
dv
dt   BÏm, 

 G]úY £tßk§u ØÓdLm GkúSWj§Ûm §ûNúYLm / úSWm 

Gu\ YûWTPj§u NônÜ ÅRm BÏm, §ûNúYLm v úSWm tCu 

êXUôL ùLôÓdLlThPôp. ARû] YûLlTÓjR Sôm AûPYÕ 

ØÓdLm BÏm, 

   v = 
dx
dt   GàmúTôÕ ØÓdLm a = 

dv
dt  ,   

   CeÏ   a = 
d
dt   



dx

dt   = 
d2x

dt2
  

 ØÓdLm B]Õ tI ùTôßjÕ xCu CWiPôm Y¬ûN 

YûLdùLÝYôp RWlTÓm, úUtÏ±l©hPûYLû[ ÑÚdLUôL 

©uYÚUôß á\Xôm, JÚ ùTôÚs  x ÁhPo çWj§û] t ®]ô¥ 

úSWj§p LPdÏUô«u. 

 (i)  çWm  x = f(t). 

 (ii) §ûNúYLm   v = f ′(t) ApXÕ 
dx
dt  , CÕúY çWm /  úSWm 

YûWTPj§u NônÜ ÅRm BÏm, 
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 (iii) ØÓdLm a = 
dv
dt   = f ′′(t) ApXÕ  

d2x

dt2
  CÕúY çWm / úSWm 

YûWTPj§u NônÜ ÅRm BÏm, 

Ï±l× :(i) ùRôPdL §ûNúYLm GuTÕ t = 0Cp ¡ûPdLlùTßm 

§ûNúYLm BÏm, 
 (ii) ùRôPdL ØÓdLm GuTÕ t = 0Cp ¡ûPdLlùTßm 

ØÓdLm BÏm, 
 (iii) JÚ ÕLs ùNeÏjRôL úUpúSôd¡f ùNuß A§LThN 

EVWm AûPÙm úTôÕ ARu §ûN úYLm éf£Vm B¡\Õ, 

 (iv) ÕL°u CVdLm ¡ûPUhPUôL CÚkÕ AÕ 

úRdL¨ûXdÏ YÚUô«u v = 0 BÏm, 

GÓjÕdLôhÓ 5.3 : JÚ £tßkÕ  t ®]ô¥ úSWj§p x ÁhPo 

çWjûRd LPd¡\Õ, ARu çW Utßm úSWj ùRôPo×  

x = 3t3 − 2 t2  + 4t  − 1 GuL, ©uYÚm úSWeL°p §ûNúYLm. ØÓdLm 

B¡VYtû\d LQd¡ÓL, (i)  t  = 0  Utßm (ii) t = 1.5 ®]ô¥Ls, 

¾oÜ :    çWm x = 3t3  − 2 t2  + 4t  −1  

   §ûNúYLm  v = 
dx
dt    =  9t2  − 4 t  + 4  Á/®]ô¥ 

   ØÓdLm  a =  
d2x

dt2
   =  18t  − 4  Á/®]ô¥

2 

 (i)   t = 0 GàmúTôÕ.  

   §ûNúYLm  v = 9(0)2  −  4(0)  + 4  =  4 Á/®]ô¥ 

   ØÓdLm a = 18(0)  −  4  =  −4 Á/®]ô¥
2 

 (ii)     t = 1.5 ®]ô¥Ls Gàm úTôÕ  

   §ûNúYLm  v = 9(1.5)2  −  4(1.5)  + 4  =  18.25 Á/®]ô¥ 

   Utßm ØÓdLm  a = 18(1.5)   −  4  =  23 Á/®]ô¥
2 

GÓjÕdLôhÓ 5.4 : JÚ Yôòo§«−ÚkÕ ¸úZ úTôPlTÓm 

ùTôÚhLs t ®]ô¥ úSWj§p. x AXÏ çWjûR YkRûP¡u\], 

CRu ùRôPo× x = 
1
2 gt2  Utßm g = 9.8 Á/®]ô¥

2
 G²p úTôPlThP 

2 ®]ô¥ úSWj§p ùTôÚ°u §ûNúYLm Utßm ØÓdLm 

B¡VYtû\d LôiL, 

¾oÜ :      x = 
1
2 gt2  =  

1
2  (9.8) t2  =  4.9 t2 Á 
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   §ûNúYLm  v = 
dx
dt   = 9.8t Á/®]ô¥ 

   ØÓdLm  a =  
d2x

dt2
  = 9.8  Á/®]ô¥

2 

   t = 2  ®]ô¥Ls GàmúTôÕ. 

   §ûNúYLm  v = (9.8)(2)  =  19.6 Á/®]ô¥  

 Utßm ØÓdLm  a = 9.8 Á/®]ô¥
2
, 

GÓjÕdLôhÓ 5.5 : JÚ T\dÏm Rh¥u úLôQ A[Ü çWm θ  
úW¥Vu B]Õ úSWm t ®]ô¥ûV ùTôßjÕ UôßTÓ¡\Õ, úUÛm, 

CYt±tÏ¬V ùRôPo× θ  =  9t2  − 2t3 G²p 

 (i) t = 1 ®]ô¥«p T\dÏm Rh¥u úLôQ §ûNúYLm Utßm 

ØÓdLm LQd¡ÓL, 

 (ii) úLôQ ØÓdLm éf£VUôÏmúTôÕ ARu úSWjûRd 

LQd¡ÓL, 

¾oÜ : (i)  úLôQ A[Ü çWm θ = 9t2  − 2t3 úW¥Vu 

   úLôQ §ûNúYLm ω  = 
dθ
dt    =  18t – 6t2 úW¥Vu/®]ô¥ 

   t = 1  ®]ô¥ úSWj§p 

   ω = 18(1)−6(1)2 = 12 úW¥Vu/®]ô¥ 

   úLôQ ØÓdLm = 
d2θ
dt2

 = 18 − 12t úW¥Vu/®]ô¥
2 

  t = 1 ®]ô¥ úSWj§p ØÓdLm = 6  úW¥Vu/®]ô¥
2 

 (ii) úLôQ ØÓdLm éf£Vm ⇒ 18 – 12t  =  0 ⇒ t = 1.5 ®]ô¥Ls, 

GÓjÕdLôhÓ 5.6 :  

 14.7 Á, EVWØs[ úUûP«−ÚkÕ JÚ £ßYu JÚ LpûX 

úUpúSôd¡ G±¡\ôu, LmTj§−ÚkÕ Ntßj Rs° úSoÏjRôL 

úUpúSôd¡ ùNuß ©u AkR Lp RûWûV AûP¡\Õ, ARu CVdLf 

NUuTôÓ. ÁhPo Utßm ®]ô¥«p x = 9.8 t − 4.9t2 G²p  

(i) úUpúSôd¡f ùNpX. Utßm ¸rúSôd¡ YW GÓjÕd ùLôsÞm 

úSWm GqY[Ü? (ii) Lp RûW«p CÚkÕ úUúXf ùNuß AûPkR 

A§LThN EVWm Gu]? 
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¾oÜ : 

(i) x = 9.8 t − 4.9 t2   
      A§LThN EVWj§p. v = 0 

 v = 
dx
dt  = 9.8 − 9.8 t 

 v = 0  ⇒  t = 1 ®]ô¥ 

 ∴ úUpúSôd¡f ùNpX GÓjÕd 

ùLôiP úSWm 1 ®]ô¥.  

 
 
 
 
 
 

TPm 5.4 
 x Gu\ ¨ûX JqùYôußdÏm E¬V LôXm ‘t’ GuL, 

 úUûP«u Ef£ûV   x = 0 G]d ùLôiPôp RûW«u ¨ûX  
x = −14.7 BÏm, Lp úUpúSôd¡f ùNuß ©u ¸úZ YkRûPV GÓjÕd 

ùLôsÞm ùUôjR úSWj§û]d LQd¡P x = −14.7I ùLôÓdLlThÓ 

Es[ NUuTôh¥p ©W§«PÜm, 

  − 14.7 = 9.8 t − 4.9t2  ⇒  t = − 1, 3 
 ⇒  t = − 1BL CÚdL Ø¥VôÕ, G]úY t = 3I GÓjÕd ùLôs[Üm, 
 ∴ ¸rúSôd¡ YW GÓjÕd ùLôiP úSWm = 3 − 1 = 2 ®]ô¥Ls, 
(ii) t = 1 G] CÚdÏmúTôÕ x = 9.8(1) − 4.9(1) = 4.9 Á 
   Lp ùNu\ûPÙm A§LThN EVWm = úUûP«u EVWm +4.9 = 19.6 Á, 

5,3 NôokR ÅReLs (Related Rates) : 
 NôokR ÅRd LQdÏL°p JÚ L¦Vj§u (quantity) 
UôßÅRj§û] Utù\ôÚ L¦Vj§u Uôß ÅRj§u êXm 

LQd¡PlTÓm, CûRd LôÔm Øû\VôYÕ. CÚ L¦VjûRÙm 

ùRôPo×TÓjÕm NUuTôÓLû[ AûUjÕ AYtû\ CÚ×\Øm 

Ne¡− ®§ûVl TVuTÓj§ LôXjûR ùTôßjÕ YûL«P úYiÓm, 

 ClTÏ§«p LôQlTÓm LQdÏLû[j ¾olTRtÏ ©uYÚm £X 

Ej§Lû[d ûLVô[Xôm, 

 (1) LQdûL LY]jÕPu T¥dL úYiÓm, 
 (2) Ø¥kRôp ARtÏ¬V YûWTPm Juß YûWV úYiÓm. 
 (3) Ï±ÂÓLû[ A±ØLlTÓjR úYiÓm, úSWjûR ùTôßjR 

Nôo×L°u L¦VeLs VôYtßdÏm Ï±ÂÓLû[ JÕdL 

úYiÓm, 

 (4) ùLôÓdLlThP RLYpLû[Ùm úRûYVô] ÅRjûRÙm 

YûLÂÓLs êXUôL GÝ§d ùLôs[Üm, 
 (5) LQd¡p CPmùTßm ùYqúYß L¦VeLû[j 

ùRôPo×TÓj§ NUuTôÓ GÝRÜm, úRûYlThPôp. 

Uô±L°p Ju±û]. LQd¡u Y¥Yd L¦R CVp©û]l 

TVuTÓj§ ¿dLXôm, 

s = -147

s = 0

Ground

Max. Ht.

s = -147

s = 0

Ground

Max. Ht.
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 (6) CÚ×\Øm tI ùTôßjÕ Ne¡− ®§ûVl TVuTÓj§ 

YûLlTÓjÕRp úYiÓm, 

 (7) Ø¥YôL ¡ûPdLlùTßm NUuTôh¥p ùLôÓdLlThP 

RLYpLû[ ©W§«hÓ. ùR¬VôR ÅRjûR LôQ úYiÓm, 
®[dL GÓjÕdLôhÓ : úLô[ Y¥®p Es[ Tíu Ju±p Lôtß 

AûPdLlTÓm úTôÕ ARu L] A[®p HtTÓm Uôt\m ®]ô¥dÏ 

100  L,ùN,Á, BÏm, ®hPm 50 ùN,Á G] CÚdÏm úTôÕ ARu BWm 

GqúYLj§p A§L¬dÏm GuTûRd LôiL, 
¾oÜ : Sôm ©uYÚm CWiÓ ®`VeLû[ LiP±kÕ ùLôiÓ 

LQdûLj ¾odL BWm©lúTôm, 

 (i) RWlThÓs[ ®YWm : L] A[®p HtTÓm A§L¬l©u ÅRm 

®]ô¥dÏ 100 L,ùN,Á, 

 (ii) ùR¬VôRÕ : ®hPm 50 ùN,Á CÚdÏm úTôÕ. BWj§p 

HtTÓm Ht\ ÅRm, 
 ARu BWmTj§p HtTÓm Ht\ ÅRm L¦R Y¯VôL CkR 

L¦VeLû[ ùY°lTÓjÕYRtÏ Sôm £X Ï±ÂÓLû[ 

A±ØLlTÓjR úYiÓm, 

 TíuL°u L] A[Ü V Utßm. BWm r GuL, CeÏ Ød¡VUôL 

UôßÅReLs YûLdùLÝdLs BÏm GuTRû] U]j§p ùLôs[Üm, 

CkR LQd¡p L] A[Ü Utßm BWm CWiÓúU LôXm tCu 

Nôo×Ls, LôXjûRl ùTôßjÕ L] A[®p HtTÓm Ht\j§u ÅRm 

dV
dt   Utßm BWj§p HtTÓm Ht\j§u ÅRm 

dr
dt BÏm, C². 

RWlThÓs[ûRÙm. LôQ úYi¥VûRÙm ©uYÚUôß GÝRXôm:  

 RWlThÓs[RôYÕ: 
dV
dt  =100 ùN,Á

3/®]ô¥ Utßm  

 LôQ úYi¥VÕ:  r =  25 ùN,Á G] CÚdÏm úTôÕ 
dr
dt   

 
dV
dt    Utßm 

dr
dt I CûQdL.  V Utßm r-I CûQdÏm L] A[Ü 

ãj§Wm V =  
4
3  πr3

-I GÓjÕd ùLôs[Üm, 

 CÚ×\Øm tI ùTôßjÕ YûL«P. YXÕ×\m YûLdùLÝlTÓjR 
V«û] r-Cu NôoTôLÜm. r«û] tCu NôoTôLÜm ùLôiÓ Ne¡− 

®§«û]l TVuTÓjR úYiÓm, 

 i.e.,  
dV
dt  = 

dV
dr  . 

dr
dt  =  

4
3  3πr2 

dr
dt = 4πr2 

dr
dt 
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dr
dt = 

1

4πr2 . 
dV
dt  

 r = 25  Utßm 
dV
dt  = 100 B¡VYtû\ CfNUuTôh¥p ©W§«PÜm, 

G]úY. 
dr
dt  = 

1 × 100

4π(25)2  =  
1

25π  

 Tí²u BWj§p HtTÓm Ht\ ÅRm  
1

25π  ùN,Á,/®]ô¥. 

GÓjÕdLôhÓ 5.7 : 10 ÁhPo ¿[Øs[ JÚ H¦ ùNeÏjRô] ÑY¬p 

NônjÕ ûYdLlThÓs[Õ, H¦«u A¥lTdLm ÑYt±−ÚkÕ 

®X¡f ùNpÛm ÅRm 1 Á/®]ô¥ G²p. H¦«u A¥lTdLm 

ÑYt±−ÚkÕ 6 Á ùRôûX®p CÚdÏm úTôÕ. ARu Ef£ GqY[Ü 

ÅRj§p ¸rúSôd¡ C\eÏm GuTûRd LôiL, 

¾oÜ :  ØR−p TPm YûWkÕ ®YWeLû[d Ï±jÕd ùLôsL, 

   ÑYt±tÏm H¦«u A¥lTdLj§tÏm 

CûPlThP çWm x GuL, H¦«u 

Ef£dÏm RûWdÏm Es[ ùNeÏjÕ EVWm 

y GuL, x Utßm y CWiÓúU úSWm ‘t’Cu 

Nôo×Ls BÏm,  

 RWlThÓs[Õ:  
dx
dt  =1 Á/®]ô¥,   

 LQd¡P úYi¥VÕ: x = 6 ÁhPWôL 

CÚdÏm úTôÕ 
dy
dt-Cu U§l× 

 
 
 
 
 
 
 

TPm 5.5 

 CkR ®]ô®p x Utßm yd¡ûPúVÙs[ ùRôPo©û] ©jRôLWv 

úRt\j§uT¥ x2 + y2 = 100,            …(1) 
 CÚ×\Øm tI ùTôßjÕ Ne¡− ®§ûVl TVuTÓj§ YûL«P 

Sôm AûPYÕ  2x 
dx
dt   + 2y 

dy
dt   = 0    

 CfNUuTôh¥−ÚkÕ 
dy
dt   = − 

x
y   

dx
dt    

 NUuTôÓ (1)Cp x = 6I ©W§«P.  y = 8 BÏm, 

   x = 6, y = 8 Utßm  
dx
dt   = 1 B¡VYtû\l ©W§«P 

 
dy
dt   = − 

6
8  (1) = − 

3
4  Á/®]ô¥. 

 ∴ H¦ ¸rúSôd¡ SLÚm ÅRm 
3
4 Á/®]ô¥ BÏm, 

W
al

l

Groundx

y 10

dy
/d

t=
 ?

dx/dt = 1
x

y

W
al

l

Groundx

y 10

dy
/d

t=
 ?

dx/dt = 1
x

y
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GÓjÕdLôhÓ 5.8 : JÚ £tßkÕ A B]Õ U¦dÏ 50 ¡,Á, úYLj§p 

úUt¡−ÚkÕ ¡ZdÏ úSôd¡f ùNp¡\Õ, Utù\ôÚ £tßkÕ B B]Õ 

U¦dÏ 60 ¡,Á, úYLj§p YPdÏ úSôd¡f ùNp¡\Õ, CûY CWiÓm 

NôûXLs Nk§dÏm CPjûR úSôd¡f ùNp¡u\], NôûXLs Nk§dÏm 

Øû]«−ÚkÕ £tßkÕ A B]Õ 0.3 ¡,Á, çWj§Ûm £tßkÕ B 
B]Õ 0.4 ¡,Á, çWj§Ûm CÚdÏmúTôÕ Juû\ Juß ùSÚeÏm 

úYL ÅRjûRd LQd¡ÓL, 

¾oÜ :   CWiÓ NôûXLÞm Nk§dÏm 

CPjûR CG]d ùLôiÓ TPm 5.6 

YûWL, ùLôÓdLlThP úSWm tCp 

£tßkÕ A, CI úSôd¡ ùNu\ çWm  

x G]Üm £tßkÕ B, CûV úSôd¡ 

ùNu\ çWm y G]Üm GÓjÕd 

ùLôsL, AdÏm BdÏm CûPlThP 

çWm z GuL, CeÏ x, y, z GuT] 

¡,Á,BLd ùLôsL, 

 
 
 
 
 
 

 
TPm 5.6 

 
dx
dt  = −50 ¡,Á,/U¦ Utßm 

dy
dt  = −60 ¡,Á,/U¦ G]  

 ùLôÓdLlThÓs[Õ,  x Utßm yCu çWeLs Ïû\YRôp CeÏ  
“ − ”  Ï±ÂÓ GÓdLlThÓs[Õ,  

 ùSÚeÏúYL ÅRm 
dz
dt  LôQlTP úYiÓm,  

 ©jRôLWv úRt\j§uT¥  z2 = x2 + y2
 BÏm, 

 CÚ×\Øm tI ùTôßjÕ YûL«P  

 2z  
dz
dt  = 2x  

dx
dt  + 2y  

dy
dt    ⇒  

dz
dt =  

1
z  



x  

dx
dt  + y 

dy
dt    

 x = 0.3, y = 0.4 Gàm úTôÕ z = 0.5 BÏm,  

 
dz
dt  = 

1
0.5  [0.3 (− 50) + 0.4 (−60)] = −78  ¡,Á/U¦ 

 i.e., CWiÓ £tßkÕLÞm Juû\ Juß ùSÚeÏm úYL ÅRm  

78 ¡,Á/U¦ 

GÓjÕdLôhÓ 5.9 : JÚ ¿o¨ûXjùRôh¥Vô]Õ RûX¸Zôn 

ûYdLlThP JÚ úSoYhP ám©u Y¥®p Es[Õ, ARu BWm 2 
ÁhPo. ARu BZm 4 ÁhPo BÏm, ¨ªPj§tÏ 2 L,ÁhPo ÅRm 

ùRôh¥«p ¿o TônfNlTÓ¡\Õ, ùRôh¥«p ¿¬u BZm 3ÁhPWôL 

CÚdÏm ùTôÝÕ. ¿o UhPj§u EVWm A§L¬dÏm ÅRjûRd LôiL, 

x

y

B

CA

z

x

y

B

CA

z
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¾oÜ :   
 ØR−p ám©û] TPm 5.7Cp 

Es[Õ úTôp YûWkÕ 

®YWeLû[d Ï±jÕd 

ùLôs[Üm,  t úSWj§p ám©u 

L] A[Ü. BWm. EVWm 

Øû\úV  V, r Utßm h GuL, 

CeÏ t B]Õ ¨ªPeL[ôL 

GÓjÕd ùLôs[lTÓm, 

 
 
 
 
 

 
TPm 5.7 

   
dV
dt   = 2 G] ùLôÓdLlThÓs[Õ,  

 h = 3Á BL CÚdÏmúTôÕ 
dh
dt  LQd¡P úYiÓm, 

 V, r, h¸B¡VûY V = 
1
3 πr2h Gu\ NUuTôh¥]ôp ùRôPo× 

TÓjRlTÓ¡u\], CeÏ VdÏ¬V NUuTôÓ  h-Cp UhÓúU CÚkRôp 

ªL ER®VôL CÚdÏm, CRtLôL.  TPm 5.7Cp Y¥ùYôjR 

ØdúLôQeL°−ÚkÕ.  
r
h  =   

2
4  ⇒ r = 

h
2   Utßm V = 

1
3  π 



h

2 
2

 h =  
π
12 h3. 

tI ùTôßjÕ CÚ×\Øm YûLd LôQ.  

 
dV
dt   = 

π
4  h2   

dh
dt     ⇒    

dh
dt   = 

4

πh2   
dV
dt   

 C§p h = 3Á, Utßm 
dV
dt   = 2I ©W§«P. 

 
dh
dt   = 

4

π(3)2   (2) = 
8

9π  Á/¨ 

T«t£ 5.1 
 (1) JÚ HÜLûQ. RûW«−ÚkÕ ùNeÏjRôL úUpúSôd¡f 

ùNÛjÕm úTôÕ t úSWj§p ùNpÛm EVWm x  GuL, ARu 

NUuTôÓ x = 100t − 
25
2  t2  G²p (i)  HÜLûQ«u ùRôPdL 

§ûNúYLm (ii) HÜLûQ EfN EVWjûR AûPÙm úTôÕ ARu 

úSWm (iii) HÜLûQ AûPÙm EfN EVWm (iv) HÜLûQ RûWûV 

AûPÙm úTôÕ ARu §ûN úYLm B¡VYtû\ LôiL, 
 (2) KWXÏ ¨û\ÙûPV JÚ ÕLs t ®]ô¥ úSWj§p HtTÓjÕm 

CPlùTVof£ x = 3 cos (2t – 4) G²p. 2 ®]ô¥L°u Ø¥®p 

ARu ØÓdLm Utßm ARu CVdL Bt\p (K.E.) ØR−VYtû\d 

LôiL, [K.E. = 1/2 mv2, m GuTÕ ¨û\] 

h
4m

r m

2m

h
4m

r m

2m
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 (3) úYLjRûPûV (Break) ùNÛj§V ©u]o JÚ YôL]m t 

®]ô¥L°p ùNpÛm çWm xI x =20 t − 
5
3 t2 Gu\ NUuTôhPôp 

RWlTÓ¡\Õ G²p (i) úYLjRûP ùNÛjRlThP úSWj§p 

YôL]j§u úYLm (¡,Á,/U¦) (ii) AqYôL]m úRdL ¨ûXdÏ 

YÚØu AÕ LPkR çWm B¡VYtû\d LôiL, 

 (4) ¨ëhP²u Ï°ìhÓm ®§  θ  = θ0
° e−kt

G]d ùLôÓdLlThÓ 

Es[Õ,  CeÏ BWmT ùYlT¨ûX θ0
°C BÏm, Utßm t 

®]ô¥L°p ùYlT¨ûX θ°CBÏm, 40 ®]ô¥LÞdÏl ©\Ï 

ARu ùYlT¨ûX Uôßm ÅRjûRd LôiL, CeÏ θ0 = 16° C 

Utßm k = − 0.03 G]d ùLôsL,                  [e1.2 = 3.3201) 
 (5) JÚ ØdúLôQj§u ÏjÕVWm 1 ùN,Á/¨ªPm ÅRj§p 

A§L¬dÏm úTôÕ. ARu TWl× 2 N,ùN,Á,/¨ªPm Gàm ÅRj§p 

A§L¬d¡\Õ, ÏjÕVWm 10 ùN,Á, BLÜm TWl×  
100 N,ùN,ÁBLÜm CÚdÏm úTôÕ ØdúLôQj§u A¥lTdLm 

Gu] ÅRj§p Uôßm GuTûRd LôiL, 
 (6) SiTL−p A Gu\ LlTp.  B Gu\ LlTÛdÏ úUtÏl ×\UôL  

100 ¡,Á, çWj§p Es[Õ, LlTp A B]Õ U¦dÏ 35 ¡,Á, 

úYLj§p ¡ZdÏ úSôd¡f ùNp¡\Õ, LlTp BB]Õ U¦dÏ  

25 ¡,Á, úYLj§p YPdÏ úSôd¡f ùNp¡u\Õ G²p. UôûX 4.00 
U¦dÏ CWiÓ LlTpLÞdÏm CûPlThP çWm GqY[Ü 

úYLUôL Uôßm GuTûRd LôiL, 
 (7) JÚ ØdúLôQj§u CWiÓ TdLeL°u ¿[eLs Øû\úV 4Á. 

5Á BÏm, Utßm AYt±tÏ CûPlThP úLôQ A[®u Hßm 

ÅRm ®]ô¥dÏ 0.06 úW¥Vu G²p. ¨ûXVô] ¿[eLû[ 

EûPV AkR TdLeLÞdÏ CûPúV úLôQ A[Ü π/3BL 

CÚdÏm úTôÕ. ARu TWl©p HtTÓm Ht\ ÅRm LôiL, 
 (8) JÚ ØdúLôQj§u CWiÓ TdL A[ÜLs Øû\úV 12 Á. 15Á, 

Utßm CYt±u CûPlThP úLôQj§u Hßm ÅRm 

¨ªPj§tÏ 2°G²p ¨ûXVô] ¿[eLs ùLôiP TdLeLÞdÏ 

CûPlThP úLôQm 60°BL CÚdÏm úTôÕ. ARu êu\ôYÕ 

TdLj§u ¿[m GqY[Ü ®ûWYôL A§L¬dÏm GuTûRd LôiL, 
 (9) JÚ ®ûN CÝlTôu êXm ùNÛjRlTÓm LÚeLp _p−Ls. 

®]ô¥dÏ 30 L,A¥ ÅRm úU−ÚkÕ ¸úZ ùLôhPlTÓmúTôÕ 

AûY ám× Y¥YjûRd ùLôÓd¡\Õ, GkúSWj§Ûm Adám©u 

®hPØm. EVWØm NUUôLúY CÚdÏUô]ôp. ám©u EVWm 10 
A¥VôL CÚdÏm úTôÕ EVWm Gu] ÅRj§p EVo¡\Õ 

GuTûRd LôiL, 
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5,4, ùRôÓúLôÓLs Utßm ùNeúLôÓLs (YûLÂhûP 

NônÜ ÅRj§u A[YôL GÝÕRp)  
(Tangents and Normals [Derivative as a measure of slope]) 
 ClTÏ§«p NUR[ Y¥®V−p 

YûLÂh¥u TVÉÓLs Tt± Sôm ùR¬kÕ 

ùLôs[Xôm, y = f(x) Gu\ NUuTôÓûPV 

Yû[YûW«û] GÓjÕd ùLôsúYôm,  
CqYû[YûW«u ÁÕ P(x1,y1) Gu\ 

×s°ûV GÓjÕd ùLôsL, Cl×s°«p 

YûWVlTÓm ùRôÓúLôÓ BV AfÑLÞdÏ 

CûQVôL CpXôUp CÚkRôp  

PCp YûWVlThP ùRôÓúLôh¥u 

NUuTôhûP ¸rdLôÔUôß GÝRXôm, 

 
 
 
 
 
 

 
 

TPm 5.8 

 NônÜ (Yû[Ü) m Utßm (x1,y1) Gu\ ×s° Y¯fùNpÛm 

úLôh¥u NUuTôÓ y – y1  = m(x – x1) BÏm,  

 ùRôÓúLôh¥u NônÜ m = f ′(x1) = (x1,y1) Gu\ ×s°«p 
dy
dx-u 

U§l× GuTÕ Sôm A±kRúR, G]úY ùRôÓúLôh¥u NUuTôÓ  

y – y1= f ′(x1) (x – x1) Gu\ AûUl©p CÚdÏm,  

 m = 0 G²p. CkR Yû[YûWdÏ  P(x1,y1) Gu\ ×s°«p y = y1 
Gu\ ¡ûPUhPd úLôÓ ùRôÓúLôPôL AûUÙm.  
 x = x1 Gu\ ×s°«p f(x)  Gu\ Yû[YûW ùRôPof£VôL CÚkÕ 

lim
x → x1

  f ′(x) = ∞ G²p x = x1Gu\ ¨ûX ÏjÕdúLôÓ ùRôÓúLôPôL 

AûUÙm, JÚ Yû[YûWdÏ RWlThP ×s°«p YûWVlTÓm 

ùRôÓúLôhÓPu. JÚ ùNeúLôhûPÙm Sôm LôQXôm, CRu 

YûWVû\ ©uYÚUôß: 

YûWVû\ : ùLôÓdLlThP ×s°«p Yû[YûWdÏ ùNeúLôÓ 

GuTÕ Al×s°Y¯f ùNpYÕm. ùRôÓ úLôh¥tÏf ùNeÏjRôL 

AûUYÕUôÏm, 

 YûWVû\«p CÚkÕ ùNeúLôh¥u NônÜ m′G²p ùRôÓúLôÓ 

Utßm ùNeúLôÓ CûYL°u NônÜLÞdÏ CûPúVVô] ùRôPo× 

m′ = –1/m . 

   (A,Õ,).  m′   = –  
1

f ′(x1)
  =  (x1,y1) Gu\ ×s°«p 

− 1





dy

dx  
 

Normal

Time

y = f (x)

P (x1,y1)

y

x
O

α

Normal

Time

y = f (x)

P (x1,y1)

y

x
O

α
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      P(x1,y1) Gu\ ×s°«p y = f(x)  Gu¡\ Yû[YûWdÏ YûWVlThP 

ùNeúLôh¥u NUuTôÓ y  – y1= –  
1

f ′(x1)
  ( x – x1) Gu\ AûUl©p 

CÚdÏm, (x1,y1)Cp ùNeúLôh¥u NUuTôÓ : 

 (i) ùRôÓúLôÓ ¡ûPUhPd úLôÓ G²p ùNeúLôÓ x  = x1 BÏm, 

 (ii) ùRôÓúLôÓ ¨ûX ÏjÕdúLôÓ G²p ùNeúLôÓ y = y1 BÏm, 

  ©\ ¨ûXL°p. 

 (iii) y – y1   =   
–1
m  (x  – x1) BÏm, 

GÓjÕdLôhÓ 5.10: y = x3 Gàm Yû[YûWdÏ (1,1) Gu\ ×s°«p 

YûWVlTÓm ùRôÓúLôÓ. ùNeúLôÓ B¡VYt±u NUuTôÓLû[d 

LôiL, 

¾oÜ :    y = x3 ; NônÜ  m = y′= 3x2.   

 (1,1) Gu\ ×s°«p NônÜ  = 3(1)2  ⇒  m = 3  

 ùRôÓúLôh¥u NUuTôÓ y − y1 = m(x − x1) 

 y – 1 =  3(x – 1) ApXÕ  y = 3x – 2 

 ùNeúLôh¥u NUuTôÓ y − y1 = − 
1
m (x − x1) 

 y  – 1 = 
–1
3  (x – 1) ApXÕ   y = – 

1
3  x + 

4
3  

GÓjÕdLôhÓ 5.11 : y = x2 –  x – 2 Gàm Yû[YûWdÏ (1,− 2) Gu\ 

×s°«p YûWVlTÓm ùRôÓúLôÓ. ùNeúLôÓ B¡VYt±u 

NUuTôÓLû[d LôiL, 

¾oÜ :   y = x2 –  x – 2  ;   

 (1,–2) Gu\ ×s°«p NônÜ m = 
dy
dx  = 2x – 1 = 2(1) − 1 = 1 

   i.e.,   m = 1 
 ùRôÓúLôh¥u NUuTôÓ  y – y1 = m(x – x1) i.e.,  y – (–2) = x – 1 

       i.e.,   y = x – 3 

ùNeúLôh¥u NUuTôÓ   y – y1 =  
–1
m   (x – x1) 

   i.e.,  y  – (–2) = 
–1
1   (x – 1) 

     i.e.,   y = – x – 1 
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GÓjÕdLôhÓ 5.12 : xy = c2
Gu\ Yû[YûWdÏ (a,b) Gu\ ×s°«p 

YûWVlTÓm ùRôÓúLôh¥u NUuTôÓ LôiL, 

¾oÜ :   Yû[YûW«u NUuTôÓ xy = c2. 

x I ùTôßjÕ YûL«P. Sôm AûPYÕ  y +x  
dy
dx  = 0 

   
dy
dx  = 

–y
x   Utßm m =  



dy

dx  
(a, b)

= 
–b
a   . 

úRûYVô] ùRôÓúLôh¥u NUuTôÓ 

   y –b =  
–b
a    (x – a) 

   i.e., ay – ab = – bx + ab 

   bx + ay = 2ab  ApXÕ  
x
a  + 

y
b  = 2 

GÓjÕdLôhÓ 5.13 : x  = a (θ + sin θ),   y  =  a (1 + cos θ) Gu\ 

ÕûQVXÏ NUuTôÓLû[d ùLôiP Yû[YûWdÏ θ = 
π
2 Cp 

ùRôÓúLôÓ. ùNeúLôÓ B¡VYt±u NUuTôÓLû[d LôiL, 

¾oÜ :  
dx
dθ  =  a (1 + cosθ)  = 2a cos2 

θ
2  

      
dy
dθ  = –  a sin θ  = – 2a sin 

θ
2  cos 

θ
2  

   G]úY  
dy
dx  = 

dy
dθ  

 
dx
dθ 

  =   –  tan 
θ
2  

   ∴  NônÜ  m = 



dy

dx  
θ = π/2

 =  – tan 
π
4  =  –1 

 θ = 
π
2 Cp Yû[YûW«p ÁÕs[ ×s° 



a  

π
2 + a,  a .  

 G]úY θ  = 
π
2  Cp AûUÙm ùRôÓúLôh¥u NUuTôÓ 

   y – a = (–1) 



x − a 



π

2 + 1  

   i.e., x + y = 
1
2  a π + 2a ApXÕ  x + y  –   

1
2  a π  – 2a = 0 
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 ùNeúLôh¥u NUuTôÓ y – a = (1)  



x − a 



π

2 + 1   

 ApXÕ  x  – y  –   
1
2  a π  = 0 

GÓjÕdLôhÓ 5.14 :  

 16x2 + 9y2 = 144  Gu\ Yû[YûWdÏ x1 = 2  Utßm y1 > 0 G] 

CÚdÏUôß (x1,y1) Gu\ ×s°«p YûWVlTÓm ùRôÓúLôÓ. 

ùNeúLôÓ CYt±u NUuTôÓLû[d LôiL, 

¾oÜ : 16x2 + 9y2  = 144  

 x1 = 2  Utßm y1 > 0 GàUôß (x1,y1) Gu\ ×s° Yû[YûW«u 

ÁÕ CÚdÏmúTôÕ. 

    (16 ×  4) + 9 y1
2 = 144    9 y1

2 = 144 – 64  = 80 

 y1
2 = 

80
9     ∴  y1 = ±  

80 
3   . B]ôp  y1 > 0   ∴  y1 = 

80 
3   

 ∴  ùRôÓ×s° (x1,y1) = 



2 , 

80 
3    

                 16x2 + 9y2 = 144  
xI ùTôßjÕ YûL«P.  

   
dy
dx  = – 

32
18  

x
y  =  – 

16
9   



x

y   

 ∴ 



2 , 

80 
3   Gu\ ×s°«p NônÜ =  – 

16
9   ×  

2

 
80 
3  

 = –  
8

3 5 
  

 ∴   ùRôÓúLôh¥u NUuTôÓ y – 
80 
3   = –  

8
3 5 

 (x – 2) 

  i.e., 8x + 3 5 y = 36 
 CûRl úTôuß LiÓ©¥dLlTÓm ùNeúLôh¥u NUuTôÓ  
9 5 x – 24 y + 14 5  = 0 G] AûPVXôm, 

GÓjÕdLôhÓ 5.15 :  

 x = a cosθ,  y = b sin θ  Gu\ ÕûQVXÏ NUuTôÓLû[d ùLôiP 

¿sYhPj§tÏ θ = 
π
4 Cp YûWVlTÓm ùRôÓúLôÓ. ùNeúLôÓ 

CYt±u NUuTôÓLû[d LôiL, 
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¾oÜ :  θ  =  
π
4Cp (x1,y1) = 



a cos 

π
4 ,  b sin 

π
4   = 





a

 2 
 , 

b
 2 

   

 
dx
dθ  = – a sin θ,     

dy
dθ  = b cos θ. 

 
dy
dx  = 

dy
dθ  

 
dx
dθ 

  = 
–b
a   cotθ   

 ⇒  m = = 
–b
a   cot 

π
4  =  

–b
a   

 
 
 
 
 
 

 
TPm 5.9 

 ùRôÓ×s°  




a

 2 
 , 

b
 2 

  Utßm ARu NônÜ m = 
–b
a   BÏm, 

 ùRôÓúLôh¥u NUuTôÓ  y − 
b
2

 = −
b
a 





x − 

a
2

   

 i.e., bx + ay − ab 2 = 0 

 ùNeúLôh¥u NUuTôÓ  y –  
b

 2 
  = 

a
b  





x – 

a
 2 

   

   i.e.,   (ax – by) 2  – (a2 – b2) = 0. 
GÓjÕdLôhÓ 5.16 :  y2 = 20 x Gu\ TWYû[Vj§u JÚ ùRôÓúLôÓ  

xAfÑPu 45° úLôQjûR HtTÓjÕ¡\Õ G²p. ARu NUuTôÓ LôiL, 
¾oÜ :  (x1,y1) GuTÕ ùRôÓ×s° GuL, 

 ,y2  = 20x    

 2yy′ = 20 

 y′ = 
10
y   

∴  (x1, y1) Gu\ ×s°«p NônÜ m  = 
10
y1

  … (1)    

 ùRôÓúLôÓ xAfÑPu  45°  úLôQjûR HtTÓjÕ¡\Õ, 

 ∴  ùRôÓúLôh¥u NônÜ m = tan 45°  = 1  … (2) 

(1) Utßm (2)-Cp CÚkÕ  
10
y1

  = 1   ⇒  y1 = 10 

  (x1,y1)  Gu\ ×s° y2 = 20x ÁÕ AûUYRôp. y1
2 = 20 x1 

 100 = 20 x1 ApXÕ x1 = 5    i.e.,  (x1,y1)  = (5,10)  

 (5, 10) Gu\ ×s°«p ùRôÓúLôh¥u NUuTôÓ. 
 y – 10 = 1(x – 5) ApXÕ  y = x + 5. 

x

y

O

P

N

T

‘θ’ = π/4
x

y

O

P

N

T

‘θ’ = π/4
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Ï±l×: CdLQd¡û] TWYû[Vj§u ÁÕ YûWVlTÓm 

ùRôÓúLôh¥u NUuTôÓ y = mx + a/m GuTRû]l TVuTÓj§ 

G°§p ¾oÜ LôQXôm,   
5,5 CÚ Yû[YûWLÞdÏ CûPlThP úLôQm 

(Angle between two curves) : 
 C1 Utßm C2 Gu\ CÚ Yû[YûWLs P Gu\ ×s°«p ùYh¥d 

ùLôs¡\Õ GuL, ùYhÓl×s°«p Cq®Ú Yû[YûWLÞdÏ 

CûPúV Es[ úLôQm. Al×s°«p Yû[YûWLÞdÏ 

YûWVlTÓm ùRôÓúLôÓLÞd¡ûPúV Es[ úLôQUôÏm, 

(ùRôÓúLôÓLû[ YûWV Ø¥kRôp), C1 Utßm C2 Gu\ CWiÓ 

Yû[YûWL°u NUuTôÓL°u Lôo¼£Vu AûUl× Øû\úV y = f(x)  
Utßm y = g(x)  GuL, úUÛm AûY ùYhÓm ×s° P(x1,y1) GuL, 

 P Gu\ ×s°«p  C1, C2 Gu\ Yû[YûWLÞdÏ YûWVlTÓm 

ùRôÓúLôÓLs  PT1, PT2 GuL, AûY x-Af£u ªûLj§ûNÙPu 

HtTÓjÕm úLôQeLs  ψ1 Utßm ψ2  GuL,  
 PT1 Utßm PT2dÏ CûPlThP 

úLôQm  ψ G²p ψ=ψ2 − ψ1 Utßm 

 tan ψ = tan (ψ2 – ψ1) 

  = 
tan ψ2 – tan ψ1

1 + tan ψ1 tan ψ2
  

  = 
m2 – m1

1 + m1m2
  

CeÏ 0 ≤ ψ < π 

 
 
 
 
 
 
 

TPm 5.10 

 CYt±−ÚkÕ Sôm ùR¬kÕ ùLôsYÕ VôùR²p. NônÜLs 

CWiÓm NUUô«u (m1 = m2) CWiÓ Yû[YûWLÞm Juû\ Juß 

ùRôhÓf ùNpÛm, 

 ùTÚdLtTXu m1 m2 = – 1 G²p CWiÓ Yû[YûWLÞm Juû\ 

Juß ùNeÏjRôL ùYh¥d ùLôsÞm, B]ôp UßRûX EiûU 

ApX, ARôYÕ CWiÓ Yû[YûWLÞm Juû\ùVôuß ùNeÏjRôL 

ùYh¥d ùLôiPôp m1 m2 GuTÕ –1BL CÚdL úYi¥V 

AY£VªpûX, 

Ï±l× :   ψ1 ®¬úLôQUôLÜm ψ2 ÏßeúLôQUôLÜm CÚkRôp  

ψ = ψ2 − ψ1 BÏm, ψ1 ÏßeúLôQUôLÜm ψ2  ®¬úLôQUôLÜm 

CÚkRôp ψ = ψ1−ψ2 BÏm, 

Time

y = f (x)

y

x
O

ψ1

180 – ψ
2

P

C1

C2

y = g (x)

T2

T1

ψ2

Time

y = f (x)

y

x
O

ψ1

180 – ψ
2

P

C1

C2

y = g (x)

T2

T1

ψ2
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 CWiÓ ¨ûXLû[Ùm Juß úNojÕ GÓjÕd ùLôiPôp. 

CûPlThP úLôQm ψ1∼ψ2 ApXÕ 

 tan ψ = tan(ψ1∼ψ2) = 
tan ψ1∼ tanψ2

1 + tan ψ1 tan ψ2
 = 







m1 − m2

1 + m1 m2
 

GÓjÕdLôhÓ 5.17 : y = x2 Utßm y = (x – 2)2 Gu\ Yû[YûWLs 

ùYh¥d ùLôsÞm ×s°«p AûYLÞdÏ CûPlThP 

úLôQjûRd LôiL, 

¾oÜ : ùYh¥d ùLôsÞm ×s°ûVd LôQ CWiÓ Yû[YûWL°u 

NUuTôÓLû[j ¾odL úYiÓm, 

x2 = (x− 2)2 

 ⇒ x = 1.   x  = 1 G²p y = 1 

∴  ùYh¥d ùLôsÞm ×s° (1, 1) 

 y = x2  ⇒  
dy
dx   = 2x 

 ⇒ m1 = 



dy

dx 
(1,1)

  = 2 

 
 
 
 
 
 
 

TPm 5.11 

 y = (x – 2)2  ⇒  
dy
dx  = 2(x – 2)  ⇒ m2 = 



dy

dx  
(1,1)

  = – 2. 

 CûPlThP úLôQm ψ G²p. 

   tan ψ  = 



– 2 – 2

1 – 4   = 



– 4

− 3
   ⇒  ψ = tan–1 

4
3  

GÓjÕdLôhÓ 5.18 : ax2 + by2 = 1,  a1x2 + b1y2= 1 Gu\ Yû[YûWLs 

Juû\ Juß ùNeÏjRôL ùYh¥d ùLôs[j úRûYVô] 

¨TkRû]ûVd LôiL, 

¾oÜ :  
    ùYh¥d ùLôsÞm ×s° (x1,y1) GuL,  

 G]úY. ax1
2 + by1

2 = 1 ; a1x1
2 + b1y1

2 = 1 

    x1
2 = 

b1 – b
ab1 – a1b ,     y1

2 = 
a – a1

ab1 – a1b  (¡úWUo ®§lT¥) 

 ax2 + by2 = 1dÏ   m1 = 



dy

dx  
(x1,y1)

 = 
– ax1
by1

  

(0,0)
x

y

2

1

2y
= 

x2

y
= 

(x
-2

)2

Tan-1(4/3)

(1,1)

(0,0)
x

y

2

1

2y
= 

x2

y
= 

(x
-2

)2

Tan-1(4/3)

(1,1)
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Utßm a1x2 + b1y2 = 1dÏ     m2 = 



dy

dx  
(x1,y1)

 =  
– a1x1
b1y1

  

 ùNeÏjRôL ùYh¥d ùLôsYRôp.  m1m2 = –1  

 i.e.,   






– ax1

by1
    







– a1x1

b1y1
  = –1  ⇒   

a a1x1
2

bb1y1
2   = –1. 

 aa1x1
2 + bb1y1

2 = 0   ⇒  aa1 






b1 – b

ab1 – a1b  + bb1 






a – a1

ab1 – a1b   = 0 

   ⇒    aa1 (b1 –  b) + bb1 (a  – a1) = 0   ⇒ 
b1 – b
bb1

   +  
a – a1

aa1
  = 0 

  ApXÕ  
1
b  – 

1
b1

  +  
1

a1
  – 

1
a  = 0 ApXÕ 

1
a  – 

1
a1

 = 
1
b  – 

1
b1

   GuTÕ 

úRûYVô] ¨TkRû]VôÏm, 

GÓjÕdLôhÓ 5.19 : x2 – y2  =  a2  Utßm xy  =  c2  Gu\ Yû[YûWLs 

Juû\ Juß ùNeÏjRôL ùYh¥d ùLôsÞm G]d LôhÓL, 

¾oÜ : Yû[YûWLs ùYh¥d ùLôsÞm ×s° (x1,y1) GuL, 

∴  x1
2 – y1

2  =  a2 Utßm x1 y1  = c2 

 x2 – y2 = a2   ⇒  2x  –  2y 
dy
dx   = 0  ⇒  

dy
dx  = 

x
y 

  ∴ m1  = 



dy

dx  
(x1,y1)

 = 
x1
y1

    ie.,  m1 = 
x1
y1

  

 xy = c2 ⇒   y  =  
c2

x     ⇒  
dy
dx  = –  

c2

x2  

 ∴ m2 = 



dy

dx  
(x1,y1)

 = 
–  c2

x1
2   i.e.,  m2 = 

–  c2

x1
2   

 ∴  m1m2 =  




x1

y1
    







–  c2

x1
2    = 

– c2

x1 y1
   =  

– c2

c2    =  –1  

   ⇒ Yû[YûWLs Juû\ Juß ùNeÏjRôL ùYh¥d ùLôs¡u\], 

GÓjÕdLôhÓ 5.20 : x = a cos4θ,  y = a sin4θ,  0 ≤ θ  ≤  
π
2  Gu\ ÕûQ 

AXÏ NUuTôÓLû[d ùLôiP Yû[YûWdÏ YûWVlThP 

GkRùYôÚ ùRôÓúLôÓm HtTÓjÕm BV AfÑj ÕiÓL°u áÓRp 

a G]d LôhÓL, 
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¾oÜ : HúRàm ×s° ‘θ’I (a cos4θ, a sin4θ, ) G]d ùLôs[Xôm, 

   CeÏ  
dx
dθ  = – 4a cos3θ sin θ ;   

 Utßm  
dy
dθ  = 4a sin3θ cos θ 

    ∴  
dy
dx  = – 

sin2θ 

cos2θ
  

 
 
 
 
 
 
 

TPm 5.12 

 i.e., ‘θ’Cp YûWVlThP ùRôÓúLôh¥u NônÜ = –  
sin2θ 

cos2θ
  

 ‘θ’Cp ùRôÓúLôh¥u NUuTôÓ (y − a sin4θ) = 
− sin2θ
cos2θ

 (x − a cos4θ) 

 ApXÕ  x sin2 θ + y cos2 θ = a sin2 θ cos2 θ 

 ⇒  
x

a cos2θ
  + 

y

a sin2θ
  = 1 

 i.e.,  BV AfÑdL°u áÓRp = a cos2 θ + a sin2 θ = a 

T«t£ 5.2 
 (1) ©uYÚm Yû[YûWLÞdÏj ùLôÓdLlThP ×s°L°p 

ùRôÓúLôÓ Utßm ùNeúLôÓ B¡VYt±u NUuTôÓLû[d 

LôiL,  

  (i)    y = x2 – 4x – 5 ;  x =  – 2 (ii) y = x – sin x cos x  ;  x = 
π
2  

  (iii)  y = 2 sin2 3x   ;  x =  
π
6  (iv)  y  = 

1 + sinx
 cos x    ; x = 

π
4  

 (2)  x2– y2=2 Gàm Yû[YûWdÏ YûWVlThP ùRôÓúLôh¥u 

NônÜ 2 G²p ùRôÓ×s°ûVd LôiL, 

 (3) x2 + y2 = 13 Gàm Yû[YûW«u ùRôÓúLôÓ 2x + 3y = 7 Gàm 

úLôh¥tÏ CûQVô«u AjùRôÓúLôh¥u NUuTôÓ 

LôiL, 

 (4)  x2 + y2 – 2x – 4y + 1 = 0 Gu\ Yû[YûW«u ùRôÓúLôPô]Õ (i)  
x – AfÑdÏ  (ii)  y – AfÑdÏ. CûQVôL CÚdÏmúTôÕ ARu 

ùRôÓ×s°Lû[d LôiL, 

(0,a)

O
x

y

(a,0)

θ = π/2

θ = 0

(0,a)

O
x

y

(a,0)

θ = π/2

θ = 0
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 (5)  x2 + y2  = 52 Gu\ YhPj§tÏ 2x + 3y = 6 Gu\ úSodúLôh¥tÏ 

CûQVôL YûWVlTÓm ùRôÓúLôÓL°u NUuTôÓLû[d 

LôiL, 

 (6) y = x3 – 3x Gàm Yû[YûWdÏ YûWVlTÓm ùNeúLôÓLs  

  2x + 18y – 9 = 0 Gu\ úLôh¥tÏ CûQVôL CÚl©u AYt±u 

NUuTôÓLû[d LôiL, 

 (7) y = x3 Gu\ Yû[YûW«u ÁÕs[ JÚ ×s° P GuL, PCp 

YûWVlThP ùRôÓúLôPô]Õ Yû[YûWûV UßT¥Ùm 

QCp Nk§dÏUô]ôp. QCp ùRôÓúLôh¥u NônÜ. PCp 

Es[ NônûYl úTôp 4 UPeÏ G]dLôhÓL, 

 (8) 2x2 + 4y2 = 1 Utßm 6x2 –   12y2= 1 Gàm Yû[YûWLs Juû\ 

Juß ùNeÏjRôL ùYh¥d ùLôsÞm G]d LôhÓL, 

 (9) y = ax Utßm y = bx ; (a ≠ b) ùYh¥d ùLôsÞm úLôQm θId 

LôiL, 

 (10)  x = a cos3 θ ; y = a sin3θ Gàm ÕûQ AXÏ NUuTôÓLû[d 

ùLôiP Yû[YûWdÏ ‘θ’Cp YûWVlTÓm ùNeúLôh¥u 

NUuTôÓ x cos θ – y sin θ = a cos 2θ G]d LôhÓL, 

 (11) y2 = x Utßm xy = k Gàm Yû[YûWLs Juû\ùVôuß 

ùNeÏjRôL ùYh¥d ùLôiPôp. 8k2 = 1 G] ¨ì©dL, 

5,6 CûPU§l×j úRt\eLs Utßm AYt±u TVuTôÓLs 

(Mean value theorems and their applications) : 
 ClTÏ§«p. JÚ G°V Yû[YûW«p HúRàm CWiÓ 

×s°LÞdÏ CûPúV. Aq®Ú ×s°Lû[ CûQdÏm SôÔdÏ 

CûQVôL ùRôÓúLôÓ Juß AûUÙUôß JÚ ùRôÓ×s° CÚdÏm 

GuTûRd LôiúTôm, CûRd LQd¡P. ûUdúLp úWôp (Michael 
Rolle) GuTY¬u úRt\m úRûYlTÓ¡\Õ, 

5,6,1 úWô−u úRt\m:   

 f GuTÕ ùUnU§l×ûPf Nôo× GuL,  

 (i) f B]Õ ê¥V CûPùY° [a, b]Cp YûWVßdLlThÓ 

ùRôPof£VôLÜm. 

 (ii) §\kR CûPùY° (a, b)Cp YûL«PjRdLRôLÜm. 

 (iii) f (a)  = f (b) BLÜm Es[Õ. G²p 

Ïû\kRThNm JÚ ×s° c ∈ (a,b)I   f ′(c) = 0 Gu\ ¨TkRû]dÏ 

EhThÓ LôQXôm, 
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£X LY]dÏ±l×Ls : 

  t úSWj§p JÚ SLÚm ùTôÚ°u ¨ûXûVj RÚm NôoTô]  

s = f(t)dÏ úWô−u úRt\jûRl TVuTÓjRXôm, 

  t = a Utßm t = b  B¡V úSWeL°p ùTôÚ[ô]Õ JúW 

¨ûX«p CÚlTRôLd ùLôiPôp. f(a) = f(b) Gu\ úWô−u 

¨TkRû]ûV ¨û\Ü ùNnYRôL AûUÙm, úWôp úRt\j§u 

¨TkRû]Ls éoj§VôYRôp AjúRt\j§uT¥ adÏm bdÏm  

CûP«p c Gu\ úSWjûR f ′(c) = 0 GàUôß LôQXôm, 

ARôYÕ t = cCp ùTôÚ°u §ûN úYLm éf£Vm BÏm,  

CdùLôsûLVô]Õ ¨ûXdÏjRôL úUpúSôd¡ G±VlThP 

ùTôÚÞdÏm EiûUVôYûRd LôQXôm, (LôtßjRûP 

¿dLXôL) 

  f(x) = 0 Gu\ TpÛßl×d úLôûY NUuTôhÓdÏ a, b Gu\ 

CWiÓ êXeLs CÚl©u. úWô−u úRt\j§uT¥ f ′(x) = 0 
Gu\ NUuTôhÓdÏ a Utßm bdÏ CûP«p Ïû\kRÕ JÚ 

êXm cBYÕ CÚdÏm, 

  JÚ G°V Yû[YûW JÚ ¡ûPdúLôhûP CWiÓ 

×s°L°p ùYhÓUô«u. ¨fNVUôL Aq®Ú ×s°LÞdÏ 

CûP«p Yû[YûWdÏ JÚ ¡ûPjùRôÓúLôÓ CÚdÏm,  

  c JÚ Uô±−Vô«u  f(x)=cdÏ úWô−u úRt\m 

ùY°lTûPVôL EiûUVôYûRd LôQXôm, 

  úWôp úRt\j§u UßRûX EiûUVpX, ARôYÕ JÚ Nôo×  

f B]Õ c ∈ (a,b)dÏ f ′(c) = 0  GuTRû] EiûUVôdÏYûRd 

ùLôiÓ úWôp úRt\j§u ¨TkRû]Ls éoj§VôÏm G] 

ùNôpX Ø¥VôÕ, 

GÓjÕdLôhÓ 5.21 :  

 úWô−u úRt\jûRl TVuTÓj§. cCu U§l×Lû[d LiÓ©¥dL, 

 (i) f(x) = 1 − x2 ,    CeÏ  −1  ≤  x  ≤ 1 

 (ii) f(x) = (x − a) (b − x),      CeÏ a ≤ x ≤ b,  a ≠ b. 

 (iii) f(x) = 2x3 − 5x2 − 4x + 3,      CeÏ 
1
2 ≤  x  ≤  3 

¾oÜ :  (i)   CkR Nôo× [−1,1] Gu\ CûPùY°«p ùRôPof£VôLÜm 

(−1,1)  Gu\ CûPùY°«p YûL«PjRdLRôLÜm Es[Õ,  
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 úUÛm f(1) = f (−1) = 0  G]úY úWô−u úRt\j§u GpXô 

¨TkRû]Lû[Ùm f(x) éoj§ ùNnYûRd Lôi¡ú\ôm, 

  f ′(x) = 
1
2 

− 2x

1 −x2
   =  

− x

1 − x2
   

 f ′(x) = 0   ⇒  x = 0. 

 (x = 0 G²p ùRôÏ§ = 1 ≠ 0) G]úY c = 0 ∈ (− 1, 1) Gu¡\ U§l× 

úWô−u úRt\jûR EiûUVôdÏ¡u\ RÏkR U§l× BÏm, 

(ii) f(x) = (x − a) (b − x),  a  ≤  x  ≤ b,  a ≠ b. 
 f (x)  GuTÕ [a,b]  Gu\ CûPùY°«p ùRôPof£VôLÜm (a,b) 
Gu\ CûPùY°«p YûL«PjRdLRôLÜm AûU¡\Õ. úUÛm  
f(a)= f(b) = 0.  G]úY GpXô ¨TkRû]Lû[Ùm f(x) ¨û\Ü ùNn¡u\Õ, 

   ∴ f ′(x) = (b − x)  − (x − a) 

   f ′(x) = 0  ⇒  − 2x  =  − b − a   ⇒   x = 
a + b

2   

 c = 
a + b

2   U§l× úWô−u úRt\jûR EiûUVôdLd á¥V RÏkR 

U§lTôÏm, 

 (iii)  f(x) = 2x3 − 5x2 − 4x + 3,      
1
2  ≤   x  ≤  3 

 f(x) Gu\ Nôo× 



1

2 , 3  Gu\ CûPùY°«p ùRôPof£VôLÜm 





1

2 , 3   Gu\ CûPùY°«p YûL«PjRdLRôLÜm AûU¡\Õ,  

 úUÛm f 



1

2   = 0 = f(3) = 0. G]úY GpXô ¨TkRû]Lû[Ùm f(x) 

¨û\Ü ùNn¡\Õ, 

 f ′(x)  = 6x2 − 10x − 4 

  f ′(x) = 0  ⇒  3x2 − 5x− 2  = 0   ⇒ (3x + 1) (x −2) = 0  ⇒ x = − 
1
3  , x = 2. 

 x = − 
1
3  GuTÕ 



1

2, 3    Gu\ CûPùY°«p CpûX, 

 ∴x = 2 GuTÕ ùTôÚjRUô] ×s°VôÏm, 

  ∴ c = 2 úWô−u úRt\j§û] EiûUVôdÏ¡u\ RÏkR U§lTôÏm, 

úUtÏ±l× : HúRàm JÚ ¨TkRû] éoj§VôL®pûX G²p úWô−u 

úRt\j§û] TVuTÓjR CVXôÕ, 
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GÓjÕdLôhÓ 5.22: ©uYÚY]Yt±tÏ úWô−u úRt\jûRf N¬TôdL: 

 (i) f(x) = x3 − 3x + 3    0 ≤ x ≤ 1 (ii) f(x) = tan x,     0 ≤ x ≤ π 

 (iii) f(x) = | x |,  −1 ≤ x ≤ 1 (iv) f(x) = sin2 x,  0 ≤ x ≤ π 

 (v) f(x) = ex sin x,     0 ≤ x ≤ π (vi)  f(x) = x (x − 1) (x − 2),   0 ≤  x ≤ 2  
¾oÜ :  (i) f(x) = x3 − 3x + 3     0 ≤ x ≤ 1 
 [0,1]Cp   f(x) ùRôPof£VôLÜm (0,1)Cp f(x) YûL«Pj 

RdLRôLÜm AûU¡\Õ,  
 úUÛm  f(0)  = 3  Utßm  f(1) = 1  ⇒  f (a) ≠ f (b) 
 úWô−u úRt\m RWlThP f(x)dÏ EiûUVôLôÕ, 

 f (a) = f (b) Gu\ ¨TkRû] ¨û\Ü ùNnVlTPôRRôp úWô−u 

úRt\m RWlThP f(x)dÏ EiûUVôLôÕ, 

 úUÛm f ′(x) = 3x2 − 3 = 0   ⇒  x2 = 1 ⇒ x = ±1 

 f ′(c)  =  0 GàmT¥VôL Ïû\kRÕ JÚ Eßl× c B]Õ (0,1)Cp 

CÚdÏm Gu¡\ Ø¥Ü EiûUVôLôRûR CeÏ LôQXôm, 

 (ii) f(x) = tan x,     0 ≤ x ≤ π 

 [0,π] Gu\ CûPùY°«p  f(x) ùRôPof£Vt\Õ,    x = 
π
2Cp  

tan x → + ∞.  G]úY. úWô−u úRt\m ùTôÚkRôÕ, 
 (iii) f(x) = | x |,  −1 ≤ x ≤ 1 
 [−1,1]Cp f ùRôPof£ÙûPVÕ, B]ôp (−1,1)Cp 

YûL«PjRdLRpX, Hù]²p   f ′(0)I LôQ Ø¥VôÕ, G]úY úWô−u 

úRt\m ùTôÚkRôÕ, 

 (iv) f(x) = sin2 x,  0 ≤ x ≤ π 
 [0,π]Cp  f ùRôPof£ÙûPVÕ. Utßm(0,π)Cp YûL«PjRdLÕ, 

f(0)  = f (π) = 0  (ie.,) úWô−u úRt\j§u ¨TkRû]Lû[ f B]Õ ¨û\Ü 

ùNn¡u\Õ, 

 f ′(x) = 2 sin x cos x = sin 2x 

 f ′(c) = 0 ⇒  sin 2c  =  0 ⇒  2c = 0, π, 2π, 3π, ... ⇒ c = 0,  
π
2,  π, 

3π
2 ,  ... 

 c = 
π
2  ∈  (0,π) GuTÕ úWô−u úRt\j§u ¨TkRû]dÏ 

LhÓlTÓ¡u\ U§lTôÏm, 

 (v) f(x) = ex sin x,     0 ≤ x ≤ π 
 ex Utßm sin x GuT] xCu GpXô U§l×LÞdÏj ùRôPof£ 

EûPVÕ, G]úY AYt±u ùTÚdLp TXu ex sin x, 0 ≤ x ≤ πCp 

ùRôPof£ÙûPVÕ, 
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 f ′(x)  =   ex sin x  + ex cos x = ex (sin x + cos x), 0 < x < πCp LôQØ¥Ùm, 

⇒ f(x)B]Õ (0,π)Cp YûL«PjRdLRôÏm, 

 f(0) = e0 sin 0  = 0 

 f(π) = eπ sin π  =  0 
 ∴  úWô−u úRt\j§u ¨TkRû]Lû[ f ¨û\Ü ùNn¡\Õ, 

 f ′(c) = 0 GàmT¥ JÚ Eßl× c∈ (0, π) CÚkRôp ec(sin c + cos c) = 0 

 ⇒ ec = 0  ApXÕ sin c + cos c = 0   

 ec = 0 ⇒ c = − ∞ GuTÕ ùTôÚ[t\Õ, 

 ⇒  sin c =  − cos c ⇒  
sin c
cos c  =−1  ⇒  tan c  = − 1  = tan 

3π
4   

 ⇒  c = 
3π
4   GuTÕ úRûYVô] U§lTôÏm, 

(vi) f(x) = x (x − 1) (x − 2),     0 ≤  x ≤ 2,   
 [0,2]Cp f ùRôPof£ÙûPVÕ Utßm (0,2)Cp f 
YûL«PjRdLRôÏm, f(0) = 0 = f(2)  
 úWô−u úRt\j§u ¨TkRû]Lû[   f ¨û\Ü ùNn¡\Õ, 

     f ′(x) = (x − 1) (x − 2) + x (x −2) + x (x −1) = 0 

   ⇒  3x2 − 6x + 2 = 0   ⇒  x = 1 ± 
1
3

  

 c = 1 ± 
1
3

  ∈ (0,2) GuTÕ úWô−u úRt\jûR ¨û\Ü ùNnV 

úRûYVô] U§l×Ls BÏm, 
Ï±l× : úWô−u úRt\jûR §Úl§lTÓjÕm ®RUôL ‘c’Cu U§l× 

JußdÏ úUtThÓm LôQlTPXôm, 

GÓjÕdLôhÓ 5.23 : [0, 2π] Gu\ CûPùY°«p y = − 1 + cos x  Gu\ 

Yû[YûWdÏ x-AfÑdÏ CûQVôL YûWVlThP ùRôÓúLôh¥u 

ùRôÓ×s°ûV úWô−u úRt\jûRl TVuTÓj§ LQd¡Ó, 

¾oÜ :   

 (0,2π)Cp f(x) ùRôPof£Vô]Õ 

Utßm [0,2π]Cp YûL«PjRdLRôÏm, 

   f(0) = 0 = f(2π) úWô−u úRt\j§u 

¨TkRû]Lû[ f(x) ¨û\Ü ùNn¡\Õ,  

 f ′(x) = − sin x = 0  ⇒  sin x = 0 

 x = 0,  π, 2π, . . .  

 
  
 
 
 
 

TPm 5.13 
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x

y
π
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2π
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(0,0)
x

y
π
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 (0,2π)Cp úRûYVô] cCu U§l× π BÏm,   

 x  = πCp ,  y  = −1 + cos π = −2  
⇒ ùLôÓdLlThP Yû[YûWdÏ. x-AfÑdÏ CûQVôL YûWVlThP 

ùRôÓúLôh¥u ùRôÓ×s° (π,−2) BÏm, 

T«t£ 5.3 
 (1) ©uYÚm Nôo×LÞdÏ úWô−u úRt\jûRf N¬TôodL: 

  (i) f(x) = sin x, 0 ≤ x ≤ π 

  (ii) f(x) = x2, 0 ≤  x  ≤ 1 

  (iii) f(x) = | x − 1|, 0 ≤ x ≤ 2 

  (iv) f(x) = 4x3 − 9x,   − 
3
2  ≤  x  ≤ 

3
2  

 (2) úWô−u úRt\jûRl TVuTÓj§ y = x2+1,  −2 ≤ x ≤ 2 Gu\ 

Yû[YûW«p x−AfÑdÏ CûQVôL CÚdÏm ùRôÓúLôÓL°u 

ùRôÓ ×s°Lû[d LôiL, 
5,6,2 CûPU§l×j úRt\m (ùXdWôg£«u CûPU§l× ®§) 
(Mean Value Theorem [Law of the mean due to Lagrange]) : 
 CkRl TÏ§«p TX Ø¥ÜLs ú_ôNl í«v ùXdWôg£«u 

CûPU§l× ®§ ApXÕ CûPU§l×j úRt\jûRf NôokúR CÚdÏm, 

úRt\m : f(x) Gu\  ùUnùVi Nôo×  

 (i) [a,b] Gu\ ê¥V CûPùY°«p f(x) ùRôPof£VôLÜm 

 (ii) (a,b) Gu\ §\kR CûPùY°«p YûL«PjRdLRôLÜm 

CÚl©u. (a,b) Gu\ §\kR CûPùY°«p HúRàm JÚ U§l×  cI 

  f ′(c) = 
f(b) − f(a)

b − a
  GàUôß LôQØ¥Ùm …(1) 

LY]d Ï±l×Ls : 

 f(a)= f(b) G] CÚl©u CûPU§l× ®§ úWô−u úRt\Uô¡®Óm, 

 s = f(t) Gu\ CVdLf NUuTôhûPÙm CûP¨ûX ®§ûÙm 

Jl©hÓl TôolúTôm, 

 sCp HtTÓm Uôt\m ∆s  = f(b) − f(a) GuTÕ tCp HtTÓm Uôt\m 

∆t = b –  aI ùTôßjRÕ,   

 ∴ 
f(b) − f(a)

b − a
  = 

∆s
 ∆t

 . CÕ  t = aC−ÚkÕ t = b YûW«Xô] NWôN¬ 

§ûNúYLj§tÏf NUm Guß ùTôÚs, 
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 CfNUuTôh¥−ÚkÕ adÏm bdÏm CûPúV Es[ CûPùY° 

úSWj§p ‘c’ Gu\ HúRàm JÚ NUVj§p §ûNúYLm f ′(c) B]Õ 

NWôN¬ §ûNúYLj§tÏf NUUô¡\Õ, GÓjÕdLôhPôL JÚ £tßkÕ  

2 U¦ úSWj§p 180 ¡,Á, ùNpÛUô]ôp ARu úYLUô². 90 ¡,Á, 

A[®û] Ïû\kRThNm JÚØû\VôYÕ Lôi©j§ÚdL úYiÓm, 

 JÚ Yû[YûW«u C ( )c, f(c)  Gu\ 

×s°«p NônÜ f ′(c)Ùm. A ( )a, f(a)   
Utßm B ( )b, f(b) ûV CûQdÏm Sô¦u 

NônÜ 
f(b) − f(a)

b − a
-m NUUôL CÚdÏm, 

Y¥Yd L¦R®[dLj§uT¥ JÚ Nôo×  

 f  B]Õ ê¥V CûPùY° [a,b]Cp 

ùRôPof£VôLÜm.    (a, b)    Gu\    §\kR  

 
 
 
 
 
 
 

TPm 5.14 
CûPùY°«p YûL«PjRdLRôLÜm CÚl©u. Ïû\kRThNm   

HúRàm  JÚ U§l× c∈(a, b)Cp YûWVlTÓm ùRôÓúLôÓ. Sôi 

ABdÏ CûQVôL CÚdÏm, 
úUtÏ±l× (1) : a < c < b Gu\ ¨TkRû]ûV c éoj§ ùNnYRôp.  

(c − a) <  (b − a)  ApXÕ  
c − a
b − a

  (< 1) = θ, (GuL). 

   (A,Õ,),   
c − a
b − a

  = θ  ⇒  c − a  = θ (b − a),  0 < θ < 1. 

   BûLVôp   c = a + θ (b − a) 

 ∴ CûPU§l× ®§ûV 

   f(b)  − f(a) = (b − a)  f ′(c)  G] GÝRXôm, 

    = (b − a)  f ′[a + θ (b − a)],  0 < θ < 1 
 CÕ Nôo×L°u úRôWôVUô] U§l×Lû[d LiP±V ERÜ¡\Õ, 

(2) b − a = h G] GÓjÕdùLôiPôp. úUúX ùLôÓdLlTh¥ÚdÏm 

Ø¥ûY  f(a + h) = f(a)  + hf ′(a + θh),  0 < θ < 1 G] GÝRXôm, 

(3) a  =  x G]Üm  h  = ∆x G]Üm GÓjÕd ùLôiPôp  CûPU§l× 

®§Vô]Õ  f(x + ∆x) = f(x)  + ∆x f ′(x + θ∆x) G] AûUÙm,  

 CeÏ θ B]Õ 0 < θ < 1 GàUôß CÚdÏm., 

GÓjÕdLôhÓ 5.24 : f(x) = x3 Gu\ Nôo©tÏ [−2,2] Gu\ 

CûPùY°«p XôdWôg£«u CûPU§l×j úRt\jûR N¬TôodLÜm, 

(0,0)
x

y

1

2

y
= 

f (
x)

A

C B

(0,0)
x

y

1

2

y
= 

f (
x)

A

C B
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¾oÜ: f JÚ TpÛßl×d úLôûYVôRXôp [−2, 2]Cp ùRôPof£VôLÜm. 

YûL«PjRdLRôLÜm CÚdÏm, 

 f(2) = 23 = 8 ;  f (−2)  =  (−2)3 = −8 

 f ′(x) = 3x2  ⇒  f ′(c) = 3c2 

 CûPU§l× ®§«uT¥. c ∈ (− 2, 2)I 

 f ′(c) = 
f(b) − f(a)

b − a
    GàUôß LôQXôm, ⇒  3c2  =  

8 − (−8)
4   = 4  

 (A,Õ,).    c2 = 
4
3  ⇒  c  =   ± 

2
3 

  

 CûPU§l×dÏ¬V úRûYVô] ‘c’Cu U§l×Ls 
2
3 

  Utßm −
2
3 

  

CWiÓm [−2,2]Cp AûU¡u\], 

GÓjÕdLôhÓ 5.25 :  

 EÚû[ Y¥®Xô] JÚ EúXôLj Õi¥p Es[4 ª,Á, ®hPØm 

12 ª,Á, BZØm ùLôiP JÚ Õû[«û] ÁiÓm A§LlTÓjR 

ARu ®hPm 4.12 ª,ÁhPWôL A§L¬dLlTÓ¡\Õ, CRu ®û[YôL 

Õû[jÕ GÓdLlThP EúXôLj§u úRôWôV A[ûYd LôiL, 

¾oÜ : x ª,Á, BWØm 12 ª,Á, BZØm EûPV EÚû[«u L] A[Ü 

 V = f(x) = 12 πx2  

⇒  f ′(c) = 24πc. 
f(2.06) − f(2)ûYd LQd¡P  :  
CûPU§l× ®§«uT¥. 

 f(2.06)  − f(2) = 0.06  f ′(c) 
   = 0.06  (24 πc),  2 < c < 2.06 
 c = 2.01G]d ùLôsL, 

 f(2.06) − f(2) = 0.06  × 24 π × 2.01 
         = 2.89 π L, ª,Á, (úRôWôVUôL) 

 
 
 
 
 
 
 
 

TPm 5.15 

Ï±l× : 2.01I R®W.2C−ÚkÕ 2.06 YûW úYß GkR RÏkR A[ûYÙm 

cdÏ GÓjÕd ùLôs[Xôm, CRtÏ Ht\ôtúTôX úYß úRôWôV 

U§l×Ls ¡ûPdÏm, 

GÓjÕdLôhÓ 5.26 : f(0) = − 3Üm xCu GpXô U§l×LÞdÏm f ′(x) ≤ 5 
G]Üm CÚl©u.  f(2)Cu ªL A§L U§l× Gu]YôL CÚdLØ¥Ùm?  

4mm

12
m

m4mm

12
m

m
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¾oÜ : ùLôÓdLlThP BRôWeL°−ÚkÕ. f YûL«PjRdLÕ 

BûLVôp f B]Õ xu GpXô U§l×LÞdÏm ùRôPof£VôL CÚdÏm, 

G]úY. [0,2] CûPùY°«p ùXdWôg£«u CûPU§l× ®§ûVl 

TVuTÓjRXôm, HúRàm JÚ ‘c’∈(0, 2)I 

   f(2) − f(0) = f ′(c)  ( 2 − 0) GàUôß LôQXôm, 

   f(2) = f(0)  + 2 f ′(c) 
    = −3 + 2 f ′(c) 
 xCu GpXô U§l×LÞdÏm f ′(x)  ≤ 5 G] ùLôÓdLlThÓs[Õ, 

Ï±lTôL f ′(c) ≤ 5.  CûR CÚ×\Øm 2Bp ùTÚdL 

   2f ′(c) ≤ 10 
   f(2) = −3 + 2 f ′(c) ≤ −3 + 10  = 7 
 f(2)Cu EfN U§l× 7 BÏm, 
GÓjÕdLôhÓ 5.27 : JÚ Ï°o NôR]l ùTh¥«−ÚkÕ GÓjÕ. ùLô§dÏm 

¿¬p ûYjR EPu JÚ ùYlTUô² −19°CC−ÚkÕ 100° BL Uô\  14 
®]ô¥Ls GÓjÕd ùLôs¡\Õ, CûP«p HúRàm JÚ úSWj§p TôRWNm 

N¬VôL 8.5°C/sec. Gu\ ÅRj§p Hß¡\Õ Guß Lôi©dL, 
¾oÜ : HúRàm JÚ úSWm tCp ùYlTUô² Lôi©dÏm ùYlT A[Ü 

T  GuL, G]úY. T GuTÕ. úSWm tCu NôoTôÏm, ùYlTj§u A[Ü 

ùRôPof£VôL Uô±d ùLôi¥ÚlTRôp ùYlTm HßYÕm 

ùRôPof£Vô]RôÏm,  

 ∴CkRf Nôo× YûLlTÓjRdá¥VÕm BÏm,  

 ∴CûPU§l× ®§«uT¥. (0, 14) Gu\ CûPùY°«p ‘t0’Gu\ 

HúRàm JÚ úSWj§p 

   
T(t2) − T(t1)

t2 − t1
 = T ′(t0) G] CÚk§ÚdL úYiÓm, 

 CeÏ T ′(t0) GuTÕ t0Cp ùYlTj§u Uôß ÅRUôÏm, 

 CeÏ t2 − t1 = 14,  T(t2) = 100 ;  T(t1) = − 19 

   T ′(t0) = 
100 + 19

14   = 
119
14    =  8.5C/sec 

T«t£ 5.4 
 (1) ¸rdLôÔm Nôo×LÞdÏ XôdWôg£«u CûPU§l×j 

úRt\jûR N¬TôodLÜm : 

  (i)  f(x) = 1  − x2,   [0,3] (ii)  f(x) = 1/x,   [1,2] 

  (iii)  f(x) = 2x3 +  x2 − x − 1,   [0,2] (iv) f(x) = x2/3,   [−2,2] 

  (v)  f(x) = x3 − 5x2 − 3x ,   [1,3] 
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 (2) f(1) = 10 Utßm 1 ≤  x ≤ 4 Gu\ CûPùY°«p f ′(x) ≥ 2BLÜm 

CÚl©u. f(4)Cu U§l× GqY[Ü £±VRôL CÚdL Ø¥Ùm? 

 (3) U§Vm 2.00 U¦dÏ JÚ £tßk§u úYLUô² 30 ûUpLs/U¦ 

G]Üm 2.10 U¦dÏ úYUô² 50 ûUpLs/U¦ G]Üm 

LôhÓ¡\Õ,  2.00 U¦dÏm 2.10 U¦dÏm CûPlThP HúRô 

JÚ NUVj§p ØÓdLm N¬VôL  120 ûUpLs/U¦
2
-BL 

CÚk§ÚdÏm G]d LôhÓL, 

ùTôÕ Y¥Y CûPU§l× ®§ (Generalised Law of the Mean) :   
 ê¥V CûPùY° [a,b]Cp f(x)m g(x)m ùRôPof£Vô] ùUnùVi 

Nôo×L[ôLÜm. §\kR CûPùY° (a,b)Cp fm gm YûLlTÓjRd 

á¥VRôLÜm úUÛm §\kR CûPùY°  (a,b)Cp g ′(x) ≠ 0  G]Üm 

CÚl©u. CûPùY° (a, b)Cp Ïû\kRThNm xCu U§l× cdÏ 

f(b) − f(a)
g(b) − g(a)

  = 
f ′(c)
g′(c)

  G] CÚdÏm, 

úUtÏ±l×Ls : 

 (1) CkRj úRt\m úLôµ«u (Cauchy) ùTôÕY¥Y CûPU§l× 

®§ G]lTÓm, 

 (2) úLôµ«u ùTôÕY¥Y CûPU§l× ®§«u JÚ Ï±l©hP 

Y¥YúU XôdWôg£«u CûPU§l× ®§VôÏm, 

 (3) g(b) ≠ g(a) GuTûRd LY²dLÜm, g(b) = g(a)BL CÚl©u 

úWô−u úRt\j§uT¥. (a,b)Cp HúRàm JÚ  xdÏ g′(x) = 0 

G] B¡®Óm, CÕ ùTôÕ Y¥Y CûPU§l× ®§dÏ 

ØWQôL AûUÙm, 

¿h¥jR CûPU§l× ®§ (Extended Law of the mean) : 

 f(x)m ARu ØRp (n − 1) YûLd ùLÝdLÞm ê¥V CûPùY° 

[a,b]Cp ùRôPof£VôLÜm. úUÛm  f(n)(x) B]Õ §\kR CûPùY° 

(a,b)Cp LôQjRdLRôLÜm CÚl©u. Ïû\kRThNm xCu JÚ U§l× 

x = c ∈ (a,b)I 

f(b)=f(a)+ 
f ′(a)

1!  (b−a)+
f ′′(a)

2!  (b−a)2+...+ 
f (n−1)( a)
(n −1)!

(b−a)n−1+
f (n)(c)

n! (b−a)n...(1) 

GàUôß LôQØ¥Ùm, 

úUtÏ±l×Ls :   
 (1) ¿h¥jR CûPU§l× ®§«p b − a = h  G²p b = a + h BÏm, 

G]úY (1)Cp ©W§ÂÓ ùNnV. 
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    f(a + h) = f(a) + 
f ′(a)

1!   h  +  
f ′′(a)

2!   h2  + ... 
f (n−1)( a)
(n −1)!

 hn − 1+ 
f (n)(c)

n!   hn  ...(2) 

CeÏ c ∈ (a, a + h), úUÛm CRû] ùPnX¬u úRt\m Gu¡ú\ôm, 

(2) bdÏl T§XôL x Gu\ Uô±ûVl ùTôÚjR (1) B]Õ HúRàm JÚ 

c ∈ (a,  x)dÏ 
 

 f(x) = f(a)  +  
f ′(a)

1!   (x − a)  +... 
f (n−1)( a)
(n −1)!

 (x − a)n − 1  +  
f (n)(c)

n!  (x − a)n
 

G] Uôßm, 
 (3) fI GjRû] Øû\ úYiÓUô]ôÛm YûLlTÓjR Ø¥ÙùUuL, 

ùPnX¬u úRt\j§p n ªLÜm ùT¬V GiQôL CÚdûL«p 

(A,Õ,) n → ∞ G²p (2) B]Õ, 

 f(a + h) = f(a)  +  
f ′(a)

1!   h  +  
f ′′(a)

2!   h2  + . . . + 
f (n)(a)

n!   hn  + ...   ...(3)  BÏm, 

 aI ùTôßjR  f(a + h)Cu CkR ®¬Yô]Õ ùPnX¬u ùRôPo G] 

AûZdLlTÓ¡\Õ, 

 (4) ¿h¥jR CûPU§l× ®§«p adÏl T§p 0ûYÙm. bdÏl T§p 

Uô± xIÙm ùTôÚjR (1) GuTÕ, 

 f(x) = f(0) + 
f ′(0)

1!  x +  
f ′′(0)

2!   x2  +...+ 
f (n−1)(0)
(n−1)!

  xn − 1 +  f 
(n) (c)
n!   xn   

BÏm, CeÏ c ∈ (0,x)  CÕ ùUdXô¬u (Maclaurin) úRt\m 

G]AûZdLlTÓ¡\Õ,   
 (5) ùUdXô¬u úRt\j§p n ªLl ùT¬V GiQôL CÚdûL«p 

(A,Õ,) n → ∞ G²p ùRôPWô]Õ 

 f(x) = f(0)  +  
f ′(0)

1!  x  +  
f ′′(0)

2!   x2  + . . . . . . G] BÏm,  

 CjùRôPo ®¬®û] ùUdXô¬u ùRôPo G] AûZlTo, 

®[dL GÓjÕdLôhÓ : x = 
π
2 -p f(x) = sin xCu ùPnX¬u ®¬Ü 

©uYÚUôß ¡ûPdLl ùTß¡\Õ : 

 f(x) = sin x  ; f 



π

2      = sin  
π
2   = 1 

 f ′(x) = cos x  ; f ′ 



π

2     = cos  
π
2   = 0 

 f ′′(x) = − sin x  ; f ′′ 



π

2     = −1 
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 f ′′′(x) = − cos x  ; f ′′′ 



π

2   = 0 

 ∴  f(x)  = sin  x =  f 



π

2  + 
f ′



π

2  

1!   



x −

π
2  + 

f″ 



π

2  

2!    



x − 

π
2

2

 + ...  

  = 1 +  0 



x −

π
2    +  

(−1)
2!  



x − 

π
2

2

 + ...  

 sin x = 1 −  
1
2!  



x −

π
2 

2
  +  

1
4!  



x − 

π
2

4

 − ...  

GÓjÕdLôhÓ 5.28 : ¸rdLôÔm Nôo×LÞdÏ ùUdXô¬u ®¬Ü LôiL : 

 1)  ex 2)  loge(1 + x)              3)  arc tan  x  ApXÕ  tan−1x 

¾oÜ : 

(1) f(x) = ex  ;  f(0)  =  e0 = 1 

 f ′(x) = ex   ; f ′(0) =  1 

 f ′′(x) = ex ; f ′′(0)  =  1 

 ! 

 f(x) = ex  =  1  +  
1 . x
1!   + 

1
2! x

2  + 
1
3! x

3  … 

  = 1  + 
x
1!   +   

x2

2!   +  
x3

3!  + ... (xCu GpXô U§l©tÏm EiûU) 

(2) f(x) = loge(1 + x) : f(0)   =   loge1 = 0 

 f ′(x) = 
1

1 + x  ; f ′(0)  =  1 

 f ′′(x) = 
−1

(1 + x)2   ; f ′′(0)  =  −1 

 f ′′′(x) = 
+1.2

(1 + x)3   ; f ′′′(0)  =  2! 

 f ′′′′(x) = 
−1.2.3

(1 + x)4   ; f ′′′′(0)  =  − (3!) 

 f(x) = loge(1 + x) =   0 + 
1
1! x − 

1
2! x

2  +  
2!
3! x

3 − 
3!
4! x

4  − ... + …. 

   x − 
x2

2  + 
x3

3  − 
x4

4  + ....  −1 < x ≤ 1. 
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(3) f(x) = tan−1x     ;    f(0) = 0 

 f ′(x) = 
1

1 + x2  = 1 −x2 + x4 – x6…. ;  f ′(0) = 1 = 1! 

 f ′′(x) =  − 2x + 4x3 – 6x5 ….  ;  f ′′(0)  =  0 

 f ′′′(x) = − 2 + 12x2 – 30x4 ….  ;  f ′′′(0)  =  −2 = −(2!) 

 f iv(x) = 24x − 120x3  ….  ;  f iv(0)  =  0 

 f v(x) = 24 − 360x2  ….  ;  f v(0)  =  24 = 4! 

 tan−1 x = 0 + 
1
1! x + 

0
2! x

2 − 
2
3! x

3 + 
0
4! x

4 + 
4!
5! x

5 + … 

  = x − 
1
3 x3 + 

1
5 x5 − …  

CeÏ | x | ≤ 1 BÏm, 

T«t£ 5.5 

¸rdLôÔm Nôo×LÞdÏ ùUdXô¬u ®¬Ü LôiL:  

  (1) e2x   (2) cos2x     (3) 
1

1 + x             (4) tan x,  − 
π
2   < x < 

π
2  

5,7 úR\lùT\ôR Y¥YeL°u U§l× LôQp  

(Evaluating Indeterminate forms) : 
 ê¥V CûPùY° [a,b]Cp f(x), g(x) GuTûY YûWVßdLlThÓ. 

úLôµ«u (Cauchy) ùTôÕ Y¥Y CûPU§l× ®§ûV 

¨û\úYtßYRôLÜm CÚdLhÓm, úUÛm f(a)  =  0,  g(a)  = 0 G²p 
f(x)
g(x) 

Gu\ ®¡Rm x = a Gu\ CPj§p YûWVßdLlTP CVXôÕ, Hù]²p 

CÕ 
0
0 Y¥Yj§p AûUYRôp AojRUt\Rô¡\Õ, B]ôp  

x ≠ a  GàUôß CÚdÏm U§l×LÞdÏ. 
f(x)
g(x) B]Õ YûWVßjR U§l× 

ùTtßs[Õ,  

 x → a G²p Cq®¡Rj§u GpûXûVd LôiTûR. 
0
0 GàUôß 

AûUkR úR\lùT\ôR Y¥®û]d LQd¡ÓRp GuTRôÏm, 
 f(x) = 3x − 2 . g(x)  = 9x + 7 Gußm CÚl©u.  x → ∞ G²p TÏ§Ùm 

ùRôÏ§Ùm ∞ BYRôp 
3x −2
9x + 7   GuTÕ 

∞
∞   Gu\ úR\lùT\ôR Y¥®p 

AûU¡\Õ, 
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lim

x→ ∞   
ex

x  ,  
lim

x→ ∞  (x − ex),  
lim

x→ 0   xx,  
lim

x→ ∞   x1/x
 úUÛm 

lim
x→ 1  x

1/(x−1)
  

B¡VûY úR\lùT\ôR Y¥YeL[ô] Øû\úV 0.∞,  ∞ − ∞,  00,  ∞0  

Utßm 1∞ GuT]Ytû\ AûP¡u\], CkRd Ï±ÂÓLû[ úSW¥ 

Y¥®p GÓjÕd ùLôs[ Ø¥VôÕ, Ï±l©hP GpûXL°u úTôdûL 

úYßTÓj§ A±YRtÏ CkR Ï±ÂÓLs AY£VUô¡\Õ, CkR 

GpûX«û] LQd¡P. _ôu ùToú]ô−Vôp LiÓ©¥dLlThP JÚ 

Ø¥Ü TVuTÓ¡\Õ, ARôYÕ,. JÚ ©u]j§u TÏ§Ùm. ùRôÏ§Ùm 

éf£VjûR úSôd¡f ùNpÛm úTôÕ. ®¡Rj§u GpûX«û]d 

LôQXôm,, CûR RtLôXj§p úXô©Rôp ®§ Guß L¦R úUûR 

Guillaume Francois Antoinede l’HôpitalCu ùTV¬p AûZd¡ú\ôm, 

úXô©Rôp ®§ (l’Hôpital’s rule) : 

 ê¥V CûPùY° [a,b]Cp fm gm ùRôPof£VôLÜm  c ∈ (a,b)Cp f 

YûL«PjRdLRôLÜm g′(c) ≠ 0 G]Üm CÚdLhÓm, lim
x→ c

 f(x) = 0,  

lim
x→ c

 g(x) = 0 GuL, úUÛm lim
x→ c

 
f ′(c)
g′(c)

 = L G] CÚkRôp lim
x→ c

  
f(x)
g(x)  =  L 

BÏm, 

úUtÏ±l×Ls  :  
 (1) YZdLUô] Øû\Lû[ ®P úXô©Rôp Øû\ úR\lùT\ôR 

Y¥YeL°u GpûXûVd LôQ G°RôL AûU¡\Õ,  

lim
x→ 0

 
sin x

x  I GÓjÕd ùLôsúYôm, CRu GpûX SUdÏ 1 Guß 

ùR¬Ùm, CRû] Y¥Yd L¦R Øû\«p ¨ì©júRôm, 

CmØû\ Ntß L¥]Uô]ùRôÚ Øû\VôÏm, 

  B]ôp. lim
x→ 0

 
sin x

x   = lim
x→ 0

 
cos x

1  = cos 0 = 1 G] G°RôL 

úXô©Rô−u ®§Vôp ¨ì©dL Ø¥¡\Õ, 

 (2) YûLlTÓjRdá¥V Nôo×LÞdÏjRôu úR\l ùT\ôR 

Y¥YeLÞdÏ úXô©Rô−u ®§ûVl TVuTÓjR Ø¥Ùm, 

lim
x→ 0

 
x + 1
x + 3  = 

1
3 . B]ôp úXô©Rôp ®§ûVl TVuTÓj§]ôp 

lim
x→ 0

 
x + 1
x + 3  = 

1
1 = 1 B¡\Õ, CeÏ f(x) = x + 1  g(x)  = x + 3  

CWiÓm YûLdùLÝ LôQj RdLûY, B]ôp úR\lùT\ôR 

Y¥Yj§p CpûX, 
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 (3) lim
x→ a

 f(x)  = 0  Utßm  lim
x→ a

 g(x) = 0®tÏl T§p lim
x→ a

 f(x) =  ± ∞  

Utßm  lim
x→ a

 f(x)   = ± ∞ Guß CÚl©àm úXô©Rô−u 

®§«û] TVuTÓjRXôm, 
 (4) Ut\ úR\lùT\ôR Y¥YeLû[Ùm RÏkR EÚUôt\eLû[l 

TVuTÓj§  
0
0   Utßm  

∞
∞  Gu\ AûUl©p ùLôiÓ YWXôm, 

 £X LQdÏLû[f ùNnYRtÏ ¸rdLiP Ø¥Ü úRûYlTÓm, 

úNol×f Nôo×j úRt\m (Composite Function Theorem) : 
úRt\m : lim

x→ a
  g(x)  = b Utßm bCp f ùRôPof£VôLÜm CÚl©u. 

       lim
x→ a

 f(g(x)  =  f 




lim

x→a

  g(x)   BÏm, 

GÓjÕdLôhÓ 5.29 : U§l× LôiL :  lim
x→ 0

 
x

tan x    

¾oÜ : lim
x→ 0

 
x

tan x  =  
0
0  

∴ lim
x→ 0

 
x

tan x  = lim
x→ 0

 
1

sec2 x
  = 

1
1 = 1 

GÓjÕdLôhÓ 5.30 :   lim
x → + ∞

 
sin 

1
x 

tan−11
x 

  -u U§l©û]d LôiL, 

¾oÜ :    y = 
1
x  GuL, x → ∞ G²p y → 0 

  lim
x → + ∞

 
sin 

1
x 

tan−11
x 

  = lim
y → 0

 
sin y

tan−1y
 = 

0
0 

   = lim
y → 0

 









cos y

1

1 + y2

 = 
1
1 = 1 

GÓjÕdLôhÓ 5.31 :  lim

x→π/2

 
log(sin x)

(π − 2x)2    
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¾oÜ : CÕ 
0
0 AûUl©Ûs[Õ, 

 lim

x→π/2

 
log(sin x)

(π − 2x)2    = lim

x→π/2

  

1
sin x cos x

 2(π  −  2x) × (−2)
  

  = lim

x→π/2

  
cotx

− 4(π − 2x)
 =  

0
0  

  = lim

x→π/2

   
− cosec2x
− 4 × − 2

 = 
−1
8  

 CeÏ úXô©Rô−u ®§ CÚØû\ TVuTÓjRlThÓs[Õ 

GuTûRd LY²dLÜm, 

GÓjÕdLôhÓ 5.32 :  U§l× LôiL : lim
x → ∞

   
x2

ex  

¾oÜ : lim
x → ∞

   
x2

ex  GuTÕ 
∞
∞  AûUl©p Es[Õ, 

  lim
x → ∞

   
x2

ex  = lim
x → ∞

   
2x

ex   = lim
x → ∞

   
2

ex  = 
2
 ∞   = 0 

GÓjÕdLôhÓ 5.33 : U§l× LôiL :  lim
x→ 0

 



cosec x −   

1
x   

¾oÜ : lim
x→ 0

  



cosec x −   

1
x  GuTÕ ∞ −  ∞ Gu\ AûUl©p Es[Õ, 

 ∴  lim
x→ 0

 



cosec x −   

1
x  = lim

x→ 0
 



1

sin x   −  
1
x  =  lim

x→ 0
  

x − sin x
x sinx   



=   

0
0  

 =  lim
x→ 0

 
1 − cos x

sin x + x cos x 



= 

0
0   

         = lim
x→ 0

 
sinx

cos x + cos x − x sin x
 =  

0
2  =  0 

GÓjÕdLôhÓ 5.34 : U§l× LôiL :  lim
x→ 0

 (cot x)
sin x

  

¾oÜ : lim
x→ 0

 (cot x)
sin x

  GuTÕ ∞0
 Gu\ AûUl©p Es[Õ, 
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 y = (cot x) 
sin x

  GuL ⇒  log y = sin x log (cot x) 

 lim
x→ 0

 (log y) = lim
x→ 0

 sin x  log (cot x) 

  = lim
x→ 0

 
log (cot x)

cosec x  . CÕ 
∞
∞  Gu\ AûUl©p Es[Õ, 

úXô©Rô−u ®§ûVl TVuTÓjR. 

 lim
x→ 0

 
log (cot x)

cosec x   = lim
x→ 0

 

1
cotx (− cosec2 x)

−cosec x cot x
  

  = lim
x→ 0

 
sin x
cos x  × 

1
cos x  = 

0
1  =  0 

 (A,Õ,)  lim
x→ 0

 log y = 0 

 úNol×f Nôo×j úRt\j§uT¥. 

  0 = lim
x→ 0

 log y = log 




lim

x→ 0
 y   ⇒ lim

x→ 0
 y = e0 = 1 

GfN¬dûL : lim
x→ a

 f(x)  ùR¬VôR ¨ûX«p. log 




lim

x→ a
  f(x)  GuTÕ 

AojRUt\Õ, 

GÓjÕdLôhÓ 5.35 : U§l× Lôi  lim
x→ 0 +

 x
sinx

  

¾oÜ :    

 lim
x→ 0 +

 x
sinx

  GuTÕ 00
 Gu\ AûUl©p Es[Õ, 

 y = x
sinx

  GuL  ⇒ log y = sin x log x. 

 (A,Õ,).  log y = 
log x

cosec x  

   lim
x→ 0 +

log y = lim
x→ 0 +

 
log x

cosec x . CÕ 
− ∞
∞  Gu\ AûUl©p Es[Õ, 

úXô©Rô−u ®§ûVl TVuTÓjR. 

  lim
x→ 0 +

 
log x

cosec x  = lim
x→ 0 +

1
x 

−cosec x cot x
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  = lim
x→ 0 +

 
− sin2x
x cos x   



= 

0
0   

  = lim
x→ 0 +

 
2 sin x cos x

x sin x − cos x
   =  0   

 (A,Õ,).  lim
x→ 0 +

logy = 0 

 úNol×f Nôo×j úRt\j§uT¥. 

  0 = lim
x→ 0 +

 log y = log lim
x→ 0 +

y  ⇒ lim
x→ 0 +

 y = e0 = 1 

GÓjÕdLôhÓ 5.36 :  
 t Gu\ úSWj§p. R Gu\ ªuRûP«û]Ùm. L Gu\ çiÓ 

ªuú]ôhPj§û]Ùm. úUÛm E Gu\ Uô\ô ªu CVdÏ 

®ûN«û]Ùm ùLôiP ªuNôWm i-Cu NUuTôÓ i = 
E
R  





 1− e
−Rt
L  

  

G²p. R ªLf £±VRôL CÚdÏm úTôÕ i-I LôQ ELkR ãj§WjûRd 

LôiL, 

¾oÜ :  

 
lim

R→0   i = lim
R → 0

E 





 1− e
−Rt
L  

  
R    



0

0 AûUl©p Es[Õ   

  = lim
R → 0

   
E ×  

t
L   e

−Rt
L  

 

1   = 
Et
L   ⇒ lim

R → 0
 i = 

Et
L   ELkR ãj§WUôÏm, 

T«t£ 5.6  
¸rdLiPYt±dÏ GpûXd LôiL, 

 (1) lim
x→ 2

 
sin πx
2 −x

        (2) lim
x→ 0

 
tan x − x
x − sinx

  

  (3) lim
x→ 0

 
sin −1x

x      (4) lim
x→ 2

 
xn − 2n

x − 2
  

 (5) lim
x → ∞

 
sin 

2
x 

1/x
      (6) lim

x → ∞
  

1

x2 − 2 tan−1 



1

x

1
x
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  (7) lim
x→ ∞

 
logex

x   (8) lim
x → 0

 
cotx

cot 2x  

 (9) lim
x → 0 +

 x2 logex.  (10) lim
x → 1

x  

1
x−1

 
  

  (11) lim

x→π/2
−

 (tanx)
cos x

  (12) 
lim

x→0+  xx 

 (13) 
lim

x → 0 (cos x)
1/x

  

5,8 K¬Vp×f Nôo×Ls (Monotonic Functions) : 
Hßm (ApXÕ ùTÚÏm). C\eÏm (ApXÕ Ïû\Ùm) Nôo×Ls 

 YûL ÖiL¦Rj§p TXRWlThP TVuTôÓLs Es[], 

5.2, 5.3, 5.4 B¡V TÏ§L°p YûL Öi Y¥Yd L¦R. ùT[§L. 

ùNnØû\ LQdÏLÞdÏ YûL ÖiL¦Rm TVuTÓjRlThPûRd 

LiúPôm, CkRl TÏ§«p YûL ÖiL¦Rm  ùUnf Nôo×L°u 

ùLôsûLL°p TVuTÓYûRd LôiúTôm, 

 JÚ Yû[YûWûV YûWÙm 

úTôÕ AÕ GeÏ A§L¬d¡\Õ 

GeÏ Ïû\¡\Õ GuTÕ ùR¬YÕ 

AY£VUô¡\Õ, TPm 5.16Cp 

Yû[YûWVô]Õ  ×s° A−ÚkÕ 

BYûW A§L¬jÕm, B−ÚkÕ 
CYûW Ïû\kÕm UßT¥Ùm 

CC−ÚkÕ D YûW A§L¬jÕm 

Lôi¡\Õ, 
 CûPùY° [a,b]Cp Nôo× f 
B]Õ Hßm NôoTôLÜm 

CûPùY°    [b,c] Cp    C\eÏm  

 
 
 
 
 
 
 
 
 

TPm 5.16 

NôoTôLÜm UßT¥ [c,d] Cp Hßm NôoTôLÜm LôQlTÓ¡\Õ, 

CRû] Hßm Nôo©u YûWVû\dÏl TVuTÓjÕúYôm, 
YûWVû\ : JÚ CûPùY° I«p x1 < x2BL CÚdÏm úTôÕ  

f(x1) ≤ f(x2)G²p I«p f JÚ Hßm NôoTô¡\Õ, x1 < x2BL CÚdÏm 

úTôÕ  f(x1) ≥ f(x2)BL CÚl©u. I«p f JÚ C\eÏm NôoTôÏm, JÚ 

CûPùY° I«p JÚ Nôo× HßØLUôLúYô ApXÕ C\eÏ 

ØLUôLúYô LôQlThPôp AÕ I«p K¬Vp× Nôo× G]lTÓm, 

A

B

C

D

O x1a x2 b c d
φ ψ

y = f(x)Positive
Gradient
(slope)

Negative
Gradient
(slope)

Positive
Gradient
(slope)

x

y

A

B

C

D

O x1a x2 b c d
φ ψ

y = f(x)Positive
Gradient
(slope)

Negative
Gradient
(slope)

Positive
Gradient
(slope)

x

y
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 ØRp ¨ûX«p Nôo× f B]Õ Y¬ûN Uôt\ô NôoTô¡\Õ, 

 (A,Õ,). x1 < x2  ⇒  f(x1) ≤ f(x2)  
 úUÛm CWiPôYÕ ¨ûX«p. Nôo× f Y¬ûNûV Uôtß¡\Õ, 

(A,Õ,). x1 < x2  ⇒ f(x1) ≥ f(x2). 
      Y¬ûN Uôt\ô Ti©uT¥. Hßm Nôo×Ls Y¬ûN Uô\ô 

Nôo×L[ôLÜm. C\eÏm Nôo×Ls Y¬ûNûV Uôtßm Nôo×L[ôLÜm 

AûU¡u\], 

®[dL GÓjÕdLôhÓLs  : 
 (i) JqùYôÚ Uô±−f Nôo×m Hßm NôoTôÏm, 

 (ii) JqùYôÚ NU²f Nôo×m Hßm NôoTôÏm, 

 (iii) f(x) =  sin x Gu\ Nôo× RCp Hßm Nôo× ApX,  

  B]ôp



0,  

π
2  ®p AÕ JÚ Hßm NôoTôÏm, 

 (iv) f(x) = 4 – 2x  C\eÏm NôoTôÏm, 

 (v) f(x) = sin x , 



π

2, π  Gu\ CûPùY°«p C\eÏm NôoTôÏm, 

 f Hßm Nôo× G²p. (− f) C\eÏm NôoTôÏm GuTûRd 

LY²dLÜm, 

 JqùYôÚ Uô±−f Nôo×m Hßm NôoTôLÜm. C\eÏm NôoTôLÜm 

ùLôs[Xôm GuTûR A±L, 

GfN¬dûL : JÚ Nôo× Hßm NôoTôL AûUV®pûXùV²p AûR 

C\eÏm Nôo× Guß áßYÕ RY\ôÏm, JÚ Nôo× Hßm NôoTôLúYô 

ApXÕ C\eÏm NôoTôLúYô CpXôU−ÚdLXôm, GÓjÕdLôhPôL. 

[0, π] Gu\ CûPùY°«p sin x Hßm Nôo×UpX. C\eÏm Nôo×m 

ApX, 



0,  

π
2  ®p AÕ Hßm NôoTôLÜm. 



π

2, π Cp AÕ C\eÏm 

NôoTôLÜm AûU¡\Õ, £X Nôo×Ls Cu]Øm ®j§VôNUôL 

CÚdÏm, AûY CûPùY°«u Eh©¬®²Ûm áP K¬Vp× NôoTôL 

AûUY§pûX, B]ôp Sôm TôodÏm ùTÚmTôXô] Nôo×Ls 

AjÕû] Uô§¬ ApX, 

 NôRôWQUôL. Yû[YûWûVl TôojR EPú]úV AÕ Hßm 

NôoTô. C\eÏm NôoTô ApXÕ CWiÓm CpûXVô G]d 

á±®PXôm, Hßm Nôo©u Yû[YûW Sôm CPªÚkÕ YXlTdLm 

ùNpÛm úTôÕ C\eÏY§pûX, B]ôp C\eÏm Nôo©u Yû[YûW 

CPlTdLj§−ÚkÕ YXlTdLm ùNpÛm úTôÕ AÕ HßYÕªpûX, 

B]ôp Yû[YûWúV ùLôÓdLlTPôR úTôÕ Sôm RWlThP Ko Nôo× 

K¬Vp×f NôoTô? CpûXVô? G] GlT¥ LiÓ©¥lTÕ? CRtÏ 

úRt\m 1 SUdÏj úRûYlTÓ¡\Õ,  
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úRt\m 1 : I JÚ §\kR CûPùY°VôL CÚdLhÓm, f : I → R 
YûLlTÓjÕUôß CÚdLhÓm, 

 (i) ICp xCu GpXô U§l×LÞdÏm  f ′(x) ≥ 0 G²p f JÚ Hßm 

NôoTôÏm, CRu UßRûXÙm EiûU, 

  (ii) ICp xCu GpXô U§l×LÞdÏm f ′(x) ≤ 0 G²p f JÚ C\eÏm 

NôoTôÏm, CRu UßRûXÙm EiûU, 

¨ìTQm:  (i) f Hßm NôoTôLÜm. x ∈ IYôLÜm CÚdLhÓm,  

f YûL«Pd á¥VRôp.  f ′(x) LôQjRdLÕ,  

 úUÛm f ′(x) = 
lim
h→0  

f(x + h) – f(x)
h  . h > 0 G²p. x + h > x  úUÛm  

f Hßm NôoTôRXôp. f(x + h) ≥ f(x). G]úY  f(x + h) – f(x) ≥ 0.  
 h < 0 G²p. x + h < x Utßm f (x + h) ≤ f(x). G]úY f(x + h) − f(x) ≤ 0 
 G]úY f(x + h) – f(x) Utßm h CWiÓúU Ïû\Vt\ U§l×Pú]ô 

ApXÕ CWiÓúU ªûLVt\ U§l×Pú]ô CÚdÏm, 

  ∴ hCu GpXô éf£VUt\ U§l×LÞdÏm 
f(x + h) – f(x)

h   JÚ Ïû\Vt\ 

U§l×Pu CÚdÏm, G]úY. lim
h → 0

 
f(x + h) – f(x)

h   ≥ 0 ⇒  f ′(x) ≥ 0  

 UßRûXVôL. I«p xCu GpXô U§l×LÞdÏm  f ′(x) ≥ 0YôL 

CÚdLhÓm, I«p x1< x2 G] CÚdLhÓm, f(x1) ≤ f(x2) G] ¨ì©dLXôm, 

 CûPU§l× ®§«uT¥  
f(x2) – f(x1)

x2 – x1
  =  f ′(c)  ,  CeÏ x1 < c < x2 

 f ′(c) ≥ 0 G]úY 
f(x2) – f(x1)

x2 – x1
  ≥ 0. úUÛm x2 – x1> 0 ( ∴ x1 < x2) 

 G]úY  f(x2) –  f(x1)  ≥ 0  ApXÕ  f(x1) ≤ f(x2).  
 f JÚ Hßm NôoTôÏm  
 (ii) úUtá±VYôú\ ¨ìTQm ùNnVXôm, (i)Cu Ø¥ûY (– f)dÏ 

TVuTÓj§Ùm ARû] ¨ì©dLXôm, 
Y¥Yd L¦R ®[dLm (Geometrical interpretation) : úUtá±V úRt\m. 

¸rdLiP Y¥Y SPlûT ùY°lTÓjÕ¡\Õ, I = [a,b] Gu\ 

CûPùY°«p f(x) Hßm NôoTôL CÚl©u. CkR CûPùY°«p  

y = f(x) Gu\ Nôo©u JqùYôÚ ×s°«Ûm YûWVlTÓm ùRôÓúLôÓ 

x-AfÑPu, ϕ Gu\ JÚ ÏßeúLôQjûR HtTÓjÕ¡\Õ, £X 

×s°L°p ùRôÓúLôÓ ¡ûPdúLôPôL CÚdLdáÓm, CÚl©àm. 

úLôQj§u  tan U§l× Ïû\ GiQôL CÚdLôÕ,  (TPm 5.16I 

TôodLÜm), G]úY f ′(x) = tan ϕ ≥ 0. CûPùY°  [a, b]«p  f(x) C\eÏm 
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NôoTôL CÚl©u ùRôÓúLôÓ x AfÑPu HtTÓjÕm úLôQm 

®¬úLôQUôL CÚdÏm, £X ×s°L°p ùRôÓúLôÓ ¡ûPdúLôPôL 

CÚdÏm, GqYô\ô«àm úLôQj§u tan U§l× ªûL GiQôL 

CÚdLôÕ, f ′(x) = tan ψ ≤ 0 
 Hßm Nôo×L°u ùRôÏl©−ÚkÕ Sôm §hPUôL Hßm 

Nôo×Lû[j R²lTÓjR CVÛm, ©uYÚm YûWVû\ §hPUôL Hßm 

Nôo©u N¬Vô] AojRjûRj RÚm, 
YûWVû\ : I Gu\ CûPùY°«p YûWVßdLlTÓm f Gu\ Nôo×.  

x1 < x2 BL CÚdÏm úTôÕ f(x1) < f(x2)BL CÚdÏUô]ôp AÕ 

§hPUôL Hßm Nôo× (strictly increasing)  G]Xôm, 

 CúRl úTôuß. x1 < x2BL CÚdÏmúTôÕ f(x1) > f(x2)BL 

CÚdÏUô]ôp AÕ §hPUôL C\eÏm Nôo× (strictly decreasing) G]Xôm, 
 GÓjÕdLôhPôL. Uô±− Nôo× §hPUôL Hßm Nôo×m 

¡ûPVôÕ, §hPUôL C\eÏm Nôo×m ¡ûPVôÕ (TPm 5.17). 
ªLlùT¬V ØÝ Gi RÚm Nôo× f(x)= x Hßm NôoTôÏm B]ôp 

(TPm 5.18), §hPUôL ùTÚÏm NôoTpX, B]ôp f(x) = x GuTÕ 

§hPUôL Hßm NôoTôÏm, (TPm 5.19). 
 
 
 
 
 
 
 

 TPm 5.17 TPm 5.18 TPm 5.19  

úRt\m 2 :  
 (i) I Gu\ CûPùY°«p f ′ ªûLVôL CÚdLhÓm, AqYô\ô«u 

ICp f §hPUôL Hßm NôoTôL CÚdÏm, 

 (ii) I Gu\ CûPùY°«p f ′ Ïû\VôL CÚdLhÓm, AqYô\ô«u 

ICp f §hPUôL C\eÏm NôoTôL CÚdÏm, 

 CkR úRt\j§u ¨ìTQm G°VRôRXôp T«t£VôL 

®PlTÓ¡\Õ, 

¡û[júRt\m :  I Gu\ CûPùY° ØÝYÕm  f ′ JúW Ï±ÙPu 

CÚdÏUô]ôp.  f AkR CûPùY°«p K¬Vp×f NôoTôL AûUÙm, 

 úRt\m 1dÏm úRt\m 2dÏm CûPúV ®j§VôNm CÚlTûRd 

LY²j§ÚlÀoLs, 

0

1

y

f(x) = 1
x

y

1 3

1

3

-2

-2

y

x
O

f (
x) 

= x

0

1

y

f(x) = 1

0

1

y

f(x) = 1
x

y

1 3

1

3

-2

-2
x

y

1 3

1

3

-2

-2

y

x
O

f (
x) 

= x
y

x
O

f (
x) 

= x



 43

 “f ′ JÚ Ïû\VôL CpXôU−ÚkRôp f JÚ Hßm NôoTôÏm, CRu 

UßRûXÙm EiûU” 

 “f ′ > 0 G²p f §hPUôL Hßm NôoTôÏm”. 
 úRt\m 2tÏ UßRûX EiûUVôL CÚdÏUô? CpûX GuTúR 

®ûPVôÏm, CRû] ¸rdLiP GÓjÕdLôh¥u êXm ®[dLXôm, 

®[dL GÓjÕdLôhÓ :  f : R→ R GuTûR f(x)  = x3 G] YûWVß, 

 x1 < x2 G²p.  x2 – x1 > 0  úUÛm x1
2 + x2

2 > 0 

 ⇒  x2
3 – x1

3 =  (x2 – x1) (x2
2 + x1

2 + x1 x2) 

  = (x2 – x1) 
1
2 [(x1

2 + x2
2)+ (x1 + x2)2] > 0 

 ⇒  x1
3 < x2

3 
 G]úY  x1 < x2,  f(x1) < f(x2) BÏm, 

 ∴ f(x) = x3  §hPUôL Hßm NôoTôÏm,  B]ôp. ARu YûLdùLÝ  

f ′(x)= 3x2  Utßm f ′(0) =  0.  ∴ f ′ B]Õ ØÝûUVôL JÚ ªûL 

GiQôL CpXôRûR A±L, 

Ï±l× : JÚ Nôo× JÚ CûPùY°«u ùYqúYß ×s°L°p Ï±ûV 

Uôt±d ùLôiúP CÚl©u AkR CûPùY°«p AkRf Nôo× 

K¬Vp×f NôoTôL CÚdLôÕ, G]úY JÚ Nôo©u K¬VpTt\ 

RuûUûV ¨ì©dL. ùYqúYß ×s°L°p f ′Cu Ï±Ls ùYqúY\ôL 

CÚdÏm G] ¨ì©jRôp úTôÕUô]Õ, 

GÓjÕdLôhÓ 5.37 : f (x) = sin x + cos2x  Gu\ Nôo× 



0,   

π
4  Gu\ 

CûPùY°«p K¬VpTt\Õ G] ¨ì©dL, 
¾oÜ :  f(x) = sin x + cos 2x GuL, 

 G]úY f ′(x) = cos x – 2sin 2x 

 ∴  f ′(0) = cos 0 – 2 sin 0 = 1 – 0 = 1 > 0 

 Utßm  f ′



π

4  = cos 



π

4  –  2 sin 2 



π

4  

  = 
1
2

  – 2 × 1 < 0 

 G]úY f ′Cu Ï±Ls 



0,   

π
4  Gu\ CûPùY°«p ùYqúY\ôL 

CÚd¡u\], G]úY 



0,   

π
4 CûPùY°«p Nôo× f K¬VpTt\Õ BÏm, 
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GÓjÕdLôhÓ 5.38 : f(x)  = 2x3 + x2 −20x Gu\ Nôo©u Hßm Utßm 

C\eÏm CûPùY°Lû[d LôiL, 

¾oÜ :  f ′(x) = 6x2 + 2x – 20  = 2(3x2 + x − 10)  = 2 (x + 2) ( 3x −5) 

ClúTôÕ f ′(x)  =  0  ⇒  x  = − 2,  Utßm x = 5/3. Cl×s°Ls ùUn Gi 

úLôhûP (f(x)Cu AWeLm)  CûPùY°Ls (−∞, −2), (− 2, 5/3)  Utßm 

( )5/3, ∞  G]l ©¬d¡u\], 

 
 

TPm 5.20 

CûPùY° x  + 2 3x – 5 f ′(x) Hßm /C\eÏm 

CûPùY°Ls 
− ∞ < x < –2 – – +  (– ∞, –2]p Hßm 

− 2 < x < 5/3 + − − [ ]− 2, 5/3 p C\eÏm 

5/3 < x < ∞ + + +  [5/3, ∞)p Hßm 

Ï±l× : (1) CûPùY°«p ¾oÜ GiLs (Uôß¨ûX GiLs) 
(Critical numbers) úNodLlTPô®¥p. Hßm (C\eÏm) CûPùY°Ls 

§hPUôL Hßm (§hPUôL C\eÏm) CûPùY°L[ô¡u\], 
 (2)  Hßm Utßm C\eÏm Nôo×L°u CûPùY°Lû[ ©¬dLlThP 

CûPùY°L°p HúRàm JÚ ×s°ûV úNô§jÕm LôQXôm, 

GÓjÕdLôhÓ 5.39 : f(x) = x2 − x + 1 Gu\ Nôo× [0,1] CûPùY°«p 

H\Üm CpûX. C\eLÜm CpûX G] ¨ì©dLÜm, 

¾oÜ :  f (x) =x2 − x  + 1 

   f ′(x) = 2x − 1 

 x ≥ 
1
2 dÏ  i.e.,  x ∈ 



1

2 , 1  ,  f ′(x) ≥ 0   

 ∴   



1

2 , 1 Cp f(x) B]Õ Hßm NôoTôÏm, 

  x ≤ 
1
2 dÏ     i.e.,  x ∈ 



0,  

1
2  ,  f ′(x)  ≤ 0   

 f(x) B]Õ CûPùY° 



0,  

1
2 p C\eÏm NôoTôÏm, 

 ØÝ CûPùY° [0,1]Cp f(x) C\eÏm Nôo×m ApX. Hßm 

Nôo×m ApX, 

GÓjÕdLôhÓ 5.40: f(x) = sin x, x ∈ [0, 2π]Cu K¬Vp×j RuûUûV 

BWônL, 

-2 0− ∞ ∞5/3-2 0− ∞ ∞5/3
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¾oÜ :    f (x) = sin x  Utßm   f ′(x) = cos x = 0   G²p x = 
π
2  , 

3π
2   ∈ [0,2π]    

CeÏ 0 ≤ x ≤  
π
2  Utßm  

3π
2   ≤ x ≤ 2π Gu\ CûPùY°L°p  f ′(x) ≥ 0 

 G]úY  f(x) = sin x Gu\ Nôo× 



0,  

π
2  , 



3π

2 , 2π  B¡V 

CûPùY°L°p. ARôYÕ sin x Nôo× 



0, 

π
2  ∪ 



3π

2  , 2π Cp Hßm 

Nôo× BÏm, 

 úUÛm 
π
2 ≤ x ≤ 

3π
2   Gu\ CûPùY°«p, f ′(x) ≤ 0  

 ∴ 



π

2 , 
3π
2   Cp sin x JÚ C\eÏm Nôo× BÏm,  

GÓjÕdLôhÓ 5.41 : xCu GmU§l©tÏ y = 
x −2
x + 1  , x ≠ −1 Gu\ Nôo× 

§hPUôL Hßm ApXÕ §hPUôL C\eÏm? 

¾oÜ :   

 y = 
x −2
x + 1 , x ≠ −1     

dy
dx  = 

(x + 1) 1 − (x −2) 1

(x + 1)2 
 = 

3

(x +1)2   > 0 ∀ x ≠ − 1. 

 ∴  R − {−1}Cp y  §hPUôL Hßm, 

GÓjÕdLôhÓ 5.42 : xCu GkR U§l©tÏ f(x)  = 2x3 − 15x2 + 36x + 1 
Gu\ Nôo× Hßm úUÛm GkR U§l©tÏ C\eÏm? úUÛm GkRl 

×s°L°p Nôo©u Yû[YûWdÏ YûWVlTÓm ùRôÓúLôÓLs x 
AfÑdÏ CûQVôL CÚLÏm? 

¾oÜ :  f ′(x) = 6x2 − 30x + 36 = 6(x − 2) (x − 3) 

 f ′(x)  =  0  ⇒  x = 2, 3 Gu\ ×s°Ls  ùUnùVi úLôhûP  

(− ∞, 2), (2, 3) (3, ∞) Gu\ CûPùY°L[ôLl ©¬d¡u\], 

CûPùY° x  − 2 x – 3 f ′(x) Hßm /C\eÏm 

CûPùY°Ls 

− ∞ < x < 2 – – + (– ∞, 2] p Hßm 

2 < x < 3 + − − [2, 3] p C\eÏm 

 3 < x < ∞ + + + [3, ∞) p Hßm 

 x−AfÑdÏ CûQVôL YûWVlTÓm ùRôÓúLôÓLs 

Yû[YûWûVj ùRôÓm ×s°Ls  f ′(x)= 0 GuT§−ÚkÕ ¡ûPd¡\Õ, 

(A,Õ,). x = 2, 3   



 46

  f(2) = 29  Utßm f(3) = 28. 
 ∴ úRûYVô] ×s°Ls (2, 29) Utßm (3, 28) BÏm, 
GÓjÕdLôhÓ 5.43 :  

 f(x) = tan−1 (sin x + cos x), x > 0 Gu\ Nôo× 



0,  

π
4  CûPùY°«p 

§hPUôL Hßm Nôo× G]d Lôi©dL, 
¾oÜ :   

 f(x) = tan−1(sin x + cos x). 

 f ′(x) = 
1

1 + (sin x + cos x)2
 (cos x − sin x) = 

cos x − sin x
2 + sin 2x  > 0 

  Hù]²p. 0 < x < 
π
4  Gu\ CûPùY°«p cos x−sin x > 0  Utßm 

2 + sin 2x > 0  

 ∴  CûPùY° 



0 , 

π
4  Cp f(x) GuTÕ §hPUôL Hßm NôoTôÏm, 

T«t£ 5.7 
 (1) RCp ex §hPUôL Hßm Nôo× G] ¨ì©dL, 

 (2) (0, ∞) CûPùY°«p log x  §hPUôL Hßm Nôo× G] ¨ì©dL, 

 (3) ùLôÓdLlThP CûPùY°L°p ¸rdLôÔm Nôo×L°p. GûY 

Hßm Nôo×Ls ApXÕ C\eÏm Nôo×Ls GuTûRd LôiL, 

  (i)  [0,2]Cp x2 – 1 (ii)  



− 

1
2 , 

1
2  Cp 2x2 + 3x  

  (iii) [0,1]Cp e−x  (iv) [−2, −1]Cp x(x − 1) (x + 1) 

  (v) 



0, 

π
4  Cp x sin x  

 (4)  ùLôÓdLlThP CûPùY°L°p ¸rdLôÔm Nôo×Ls 

K¬VpTt\ûY G] ¨ì©dLÜm, 

  (i)  [−1,0]Cp 2x2 + x − 5   (ii)  [0,2]Cp x (x − 1) (x + 1)   

  (iii) [0,π]Cp x sin x   (iv) 



0, 

π
2  Cp tan x + cot x   

 (5)  ̧ rdLôÔm Nôo×L°u Hßm ApXÕ C\eÏm 

CûPùY°Lû[d LôiL, 

  (i)  f(x) = 20 − x − x2 (ii) f(x) = x3 − 3x + 1 

  (iii)  f(x) = x3 + x + 1 (iv) f(x) =  x −2sin x ; [0, 2π] 
  (v) f(x) = x + cos  x ; [0, π] (vi) f(x) = sin4 x + cos4 x ; [0, π/2] 
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ANUuTôÓLs (Inequalities) : 
GÓjÕdLôhÓ 5.44 :  

 GpXô x > 0-dÏm ex > 1 + x G] ¨ì©dLÜm, 

¾oÜ :    f(x) = ex − x − 1 GuL, 

   x > 0 G²p  f ′(x) = ex − 1 > 0    
 (A,Õ,). f(x) §hPUôL Hßm NôoTôÏm, 

 ∴ x > 0®tÏ   f(x) > f(0) 

 (A,Õ,).  (ex − x − 1)  >  (e0 − 0 − 1)    ⇒   ex > x + 1 

GÓjÕdLôhÓ 5.45 :  x > 0 YôLÜm. n > 1 G]Üm CÚl©u (1 + x)n > 
1+nx  G] ¨ì©dLÜm, 

¾oÜ : f(x) = (1 + x)n − (1 + nx) G] GÓjÕd ùLôs[Üm, 

   f ′(x) = n(1 + x)n−1 − n  

  = n[(1 + x)n−1 − 1] 

 x > 0 Utßm  n − 1 > 0 GuTRôp. (1 + x)n−1 > 1,  G]úY f ′(x)   > 0. 

     ∴ [0, ∞)«p f §hPUôL Hßm NôoTôÏm,  

 G]úY  x > 0  ⇒  f(x) >  f(0)  i.e., (1 + x)n − (1 + nx) > (1 + 0) − (1 + 0) 

 i.e., (1 + x)n − (1 + nx) > 0     

 i.e., (1 + x)n > (1 + nx) 

GÓjÕdLôhÓ 5.46 : x∈



0, 

π
2 ®p sin x < x < tan x G] ¨ì©dLÜm, 

¾oÜ : f(x) = x − sin x GuL, 

0 < x < 
π
2p  f ′(x) = 1 − cos x > 0 

∴ f §hPUôL Hßm NôoTôÏm, 
x > 0®tÏ, f(x) > f(0)  
⇒ x − sin x > 0 ⇒ x > sin x     … (1) 
 g(x) = tan x − x GuL, 

     g′(x) = sec2x − 1 = tan2x     

 



0, 

π
2 -p tan2x > 0 

 

 

 

 

 

 

 

TPm 5.21 

     ∴ g §hPUôL Hßm NôoTôÏm, 
 x > 0®tÏ  f(x) > f(0) ⇒ tan x − x > 0 ⇒ tan x > x …  (2) 
 (1)Utßm (2)C−ÚkÕ sin x < x < tan xBÏm, 

y

x
0 π/2

y
= 

ta
n 

x

y = sin x

y = x
x = π/2y

x
0 π/2

y
= 

ta
n 

x

y = sin x

y = x
x = π/2
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T«t£ 5.8 
 (1) ¸rdLôÔm ANUuTôÓLû[ ¨ì©dL : 

  (i) cos x > 1 − 
x2

2  ,  x > 0 (ii)  sin x > x − 
x3

6  ,  x > 0 

  (iii) tan−1 x < x  ∀x > 0 (iv)  log (1 + x) < x  ∀ x > 0. 
5,9 ùTÚU Utßm £ßU U§l×LÞm AYt±u TVuTôÓLÞm 

(Maximum and Minimum values and their applications) : 
 “For since the fabric of the Universe is most perfect and the work of a 
most wise creator, nothing at all takes place in the Universe in which some rule 
of maximum or minimum does not appear”                               Leonard Euler 

 YûL ÖiL¦Rj§u £X Ød¡V 

TVuTôÓL[ôY] ELUd 

LQdÏL[ôÏm, CjRûLV LQdÏ 

JqùYôu±Ûm Sôm JÚ ùNVûX 

£\kR Øû\«p ùNnYRtLô] Y¯ûVd 

LôQ úYi¥Ùs[Õ, TX ¨ûXL°Ûm 

CjRûLV LQdÏLs Nôo×L°u 

ùTÚU Utßm £ßU U§l×Lû[d 

LôiTûYVôL Uôt\lTPXôm, 

 
 
 
 
 
 
 

 
TPm 5.22 

ØR−p Sôm ùTÚUU§l× Utßm £ßU U§l× GuTûRl Tt± 

ùR°YôL ®[dÏúYôm, 

 TPm 5.22Cp LôhPlThÓs[ 

Yû[YûW«u NônYô]Õ  OdÏm  
PdÏm CûP«p ªûLVôLÜm. PdÏm 
QdÏm CûP«p Ïû\VôLÜm ÁiÓm 

QdÏm RdÏm CûP«p ªûLVôLÜm 

Uô±dùLôiúP ùNp¡\Õ, úUÛm 
PCp ARu NônÜ éf£VUôÏm, x 

A§L¬dÏm úTôÕ. Yû[YûW«u 

NônYô]Õ PdÏ ØuTôL ªûLVôLÜm 

Ntß ©uTôL Ïû\VôLÜm Uôß¡\Õ, 

Al×s°ûVúV ùTÚU ×s° 

Gu¡ú\ôm, úUÛm AÕ JÚ AûX«u 

£LWm úTôp AûUkÕs[ûRd 

Lôi¡ú\ôm,  

 
 
 
 
 
 
 

 
 
 

TPm 5.23 
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 ×s° QCp NônÜ éf£VUôÏm, 

úUÛm x A§L¬dÏmúTôÕ 

Yû[YûW«u NônYô]Õ QdÏ 

Ntß Øu× Ïû\VôLÜm Ntß ©u× 

ªûLVôLÜm Uôß¡\Õ, 

Al×s°ûV £ßUl ×s° 

Gu¡ú\ôm, úUÛm AÕ JÚ 

Ts[jRôd¡u A¥lTôLm úTôp 

LôQlTÓ¡\Õ,  

 
 
 
 
 
 
 

TPm 5.24 

 P Utßm Q ×s°Ls ¨ûX Uôtßl ×s°Ls (turning points) G] 

ùTôÕYôL AûZdLlTÓ¡u\], 
 CÚ TdLeL°Ûm JúW Uô§¬Vô] NônÜLû[d ùLôiP ¨ûX 

Uôtßl ×s°Ùm Nôj§VUôÏm, TPm 5.23Cp LôhPlThÓs[ 

Al×s° Yû[Ü Uôtßl×s° (point of inflection) Gu\ £\l×l 

ùTVûWl ùTtßs[Õ, 
YûWVû\ : D GuTÕ fCu NôoTLm GuL, D«Ûs[ Aû]jÕ  
xdÏm f(c) ≥ f(x)  G²p fB]Õ cCp ÁlùTÚ ùTÚUm (absolute 
maximum) ùTtßs[Õ GuTo, f(c) Gu\ Gi DCp fCu ÁlùTÚ 

ùTÚU U§lTôÏm, AúR úTôp D«Ûs[ Aû]jÕ xdÏm f(c) ≤ f(x) 
G²p. f B]Õ cCp Áf£ß £ßUm (absolute minimum) ùTtßs[Õ 

GuTo, úUÛm f(c) Gu\ Gi DCp f Cu Áf£ß £ßU U§lTôÏm, 

fCu ùTÚU Utßm £ßU U§l×Lû[fCu ØLhÓ U§l×Ls 

Gu¡ú\ôm, 
 TPm 5.24Cp LôhPlThÓs[ Nôo× fCu YûWTPm êXm 
‘ÁlùTÚ ùTÚUm’ dCÛm. ‘Áf£ß £ßUm’aCÛm CÚlTûRd 

LôhÓ¡\Õ, YûWTPj§p (d, f(d)) EVokR ×s° Utßm (a, f(a)) RôrkR 

×s° GuTûRd LôiL, 

 TPm 5.24Cp. Sôm  bdÏ AÚúLÙs[xCu U§l×Lû[ UhÓúU 

GÓjÕd ùLôsúYôm, Sm LY]jûR CûPùY° (a,c)Cp UhÓúU 

LhÓlTÓj§d ùLôiPôp f(b)Cu U§l× Ut\ f(x)Cu U§l×Lû[d 

Lôh¥Ûm ùT¬VRôL CÚd¡u\Õ, úUÛm ARû] fCu CPgNôokR 

ùTÚU U§l× (local maximum) Gu¡ú\ôm, AúR úTôp f(c)ûV fCu 

CPgNôokR £ßU U§l× (local minimum) Gu¡ú\ôm, Hù]²p 

CûPùY° (b,d)Cp ARôYÕ cdÏ AÚúLÙs[ GpXô xdÏm  

f(c) ≤ f(x) BÏm, f B]Õ eCÛm CPgNôokR £ßU U§lûTl 

ùTtßs[Õ, CPgNôokR £ßUm Utßm ùTÚUj§u YûWVû\ 

©uYÚUôß:  

O
x

y

f (a)

f (d)

a b c d eO
x

y

f (a)

f (d)

a b c d e
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YûWVû\ : JÚ Nôo× f B]Õ cCp CPgNôokR ùTÚUm (ApXÕ 

ùTÚUm) ùTt±ÚdL cûV Es[Pd¡V JÚ §\kR CûPùY° IûV  
ICÛs[ GpXô xdÏm f(c) ≥ f(x)  G]d LôQØ¥Rp úYiÓm, CúR 

úTôp. fB]Õ cCp CPgNôokR £ßUm ùTt±Úl©u. cI 

Es[Pd¡V JÚ CûPùY° IûV. ICÛs[ GpXô xdÏm f(c)  ≤  f(x) 
GàUôß LôQ Ø¥Rp úYiÓm, 

®[dL GÓjÕdLôhÓ :   

 (1) f(x)=cos x Gu\ Nôo× (CPgNôokR Utßm ÁlùTÚ) ùTÚU 

U§l× 1I Gi¦dûLVt\ RPûYLs ùTß¡u\Õ, Hù]²p GkR 

JÚ ØÝ Gi x dÏm cos 2nπ = 1 BÏm, úUÛm GpXô  

xdÏm−1 ≤ cos x ≤ 1. AúR úTôX  cos (2n + 1)π = −1 GuTÕ ARu 

(CPgNôokR Utßm Áf£ß) £ßU U§l× BÏm,  

(2) f(x)  = x2
 G²p.  f(x) ≥ f(0). Hù]²p 

GpXô x dÏm x2 ≥ 0 BRXôp f(0) = 0 
GuTÕ fCu Áf£ß (Utßm 

CPgNôokR) £ßU U§lTôÏm, CÕ 

TWYû[Vm y = x2
Cu A¥l×s° 

B§ Gu\ EiûUdÏl ùTôÚjRm 

BÏm, GqYô\ô«àm TWYû[Vj§u 

ªL EVokR ×s° GuTÕ ¡ûPVôÕ, 

G]úY CfNôo×dÏ ùTÚU U§l× 

¡ûPVôÕ, TPm 5.25I LôiL, 

 
 
 
 
 
 
 

 
 TPm 5.25 

(3) f(x) = x3 Gu\ Nôo©u YûWTPm 

TPm5.26Cp LôhPlThÓs[Õ, 

C§p CfNôo× ÁlùTÚm ùTÚU 

U§lúTô ApXÕ Áf£ß £ßU 

U§lúTô ùT\®pûX G]d 

Lôi¡ú\ôm, EiûU«p CÕ 

GkRùYôÚ CPgNôokR ØLhÓ 

U§lûTÙm ùT\®pûX, 

 
 
 
 
 
 

 
 
 
 

TPm 5.26 

O
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(4) f(x) = 3x4 − 16x3 + 18x2 ; −1 ≤ x ≤  4. 
Gu\ NôoûT LÚj§p ùLôsúYôm, 

CRu YûWTPm TPm 5.27Cp 

LôhPlThÓs[Õ, 

 C§p f(1) = 5 GuTÕ JÚ 

CPgNôokR ùTÚUm Guß CÚdL 

f(−1)=37JÚ ÁlùTÚ ùTÚUUôL 

AûU¡u\Õ, úUÛm f(0)  = 0 GuTÕ 

CPgNôokR £ßUm G]Üm f(3)= −27 
GuTÕ CPgNôokR Utßm Áf£ß 

£ßUUôL AûU¡\Õ, 

 
 
 
 
 
 

 
 
 

TPm 5.27 

 £X Nôo×Ls ØLhÓ U§l×Lû[d ùLôiPRôLÜm Utßm £X 

CpXôRRôLÜm Es[ûR úUtLiP GÓjÕdLôhÓL°u êXm 

TôojúRôm, ©uYÚm úRt\Uô]Õ JÚ Nôo× ØLhÓ U§l×Lû[l 

ùTt±ÚdLj úRûYVô] ¨TkRû]Lû[j RÚ¡u\Õ, 
ØLhÓ U§l×j úRt\m : f Gu\ NôoTô]Õ  ê¥V CûPùY° 

[a,b]Cp ùRôPof£VôL CÚkRôp Aq®ûPùY° [a,b]Cp c Utßm d 

Guàm HúRàm GiLÞdÏ  f B]Õ f(c)  Guàm JÚ ÁlùTÚ 

ùTÚU U§lûTÙm Utßm f(d) Guàm JÚ Áf£ß £ßU U§lûTÙm 

AûP¡\Õ, 

 ØLhÓ U§l× úRt\j§p A¥lTûP úLôhTôÓL°p (ùRôPof£ 

ApXÕ ê¥V CûPùY°) HúRàm Juß ®ÓThPôÛm NôoTô]Õ 

ØLhÓ U§lûT ùTßY§pûX GuTRû] AÓjÕ YÚm CWiÓ 

GÓjÕdLôhÓL[ôp A±VXôm, 

(5)  f(x)  = 


x2  ,  0 ≤ x < 1
0    ,  1 ≤ x ≤ 2

   Gu\ NôoûT 

LÚj§p ùLôsL, CfNôo×. ê¥V CûPùY° 

[0,2]Cp YûWVßdLlThÓ Es[Õ, B]ôp 

ARtÏ ùTÚU U§l× CpûX, f Cu ÅfNLm 

GuTÕ CûPùY° [0,1) GuTûR LY²dL, 

AfNôoTô]Õ 1 dÏ Øu]ôp Es[ 

U§l×Lû[ ùTß¡u\Õ, B]ôp 1 I 

ùTßY§pûX, 

 
 
 
 
 
 

 
TPm 5.28 

CÕ Hù]²p.  fCu ùRôPof£RuûU x = 1Cp CpûX, 

Lim
x→ 1 −  f(x)  =  

Lim
x→ 1 −  (x2)  = 1 ;  

Lim
x→ 1 +  f(x) = 0 

y

0
x

1

1

y

0
x

1

1

y

0
x

3

40

1
-10

-20

-30

-1

(-1,37)

10

20

30

2

(1,5)

(3,-27)

(4,32)

(2,-8)

y

0
x

3

40

1
-10

-20

-30

-1

(-1,37)

10

20

30

2

(1,5)

(3,-27)

(4,32)

(2,-8)



 52

(6) f(x) =x2,  0 < x < 2 Gu\ 

NôoTô]Õ CûPùY° (0,2)Cp 

ùRôPof£VôL Es[Õ, B]ôp 

AÕ ùTÚU U§lûTúVô ApXÕ 

£ßU U§lûTúVô ùTßY§pûX, 
fCu ÅfNLm (0,4)Cp Es[Õ,  

0 Utßm 4 Gu\ U§l×Lû[ f 
ùTßY§pûX, CÕ CûPùY° 

(0,2) ê¥VRôL CpXôUp 

CÚlTúR LôWQUôÏm, 

 
 
 
 
 
 

 
 
 

TPm 5.29 

 ùLôÓdLlThP Nôo©u CûPùY° (0,2)Cu HúRàm JÚ 

Ø¥Ül ×s°ûVf úNolTRu êXm TPm 5.30, TPm 5.31,  
TPm 5.32Cp LôhPlThPÕ úTôX HúRàm JÚ ¨ûX ùT\Xôm, 

Ï±lTôL Nôo× f(x) = x2, 0 ≤ x ≤ 2 ê¥V CûPùY° [0,2]Cp 

ùRôPof£VôL Es[Õ, BRXôp ØLhÓ U§l×j úRt\j§uT¥ 

NôoTô]Õ ÁlùTÚ ùTÚUm Utßm JÚ Áf£ß £ßUm ùTß¡\Õ, 

 
 
 
 
 
 
 

 
TPm 5.30 

 
 
 
 
 
 
 

 
TPm 5.31 

 
 
 
 
 
 
 

 
TPm 5.32 

 úUúX TX GÓjÕdLôhÓLs LôhPlTh¥ÚkRôÛm £X Nôo×Ls 

ùRôPof£VôL Utßm YûL«PjjLRôL CpXôÕ CÚkRôÛm AûY 

£ßU Utßm ùTÚU U§l×Lû[ AûP¡u\], GÓjÕdLôhPôL. 

f(x) =



 
1,   x
0,   x  

JÚ ®¡RØ\ô Gi 

JÚ ®¡RØß Gi 
 (CfNôo× ®¡RØ\ô GiL°u £\l×f Nôo× G] AûZdLlTÓm) 

 CfNôo× GkRùYôÚ ×s°«Ûm YûL«PjRdLRpX, úUÛm 

GkRùYôÚ ×s°«Ûm AÕ ùRôPof£Vt\RôL Es[Õ,  B]ôp 

CRu ùTÚU U§l× 1 Utßm £ßU U§l× 0 BÏm, 

 ùRôPof£Vô] Nôo× Juß ê¥V CûPùY°«p JÚ ùTÚU 

U§l× Utßm £ßU U§lûT ùTß¡\Õ G] ØLhÓ U§l×j úRt\m 

áß¡\Õ, B]ôp AYt±u ØLhÓ U§l×Lû[ GqYôß ùTßYÕ 

G] AÕ á\®pûX,  
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 TPm 5.33Cp Nôo× fCu 

YûWTPj§p cCp JÚ 

CPgNôokR ùTÚUjûRÙm 

Utßm dCp JÚ CPgNôokR 

£ßUjûRÙm ùTtßs[ûRd 

LôhÓ¡\Õ, úUÛm ùTÚU 

×s° Utßm £ßU ×s°«p 

YûWVlThP ùRôÓúLôÓ 

¡ûPUhPUôL Es[Õ,  

 
 
 
 
 
 
 

TPm 5.33 

BRXôp ARu NônÜ éf£VUôÏm, BLúYRôu f ′(c) = 0 Utßm  

f ′(d) = 0 GuTRôLd Lôi¡ú\ôm, 

öùToùUh (Fermat) úRt\m : f B]Õ cCp CPgNôokR ØLhÓ 

U§l× (ùTÚUm ApXÕ £ßUm) ùTt±ÚkÕ f ′(c)  YûWVßdLlThÓ 

CÚkRôp f ′(c)  = 0 BÏm,  

     f ′(x) = 0 G]d ùLôiÓ xdÏ ¾oÜ LôiTRu êXm ØLhÓ 

U§l×Lû[ LôQ CVXôÕ, 
 
(7) f(x)  = | x | Gu\ Nôo× 0®p  (CPgNôokR 

Utßm Áf£ß) £ßU U§l× ùTtßs[Õ, 

B]ôp AmU§lûT f ′(x)=0 G]d ùLôsYRôp 

ùT\ CVXôÕ, Hù]²p f ′(x) Al×s°«p 

YûWVßdLlTP®pûX, 

 

 
 
 
 
 
 

 TPm 5.34 

(8)  f(x) = 3x − 1, 0 ≤ x ≤ 1 Gu\ Nôo×  

x = 1Cp ùTÚU U§lûT ùTtß Es[Õ, 

B]ôp f ′(1) = 3 ≠ 0.  B]ôp CÕ 

*ùToùUh úRt\j§tÏ ØWiTôÓ ApX, 

Hù]²p f(1) = 2 JÚ CPgNôokR ùTÚUm 

ApX, Hù]²p f Cu NôoTLj§p 1I 

Es[Pd¡V §\kR CûPùY°ûVd LôQ 

Ø¥VôÕ, 

 
 
 
 
 
 

TPm 5.35 

úUtÏ±l× : f ′(c) = 0 Gàm úTôÕ cCp ùTÚUm ApXÕ £ßUm 

CpXôUp CÚdLXôm, úUÛm f ′(c)  ≠ 0 ApXÕ f ′(c) 
YûWVßdLlTP®pûX. G²àm AeúL ØLhÓ U§l×Ls 

LôQlTPXôm GuTûR úUtá±V GÓjÕdLôhÓLs êXm 

A±¡ú\ôm,  
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(9)   f(x)  = x3
 G²p f ′(x)  =  3x2,   

        BRXôp f ′(0)  =  0. 
 B]ôp ARu YûWTPj§p fdÏ 0®p 

ùTÚUúUô ApXÕ £ßUúUô 

AûUV®pûX, (x > 0®tÏ x3 > 0 Gußm  

x < 0®tÏ x3 < 0 Gußm LôiL). 

     f ′(0)  =  0 Guàm át\ô]Õ Yû[YûW  

y = x3
dÏ (0,0)®p JÚ ¡ûPUhPj ùRôÓ 

úLôÓ AûUkÕs[Õ GuTûRúV 

Ï±d¡u\Õ, (0, 0)®p ùTÚUm ApXÕ 

£ßUm ùTßYRtÏl T§XôL ¡ûPUhPj 

ùRôÓúLôÓ Yû[YûW«u ÏßdúL LPkÕ 

ùNp¡\Õ, 

 
 
 
 
 
 
 

 
 
 
 

TPm 5.36 

 f ′(c) = 0 ApXÕ  f ′(c) YûWVßdLlTPôR ×s° cCp fCu ØLhÓ 

U§l×Lû[d LôQj ùRôPeLXôm Guß *ùToùUh úRt\m 

Uû\ØLUôLd áß¡u\Õ, 

YûWVû\ : JÚ Nôo× fCu NôoTLj§p c Gu\ GiQô]Õ f ′(c) = 0  

BLúYô ApXÕ  f ′(c)  LôQ Ø¥VôRYôú\ô CÚl©u. cI Uôß¨ûX 

(critical number) Gi GuTo, 

   ¨ûX GiLs (stationary numbers) GuTûY f Cu NôoTLj§p f ′(c)= 0 

GàUôß Es[ c Gu¡\ Uôß¨ûX GiL[ôÏm, 

GÓjÕdLôhÓ 5.47 : x
3/5  (4 − x)Cu Uôß¨ûX GiLû[d LôiL, 

¾oÜ : f(x)  = 4 x
3/5   −  x

8/5  

 f ′(x)  = 
12
5   x

−2/5   −  
8
5  x

3/5  

  = 
4
5  x

−2/5   (3 − 2x) 

 f ′(x) = 0 G²p 3 − 2x  = 0  (A,Õ,). x = 
3
2  BÏm, f ′(x) B]Õ x = 0Cp 

YûWVßdLlTP®pûX, BLúY Uôß¨ûX GiLs 0.  
3
2 BÏm, 

 fdÏ cCp JÚ CPgNôokR ØLÓ CÚl©u, cÙm JÚ Uôß¨ûX 

GiQôÏm, B]ôp ARu UßRûX EiûUVpX, 
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 JÚ ùRôPof£Vô] Nôo× fdÏ [a,b] Gu\ ê¥V CûPùY°«p 

ÁlùTÚ ùTÚUm ApXÕ Áf£ß £ßUm LôiTRtÏ 
 (1) (a,b)Cp fCu Uôß¨ûX GiLÞdÏ fCu U§l×Lû[d 

LôiL, 

 (2) f(a) Utßm f(b)Cu U§l×Lû[d LôiL, 
 (3) T¥Ls 1 Utßm 2Cp LiP U§l×L°p ªLlùT¬V U§l× 

ÁlùTÚ ùTÚU U§lTôÏm, ªLf £±V U§l× Áf£ß £ßU 

U§lTôÏm, 

GÓjÕdLôhÓ 5.48 : f(x) = x3 − 3x2 + 1  ,  − 1
2  ≤ x ≤ 4 Gu\ Nôo©u 

ÁlùTÚ ùTÚUm Utßm Áf£ß £ßU U§l×Lû[d LôiL, 

¾oÜ : f B]Õ [ ]− 
1
2  , 4  Cp ùRôPof£VôL Es[ûRd LôiL, 

 f(x) = x3 − 3x2 + 1 

 f ′(x) = 3x2 − 6x   = 3x (x − 2)  
 
 

TPm 5.37 

     xCu GpXô U§l×LÞdÏ f ′(x)I LôQ Ø¥YRôp. fCu Uôß¨ûX 

GiLs x = 0 Utßm x  = 2 UhÓúU BÏm, 

 Cq®Ú Uôß¨ûX GiLÞm CûPùY° 



− 

1
2  , 4  Cp 

CÚlTRôp. CqùYiL°p fCu U§l× f(0)=1  Utßm f(2) = −3 BÏm, 
 CûPùY°«u Ø¥Ül ×s°L°p fCu U§l×  

 f( )− 12  = ( )− 12 
3  

− 3 ( )− 12 
2
 + 1 = 

1
8 

 Utßm  f(4) = 43 − 3 ×  42 + 1 = 17 
CkSôuÏ GiLû[Ùm Jl©hÓl TôodÏm úTôÕ ÁlùTÚ 

ùTÚUj§u U§l× f(4) = 17 Utßm Áf£ß £ßUj§u U§l×  
f(2) = − 3 BÏm, 

 CkR GÓjÕdLôh¥p ÁlùTÚ ùTÚUm CûPùY°«u Ø¥Ül 

×s°«p AûUkÕs[ûRd Lôi¡ú\ôm, 

GÓjÕdLôhÓ 5.48(a):  f(x)=x − 2sin x,  0 ≤ x ≤ 2π GuTRu ÁlùTÚ 

ùTÚUm Utßm Áf£ß £ßUm B¡VYtû\d LôiL, 
¾oÜ :  f(x) = x − 2 sin x,  [0, 2π]Cp ùRôPof£VôL Es[Õ 

 f ′(x) = 1 − 2 cos x 

 f ′(x) = 0    ⇒ cos x  = 
1
2   ⇒  x = 

π
3   ApXÕ  

5π
3   

0 1-1/2 2 3 40 1-1/2 2 3 4
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Uôß¨ûXl ×s°L°p fCu U§l× 

 f 



π

3   = 
π
3  − 2 sin 

π
3  = 

π
3  − 3  

  f 



5π

3    = 
5π
3    − 2 sin 

5π
3   

  = 
5π
3   + 3  

  ≈ 6.968039 
CûPùY°«u Ø¥Ül ×s°L°p fCu U§l× f(0)  = 0  Utßm  

f(2π)  = 2 π ≈ 6.28 
  CkSôuÏ GiLû[Ùm Jl©hÓl TôodÏm úTôÕ Áf£ß £ßUm 

GuTÕ f 



π

3  = 
π
3  − 3 BÏm, Utßm ÁlùTÚ ùTÚUm GuTÕ 

 f 



5π

3   = 
5π
3  + 3 . CkR GÓjÕdLôh¥p Áf£ß £ßUm. ÁlùTÚ 

ùTÚUm CWiÓm Uôß¨ûXl ×s°L°p AûUkÕs[Õ, 

 JÚ Nôo©u Yû[Ül úTôd¡û]Ùm (Nôo©u YûWTPj§p) 

Utßm ELUd LQdÏLû[ (optimization problems) ¾oÜ LôiT§Ûm 

CWiPôm Y¬ûN YûLd ùLÝdLs GkR A[Ü ERÜ¡u\] GuTûR 

CeÏ LôiúTôm, 

 CWiPôm Y¬ûN YûLdùLÝf úNôRû] : cûV Es[Pd¡V JÚ 

§\kR CûPùY°«p f  ùRôPof£VôL CÚlTRôLd ùLôsúYôm: 

 (a) f ′(c) = 0 Utßm f ′′(c) > 0 G²p  cCp f JÚ CPgNôokR 

£ßUjûRl ùTtßs[Õ, 

 (b) f ′(c) = 0 Utßm f ′′(c) < 0 G²p cCp f JÚ CPgNôokR 

ùTÚUjûRl ùTtßs[Õ, 

GÓjÕdLôhÓ 5.49: Yû[YûW y = x4−4x3
Cu ØLhÓ U§l×Lû[ BWônL, 

¾oÜ :   f(x) = x4 − 4x3  

   f ′(x) = 4x3 − 12x2 ,  f ′′(x) = 12x2 − 24x 

 Uôß¨ûXl ×s°Lû[d LôiTRtÏ Sôm f ′(x) = 0 G]d 

ùLôiPôp x = 0 Utßm x = 3 G]l ùTß¡ú\ôm, CeÏ CWiPôm 

YûLdùLÝf úNôRû]ûV TVuTÓjR. Uôß¨ûXl ×s°L°p  

f ′′Cu Ï±ûVd LôiL, 

   f ′′(0) = 0, f ′′(3) = 36 > 0, f ′(3) = 0 Utßm f ′′(3) > 0 GuTRôp  

 f(3) = − 27 GuTÕ JÚ CPgNôokR £ßU U§lTôÏm, úUÛm 
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Al×s° (3, −27) JÚ £ßUl ×s°VôÏm, f ′′(0) = 0 GuTRôp 

CWiPôm YûLdùLÝf úNôRû]Vô]Õ 0 Gu\ Uôß¨ûXl 

×s°ûVl Tt± GkR ®YWØm RÚY§pûX, úUÛm x < 0 Utßm  

0 < x < 3 Gu\ôÛm f ′(x) < 0BL CÚlTRôp ØRp YûLdùLÝf 

úNôRû]Vô]Õ fdÏ 0®p CPgNôokR ØLùYhÓ U§l×Ls CpûX 

G]d áß¡\Õ, 

úUtá±V Aû]jûRÙm ©uYÚUôß ùRôÏjÕ A±VXôm : 

 ¨ûXl ×s°Lû[d (Stationary point) LôiTRtÏm AYtû\ 

úYßTÓj§ LôiTRtÏUô] Y¯Øû\Ls 

 (i) y = f(x) G]d ùLôÓdLlTh¥ÚkRôp 
dy
dxId LôiL,  

( )A.Õ.   f ′(x)  

 (ii) 
dy
dx = 0 GuL, úUÛm ¨ûXl ×s°Ls xI LôiL, 

 (iii) xCu U§l×Lû[ RWlThP Nôo× y = f(x)Cp ©W§«hÓ JjR 

yCu U§l×Lû[d LôiL, CÕ ¨ûXl ×s°Ls BVj 

ùRôûXÜLû[j RÚ¡u\],  

¨ûXl ×s°«u RuûUûV LôiTRtÏ 

 (iv) 
d2y

dx2I LôiL, A§p  (ii)Cp LiP xCu U§l×Lû[l 

©W§«ÓL, 

 CRu ®û[YôL. 

  (a) 
d2y

dx2 ªûLùV²p - ×s° JÚ £ßUm BÏm, 

  (b) 
d2y

dx2 Ïû\ùV²p - ×s° JÚ ùTÚUm BÏm, 

  (c) 
d2y

dx2 éf£Vm G²p ØLhÓl ×s° (ùTÚUm ApXÕ  

   £ßUm) BL CÚdLôÕ,   

   ApXÕ 
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 (v) Nôn®u Ï±ûVd LiP±L, (Yû[YûW«u NônÜ f ′(x)I 

¨ûXl ×s°«u Ntß ØuTôLÜm Ntß ©uTôLÜm) 
Yû[YûW«u Nôn®u Ï± 

  (a) ªûL«−ÚkÕ Ïû\dÏ Uô±]ôp - ×s° JÚ ùTÚUl 

×s° BÏm, 

  (b) Ïû\«−ÚkÕ ªûLdÏ Uô±]ôp - ×s° JÚ £ßUl 

×s° BÏm, 

GÓjÕdLôhÓ 5.50 :  y = 3x2 − 6x Gu\ Yû[YûW«u ØLhÓl 

×s°Lû[d LôiL Utßm CÚ TdLØm Es[ Nôn®u Ï±ûVd 

ùLôiÓ ARu RuûUûV BWônkÕ A±L, 

¾oÜ :  úUtLiP ùNnØû\ûVl ©uTtßúYôm, 

 (i) y = 3x2 − 6x GuTRôp 
dy
dx = 6x − 6 

 (ii) ¨ûXl×s°«p 
dy
dx = 0 G]úY x = 1 

 (iii) x = 1 G²p y = 3(1)2 − 6(1) = − 3. G]úY ¨ûXl×s°«u BVj 

ùRôûXÜLs (1, − 3). 

 x B]Õ 1I ®P Ntú\ Ïû\YôL CÚkRôp ARôYÕ 0.9 GuL,  
dy
dx = 6(0.9) − 6 = − 0.6 < 0. 

 x B]Õ 1I ®P Ntú\ A§LUôL CÚkRôp ARôYÕ 1.1 GuL,   
dy
dx = 6(1.1) − 6 = 0.6 > 0. 

 Yû[YûW«u N¬Yô]Õ Ïû\«−ÚkÕ ªûLdÏ Ï± UôßYRôp 

(1, − 3) JÚ £ßUl ×s° BÏm, 

GÓjÕdLôhÓ 5.51 :   

 f(x) = x4 − 3x3 + 3x2 − xCu CPgNôokR ùTÚU Utßm £ßU 

U§l×Lû[d LôiL, 

¾oÜ :    f(x) = x4 − 3x3 + 3x2 − x 

   f ′(x) = 4x3 − 9x2 + 6x − 1 

¨ûXl ×s°«p  f ′(x) = 0  ⇒  4x3 − 9x2 + 6x − 1 = 0 

   (x − 1)2 (4x − 1) = 0  ⇒  x = 1,  1, 
1
4 
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 x = 1 G²p f(1) = 0 úUÛm x = 
1
4 G²p. f 



1

4  = 
− 27
256   

    G]úY ¨ûXl×s°L°u BVj ùRôûXÜLs (1, 0) Utßm 



1

4 , 
− 27
256  

   f ′′(x) = 12x2 − 18x + 6 

    = 6(2x2 − 3x + 1) 
    = 6(x − 1) (2x − 1) 
 x = 1 G²p f ′′(1) = 0. G]úY CWiPôm YûLdùLÝf 

úNôRû]Vô]Õ x = 1Cp fCu ØLhÓj RuûUûV Tt± GkR 

®YWØm RÚY§pûX, 

 x = 
1
4 G²p f ′′ 



1

4  = 
9
4 > 0, G]úY 



1

4 , 
− 27
256  JÚ £ßUl ×s°VôÏm, 

CPgNôokR £ßU U§l× 
− 27
256  BÏm, 

GfN¬dûL: GkRùYôÚ Nôo×m ùLôÓdLlThP CûPùY°«u 

Ø¥Ül ×s°L°p CPgNôokR ùTÚU/£ßU U§l×Lû[ 

AûPY§pûX, 
T«t£ 5.9 

 (1) ©uYÚm Nôo×LÞdÏ Uôß¨ûX GiLs Utßm ¨ûXl 

×s°Lû[d LôiL, 

  (i) f(x) = 2x − 3x2 (ii) f(x) = x3 − 3x + 1 

  (iii) f(x) = x4/5 (x − 4)2 (iv) f(x) =  
x + 1

x2 + x + 1
 

  (v) f(θ) = sin2 2θ  ; [0, π] (vi) f(θ) = θ + sin θ  ; [0, 2π] 
 (2) ùLôÓdLlThP CûPùY°LÞdÏ fCu ÁlùTÚ ùTÚU 

Utßm Áf£ß £ßU U§l×Lû[d LôiL, 

  (i) f(x) = x2 − 2x + 2, [0,3] 

  (ii) f(x) = 1 − 2x − x2, [−4,1] 

  (iii) f(x) = x3 − 12x + 1, [−3,5] 

  (iv) f(x) = 9 − x2 , [−1,2] 

  (v) f(x) = 
x

x + 1, [1,2] 

  (vi) f(x) = sin x + cos x, 



0,  

π
3  

  (vii) f(x) = x − 2 cos x, [−π, π] 
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 (3) ©uYÚm Nôo×LÞdÏ CPgNôokR ùTÚU Utßm £ßU 

U§l×Lû[d LôiL, 

  (i) x3 − x (ii) 2x3 + 5x2 − 4x 

  (iii) x4 − 6x2 (iv) (x2 − 1)3 

  (v) sin2 θ    [0, π] (vi) t + cos t 

5,10 ùTÚU Utßm £ßU U§l×Lû[f NôokÕs[ 
SûPØû\d LQdÏLs 

(Practical problems involving maximum and minimum values) : 
 ClTÏ§«p ØLhÓ U§l×Lû[d LôQ Sôm T¥jR Øû\Ls Sm 

YôrdûL«u TX TôLeL°Ûm SûPØû\ TVuTôÓLû[l 

ùTtßs[Õ, JÚ ®VôTô¬ ùNXûY £ßUlTÓjRÜm XôTjûR 

ùTÚUlTÓjRÜm úYi¥Ùs[Õ, SôØm £X LQdÏL°p TWlT[Ü. 

ùLôs[[Ü. CXôTm CYt±u ùTÚU A[ûYÙm Utßm çWm. 

úSWm. ùNXÜ CYt±u £ßU A[ûYÙm LôQ úYi¥Ùs[Õ, 

CkSûPØû\ LQdÏLû[ ¾olT§Ûs[ ªLl ùT¬V NôRû]Vô]Õ. 

AYtû\ ùTÚUm Utßm £ßUd LQdÏL[ôL Uôt± ARôYÕ JÚ 

Nôo©û] AûUjÕ ARû] ùTÚU ApXÕ £ßUlTÓjR úYiÓm, 

 £X A¥lTûP EiûULû[ ãr¨ûXdÏj RdLYôß ûLVôiÓ 

LQdÏLû[j ¾odÏm Ej§Ls ¸úZ RWlThÓs[], 

 (1) LQdûL ×¬kÕd ùLôsÞRp : LQdûL LY]UôL 

T¥jR±YÕ. LôQúYi¥VÕ Gu] Guß LiÓ ùLôsYÕ. 

Gu] Gu] A[ÜLs ùLôÓdLlThÓs[] GuTûR A±V 

ùLôÓdLlThÓs[ ¨TkRû]Ls Gu] GuTûR ùR¬kÕd 

ùLôsÞRp, 

 (2) TPm YûWL : ùTÚmTôXô] LQdÏLÞdÏ TPm YûWYÕ 

úRûYVô]RôÏm, úUÛm ùLôÓdLlThÓs[ Utßm úRûYVô] 

A[ÜLs Gu] GuTûR TPj§u êXm A±kÕ ùLôs[ Ø¥Ùm, 

 (3) Ï±ÂÓLû[ TVuTÓjÕRp : ùTÚU ApXÕ ÏßU U§l×Lû[ 

LôQ úYi¥V A[®tÏ Ï±ÂÓLû[l TVuTÓjÕL, Q úTôu\ 

Ï±ÂÓLû[l TVuTÓjRXôm, úUÛm LôQlTP úYi¥V Ut\ 

A[ÜLÞdÏm Ï±ÂÓLû[ (a,b,c …,x, y, z) úRokùRÓjÕ TPj§Ûm 

AdÏ±ÂÓLû[ TVuTÓjÕL, ØRp GÝjÕLû[ Ï±ÂPôLl 

TVuTÓjÕYÕ úUÛm TVu RÚm, GÓjÕdLôhPôL TWlT[®tÏ A, 
EVWj§tÏ h, úSWj§tÏ t GuT]YôÏm. 

 (4) 3Cp Ï±l©hPÕ úTôp QûY Ut\ Ï±ÂÓL°u Yô«XôL GÝRÜm, 
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 (5) 4Cp Ï±l©hPÕ úTôp QûY Ju±tÏ úUtThP Uô±Ls 

Yô«XôL GÝRlTh¥ÚkRôp ùLôÓdLlThÓs[®YWeL°uT¥ 

AmUô±LÞdÏ CûPúV Es[ ùRôPo× (NUuTôhÓ Y¥®p) 

LôQúYiÓm, CfNUuTôÓLû[l TVuTÓj§ LôQlTP úYi¥V 

JÚ Uô±ûVj R®W Ut\ Uô±Lû[ ¿dL úYiÓm, BLúY Q B]Õ x 
Gu\ JÚ Uô±ûVd ùLôiP JÚ NUuTôPôL CÚdÏm, (A,Õ,). Q = 
f(x). CfNôo©u NôoTLjûR GÝRÜm, 

 (6) fCu ùTÚUm ApXÕ £ßUm LôQ úUtùNôu] Øû\Lû[d 

ûLVô[Üm, 

Ï±l× : (1) NôoTLm JÚ ê¥V CûPùY°VôL CÚl©u ÁlùTÚ 

ùTÚUm/Áf£ß £ßUm úLôhTôh¥û] úSW¥VôL TVuTÓjRXôm, (TôodL 

G,Lô, 5,52. 5,58), 

(2) NôoTLm JÚ §\kR CûPùY°VôL CÚl©u CPgNôokR ùTÚU/ £ßU 

U§l×Lû[d LôQ ØRp (TôodL 5,53) ApXÕ CWiPôm YûLdùLÝf 

úNôRû]ûV TVuTÓjRXôm, ØRp YûLdùLÝ úNôRû]dÏl T§XôL 

CWiPôm YûLdùLÝf úNôR]ûVÙm (¡ûPdÏUô]ôp) CWiPôm 

YûLdùLÝf úNôRû]dÏl T§XôL ØRp YûLdùLÝf úNôRû]ûVÙm 

TVuTÓjRXôm, 

(3) GqYô\ô«àm LûP£VôL Sôm AûPYÕ ÁlùTÚ ùTÚUm/ Áf£ß £ßU 

U§l© u A¥lTûP«úXúV ¾oÜ Lôi¡ú\ôm GuTRû] LY]j§p ùLôsL, 

 GÓjÕdLôhÓ 5.52 :  JÚ ®YNô« ùNqYL Y¥YUô] YVÛdÏ úY−«P 

úYi¥Ùs[Õ, AqYV−u JÚ TdLj§p Bß Juß úSodúLôh¥p 

KÓ¡\Õ, AlTdLj§tÏ úY− úRûY«pûX, AYo 2400 A¥dÏ úY−«P 

LÚ§Ùs[ôo, AqYûL«p ùTÚU TWlT[Ü ùLôsÞUôß Es[ ¿[. ALX 

A[ÜLs Gu]?  

¾oÜ : CeÏ Sôm ùNqYLj§u TWlT[Ü 

ACu  ùTÚU U§l× LôQ úYi¥ 

Es[Õ, ùNqYLj§u ALXm Utßm 

¿[jûR xUtßm y (A¥«p) GuL, AûY  

x Utßm yCu Yô«XôL GÝRÜm,  (A,Õ,).  

A = xy 

 
 
 
 
 

TPm 5.38 
 AûY JúW JÚ Uô± ùLôiP NôoTôL GÝR úYiÓm, BRXôp yûV 

xCu Yô«XôL GÝ§ ¿dLÜm, CûRf ùNnYRtÏ. úY−«P úYi¥Ùs[ 

ùUôjR ¿[m 2400 A¥ Gu\ ®YWjûRl TVuTÓjRÜm, BLúY 2x + y = 2400 

 ∴ y = 2400 − 2x    

 TWl× A= x (2400–2x)  = 2400x − 2x2 

x x

y

x x

y
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 CeÏ x ≥ 0 Utßm x ≤ 1200 (CpûXùV²p A < 0). BRXôp Sôm 

ùTÚUm LôQ úYi¥V Nôo×  

 A (x) = 2400 x − 2x2,   0 ≤  x ≤ 1200. 

 A′(x) = 2400 − 4x,  BLúY Uôß¨ûX GiûQ LôiTRtÏ. Sôm  

2400 − 4x = 0 Gu\ NUuTôhûPj ¾oÜ LôQ úYiÓm, x = 600 GuTÕ 

¾oYôÏm, A®u ùTÚUm Uôß¨ûXl ×s°L°p ApXÕ CûPùY°«u 

GpûX ×s°L°p AûUÙm,  

 A(0) = 0,  A(600) = 7,20,000  Utßm A(1200) = 0  

 BLúY ùTÚU U§l× A (600) = 720,000.  

 x = 600 G²p y = 2400 − 1200 = 1200 
 BRXôp ùNqYL Y¥Y YV−u ALXm 600 A¥. ¿[m 1200 A¥VôÏm, 

Ï±l× : CWiPôm YûLdùLÝ úNôRû]ûVl TVuTÓj§Ùm 

(CPgNôokR) CdLQd¡û] ¾odLXôm, ClúTôÕ x > 0. y > 0 G] GÓjÕd 

ùLôs[ úYiÓm, 

 GÓjÕdLôhÓ 5.53 :  TWYû[Vm y2 = 2x  ÁÕ (1,4) Gu\ ×s°dÏ ªL 

AÚ¡Ûs[ ×s°ûVd LôiL, 

¾oÜ :  y2=2x Gu\ TWYû[Vj§u ÁÕs[ 

×s°ûV (x,y) GuL, (1,4) Utßm (x,y) 
×s°LÞd¡ûPúV Es[ çWm  

   d  = (x −1)2 + (y − 4)2 .  

(x,y) Gu\ ×s°  y2 = 2x  ÁÕs[Rôp  

⇒ x = y2/2, G]úY d2= f(y) = (y2/2 − 1)2 + (y − 4)2 

 
 
 
 
 
 

TPm 5.39 

(dCu £ßUm ¨LÝm AúR ×s°«pRôu d2
Cu £ßUm ¨LÝm GuTûRd LôiL) 

 f ′(y) = 2 



y2

2  − 1   (y)  + 2 (y − 4) = y3− 8 . 

 Uôß¨ûXl ×s°«p.   y3 − 8 =  0  ⇒  y  = 2 

 y < 2G²p  f ′(y)  <  0,  úUÛm y > 2 G²p  f ′(y)  > 0 GuTûRd 

LôiL, G]úY Áf£ß £ßUm LôQ ØRXôm YûLdùLÝf 

úNôRû]«uT¥ y = 2Cp £ßUm ¨Lr¡\Õ, ARtÏ JjR xCu U§l× 

B]Õ x = 
y2

2    = 2. G]úY y2 = 2x  ÁÕ (1,4)  Gu\ ×s°dÏ ªL AÚ¡p 

AûUkÕs[ ×s° (2,2) BÏm, 
Ï±l× : CWiPôm YûLdùLÝ úNôRû]ûVl TVuTÓj§Ùm 

(CPgNôokR) CdLQd¡û] ¾odLXôm, 

y2 = 2x

(x,y)

y

0
x

2

4

1

(1,4)

y2 = 2x

(x,y)

y

0
x

2

4

1

(1,4)
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GÓjÕdLôhÓ 5.54 :   r BWØs[ AûWYhPj§às ùTÚU A[Ü 

ùLôsÞUôß YûWVlTÓm ùNqYLj§u TWl× LôiL, 
¾oÜ : 
   OPB]Õ x–Af£u ªûLj 

§ûNÙPu EiPôdÏm úLôQm θ 
GuL, 

 ùNqYLj§u TWl× AGuTÕ  

A(θ) = (2 r cosθ) (r sinθ)  

        = r2 2 sin θ  cos θ = r2 sin 2θ 

 

 

 

 

 
TPm 5.40 

 sin 2θ ùTÚUm G²p A(θ)  ùTÚUm BÏm,  

 sin 2θ ®u ùTÚU U§l× = 1  ⇒ 2θ = 
π
2  ApXÕ θ  = 

π
4 .  

 (θ = 
π
4 G²p A′ (θ) = 0 GuTûRd LôiL) 

 G]úY Uôß¨ûX Gi 
π
4 BÏm, BLúY TWl× A



π

4    =  r2.   

Ï±l× : AûWYhPj§às ùTÚU A[Ü ùLôsÞUôß YûWVlTÓm 

ùNqYLj§u ¿[ ALXeLs Øû\úV 2r , 
r
2
 BÏm, 

UôtßØû\ : A ′(θ) = 2r2 cos 2θ  = 0 ⇒  2θ  = 
π
2  ;  θ  = 

π
4 

 A ′′(θ) = −4r2  sin 2 θ < 0,  for θ = 
π
4 ⇒ θ = 

π
4  B]Õ 

ùTÚUl ×s°ûVj RÚ¡u\Õ, úUÛm ùTÚUl ×s° 



π

4 , r2
 BÏm, 

Ï±l× : úUtLiP LQd¡−ÚkÕ CVtL¦R Øû\ûVd Lôh¥Ûm 

YûLdùLÝ Øû\«p úYLUôL ¾oÜ LôQØ¥Ùm GuTûR Sôm 

A±kÕd ùLôs¡ú\ôm, 

GÓjÕdLôhÓ 5.55 :  JÚ ÑYùWôh¥«u úUp Utßm A¥«u 

KWeLs 6 ùN,Á UtßU ARu TdL KWeLs 4 ùN,Á, BÏm, 

AfÑYùWôh¥«p AfN¥dLlThP YôNLeL°u TWl× 384 ùN,Á
2
 

G] YûWVßdLlThPôp ARu TWl×  £ßU A[Ü ùLôsÞUôß 

Es[ ¿[ ALXeLû[d LôiL, 
¾oÜ :  
 Af£PlThP TÏ§«u ¿[ ALXeLs x Utßm y GuL, ARu 

TWl×  xy = 384 

θ
r

x2 + y2 = r2

P(r cos θ, r sin θ)

xθ
r

x2 + y2 = r2

P(r cos θ, r sin θ)

x
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 ÑYùWôh¥«u ¿[ ALXeLs 

Øû\úV (x + 8)  Utßm (y + 12)  
BÏm, 
 ÑYùWôh¥«u TWl× : 

 A = (x + 8) (y + 12) 
  = xy +12x + 8y + 96 
  = 12x + 8y + 480 

  = 12x + 8 



384

x  + 480 

 A′ = 12 − 8 × 384 × 
1

x2 

 
 
 
 

 
 
 

 

TPm 5.41 

 A″ = 16 × 384 × 
1

x3 

 A′ = 0 ⇒ x = ± 16 
 B]ôp x > 0 
 ∴ x = 16 
   x = 16 G²p A′′ > 0 
 ∴ G]úY x = 16 BL CÚdÏmúTôÕ TWl× £ßUm 

AûP¡\Õ, 
 ∴ y = 24 
 ∴ x + 8 = 24, y + 12 = 36 
 ÑYùWôh¥«u ¿s ALXeLs 24 ùN,Á Utßm 36 ùN,Á. 
GÓjÕdLôhÓ 5.56 : a BWØs[ úLô[j§às ùTÚU A[Ü 

ùLôsÞUôß LôQlTÓm ám©u ùLôs[[Ü.  úLô[j§u 

ùLôs[[®u 
8

27 UPeÏ G]dLôhÓL,  

¾oÜ : úLô[j§u BWm a G] 

ùLôÓdLlThÓs[Õ, úUÛm 

ám©u A¥lTdLj§u BWm x 

GuL, ám©u EVWm h G²p ARu 

ùLôs[[Ü  

 V = 
1
3  π x2 h 

  = 
1
3 π x2 (a + y) …(1) 

 
 
 
 

 
 

TPm 5.42 

 (CeÏ OC = y  G²p EVWm h = a + y) 

 TPj§−ÚkÕ x2 + y2 = a2   (2) 

x

y

a

αc

O x

y

a

αc

O

  

6 cms

44 4
x

x + 8

y

6 cms

y + 12
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 (2)I (1)Cp TVuTÓjR ¡ûPlTÕ 

   V = 
1
3 π (a2 − y2) (a + y) 

 ùTÚUd ùLôs[[®tÏ 

   V ′= 0  ⇒  
1
3 π [a2 − 2ay − 3y2]  =  0 

   ⇒  3y = +a  ApXÕ y = −a 

   ⇒  y = 
a
3    [y =  − a Nôj§VUpX] 

   y = 
a
3-p   V″ = − π 

2
3 (a + 3y)  = − 

4
3 πa <  0  

 ∴  y = 
a
3 G²p ùLôs[[Ü ùTÚUm ùTt±ÚdÏm, úUÛm ùTÚU 

ùLôs[[Ü = 

 
1
3 π  ×  

8a2

9   (a + 
1
3 a)   =   

8
27  (

4
3 πa3)  =  

8
27  (úLô[j§u ùLôs[[Ü) 

GÓjÕdLôhÓ 5.57 :  JÚ ê¥«hP NÕW A¥lTôLm ùLôiÓs[ 

(L]f ùNqYLj§u) ùTh¥«u ùLôs[[Ü 2000 L,ùN,Á. 

AlùTh¥«u A¥lTôLm Utßm úUp TôLj§tLô] êXl 

ùTôÚhL°u ®ûX JÚ N,ùN,ÁdÏ ì, 3 Utßm ARu TdLeLÞdLô] 

êXl ùTôÚhL°u ®ûX JÚ NÕW ùN,Á,dÏ ì, 1.50. êXl 

ùTôÚhL°u ®ûX £ßU A[Ü ùLôsÞUôß Es[ ùTh¥«u ¿[ 

ALXeLs LôiL, 

¾oÜ : NÕW A¥lTôLj§u TdLj§u ¿[m Utßm ùTh¥«u EVWm 

Øû\úV  x, y GuL, êXl ùTôÚhL°u ®ûX C GuL,  

 A¥lTôLj§u TWl× = x2 

 úUpTôLj§u TWl× = x2 

 

úUpTôLm Utßm A¥lTôLj§u

ùUôjRl TWl×  = 2x2 

 ©\ SôuÏ TdLeL°u TWl× = 4xy 

 


úUpTôLm Utßm

 A¥lTôLj§tLô]

 êXlùTôÚhL°u ®ûX
 = 3(2x2) 

 

TdLeLÞdLô]

êXlùTôÚhL°u ®ûX  = (1.5) (4xy) = 6xy 

 ùUôjR ®ûX C = 6x2 + 6xy  …(1) 
 ùTh¥«u ùLôs[[Ü V = (A¥lTWl×) (EVWm)  
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  = x2y = 2000  …(2) 

(1) Utßm (2)−ÚkÕ y-I ¿dÏYRôp. C(x) =  6x2 + 
12000

x   …(3) 

CeÏ x > 0    úUÛm C(x) B]Õ (0, + ∞)Cp ùRôPof£Vô]Õ, 

   C ′ (x) = 12x  − 
12000

x2   

 C ′ (x)  =  0  ⇒  12x3 − 12000  =  0   ⇒  12(x3 − 103) = 0 
 ⇒   x  = 10  ApXÕ  x2 + 10x + 100 = 0 
 x2 + 10x + 100 = 0  Nôj§VUpX   ∴  Uôß¨ûX Gi x = 10.   

 C ″(x) = 12 + 
24000

x3     ;   C ″(10) = 12 + 
24000
1000  > 0 

 ∴   x = 10 Cp C £ßUm BÏm  
 ∴ A¥lTôLj§u ¿[m 10 ùN,Á, BÏm,  

 úUÛm EVWm y = 
2000
100  = 20 ùN,Á, 

GÓjÕdLôhÓ 5.58 :  3¡,Á, ALXj§p úSWôL KÓm Bt±u JÚ 

LûW«p P Gu¡\ ×s°«p JÚYo ¨t¡u\ôo, AYo ¿úWôhP 

§ûN«p. LûW«u G§oTdLm 8 ¡,Á, ùRôûX®Ûs[QûY úSôd¡ 

úYLUôLf ùNuß AûPV úYi¥Ùs[Õ, AYo TPûL úSWôL 

G§oj§ûN RdÏ Kh¥f ùNuß Ae¡ÚkÕ QdÏ K¥fùNpXXôm 

ApXÕ QdÏ úSWôL TPûL Kh¥f ùNpXXôm ApXÕ Q Utßm RdÏ 

CûPúVÙs[ SdÏ Kh¥f ùNuß Ae¡ÚkÕ QdÏ K¥f ùNpXXôm 

AYo TPÏ Kh¥f ùNpÛm úYLm 6 ¡,Á/U¦. KÓm úYLm 8 
¡,Á/U¦ G²p QûY úYLUôLf ùNu\ûPV AYo TPûL GeúL LûW 

úNodL úYiÓm? 

¾oÜ :   
 R Utßm Sd¡ûPúVÙs[ çWm x GuL, KP 

úYi¥V çWm 8 − x BÏm, úUÛm ùRôûXÜ  

PS = x2 + 9 .   

úSWm = 
ùRôûXÜ

 úYLm  GuTûR Sôm A±úYôm, 

G]úY TPÏ Kh¥f ùNpÛm úSWm.  

Rt=
 x2 + 9 

6   Utßm KÓm úSWm rt=
(8 −x)

8   BÏm, 

 
 
 
 

 
 
 
 

TPm 5.43 

   GÓjÕd ùLôiP ùUôjR úSWm T = Rt+rt = 
 x2 + 9 

6  +
(8 −x)

8  , 0 ≤ x ≤ 8 

P R

S

Q

x

8 
-
x

3km
√(x 2+9)

P R

S

Q

x

8 
-
x

3km
√(x 2+9)
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 CeÏ x = 0 G²p AYu RdÏm x = 8G²p QdÏm TPûL úSWôL 

Kh¥f ùNpXXôm, 

Uôß¨ûXl×s°«p  

 T ′(x) = 0 ⇒     T ′(x) = 
x

6 x2 + 9 
  −

1
8 = 0 

 4x = 3 x2 + 9  

 16x2 = 9 (x2 + 9) 

 7x2 = 81   

 ⇒  x = 
9
7

   Hù]²p x = − 
9
7
 CVXôÕ 

 Uôß¨ûX Gi x = 
9
7

   , TCu U§lûT Ø¥Ül ×s°Ls Utßm  

x = 
9
7
Cp LQd¡Pd ¡ûPlTÕ 

 T(0)  =  1.5,   T 




9

7
    = 1 + 

7
8  ≈ 1.33, Utßm T(8) = 

73 
6   ≈ 1.42 

 x =  
9
7
Cp TCu U§l× ªL Ïû\kÕs[Õ, G]úY AYo TPûL 

ùRôPdLl ×s°«−ÚkÕ G§o LûW«p Bt±u ¿úWôhP §ûN«p 

9
7
 ¡,Á (≈ 3.4 ¡,Á) ùRôûX®p LûWf úNodL úYiÓm, 

T«t£ 5.10 
 (1) CWiÓ GiL°u áÓRp 100 AqùYiL°u ùTÚdÏj 

ùRôûL ùTÚU U§lTôL ¡ûPdL AqùYiLs Gu]YôL 

CÚdL úYiÓm? 

 (2) CWiÓ ªûL GiL°u ùTÚdÏj ùRôûL 100. 
AqùYiL°u áÓRp £ßU U§lTôL ¡ûPdL AqùYiLs 

Gu]YôL CÚdL úYiÓm? 

 (3) ùLôÓdLlThP JÚ TWlT[®û]d ùLôiP ùNqYLeLÞs 

NÕWm UhÓúU £ßUf Ñt\[Ü ùTt±ÚdÏm G]d LôhÓL, 
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 (4) ùLôÓdLlThP JÚ Ñt\[®û]d ùLôiP ùNqYLeLÞs 

NÕWm UhÓúU ùTÚU TWlT[ûYd ùLôi¥ÚdÏm G]d 

LôhÓL, 

 (5) r BWØs[ YhPj§às YûWVlTÓm ªLl ùT¬V TWlT[Ü 

ùLôiP ùNqYLj§u ¿[ ALXeLs Gu]YôL CÚdÏm? 

 (6) JÚ SLÚm YôL]j§u RûP (F)Cu NUuTôÓ F = 5/x + 100x 
G²p. RûP«u £ßU U§lûTd LôiL, 

5,11 Ï¯Ü (Ï®Ü) Utßm Yû[Ü Uôtßl ×s°Ls 

(Concavity (convexity) and points of inflection) : 
 TPeLs 5.44 (a), (b) B]Õ [a, b]Cp CÚ Hßm Nôo×L°u 

YûWTPeLû[ LôhÓ¡u\], CÚ YûWPTPeL°Ûm ×s° AÙm 

×s° BÙm úNodLlThÓ ùYqúYß §ûNL°p Yû[dLlThÓs[], 

GlT¥ Sôm CkR CÚYûL úTôdûL úYßTÓj§d LôhÓYÕ? 

TPeLs 5.44 (c), (d) Yû[YûW«p ùYqúYß CPeL°p 

ùRôÓúLôÓLs YûWVlThÓs[], (c)Cp Yû[YûWVô]Õ 

ùRôÓúLôÓLÞdÏ úUúX AûUkÕ Es[Õ, Ck¨ûX«p f B]Õ  

[a, b]Cp úUpúSôd¡ Ï¯Ü (¸rúSôd¡ Ï®Ü) ùTtßs[RôLl 

ùT\lTÓm, (d)Cp Yû[YûWVô]Õ ùRôÓúLôÓLÞdÏd ¸r 

AûUkÕs[Õ, Ck¨ûX«p gB]Õ [a, b]Cp ¸rúSôd¡ Ï¯Ü 

(úUpúSôd¡ Ï®Ü) ùTtßs[RôLl ùT\lTÓm, 

 
 
 
 
 
 
 

 TPm 5.44 (a)  TPm 5.44 (b)  

 
 
 
 
 
 

 TPm 5.44(c) TPm 5.44 (d) 

y

0
xa b

f
A

B
y

0
xa b

f
A

B

0

y

xa b

g

A

B

0

y

xa b

g

A

B

y

0
x

A

B
y

0
x

A

B
y

0
x

A

B
y

0
x

A

B
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YûWVû\ :  I Gu\ CûPùY°«p fCu YûWTPm ICp Es[ GpXô 

ùRôÓúLôÓLÞdÏm úUúX CÚkRôp f B]Õ I Gu\ CûPùY°«p 

úUpúSôd¡ Ï¯Ü (concave upward) ApXÕ ¸rúSôd¡ Ï®Ü (convex 
downward) ùTtßs[Õ Guß AûZdLlTÓm, I Gu\ CûPùY°«p 

fCu YûWTPm GpXô ùRôÓúLôÓLÞdÏm ¸úZ AûUkRôp fB]Õ 

¸rúSôd¡ Ï¯Ü (concave downward) ApXÕ úUp úSôd¡ Ï®Ü 

(convex upward) Guß AûZdLlTÓm, 

 Ï¯Ü (Ï®Ü)Cu CûPùY° LôQ CWiPôYÕ YûL«Pp 

GlT¥ ERÜ¡\Õ GuTûR ClùTôÝÕ Sôm LôiúTôm,  

TPm 5.44(c)Cu êXm Sôm LôiTÕ CPl×\j§−ÚkÕ YXl×\m 

ùNpûL«p ùRôÓúLôh¥u NônÜ A§L¬lTûRd Lôi¡ú\ôm, 

C§−ÚkÕ YûLÂÓ f ′(x) JÚ Hßm Nôo× Utßm YûLÂÓ f ′′(x) JÚ 

ªûL Gi GuTÕ ùR°Yô¡\Õ, CúR úTôp TPm 5.44 (d)Cp 

CPl×\j§−ÚkÕ YXl×\m ùNpûL«p ùRôÓúLôh¥u NônÜ 

Ïû\¡\Õ, G]úY f ′′(x) JÚ Ïû\ Gi GuTÕm ùR°Yô¡\Õ, CkR 

LôWQeL°u A¥lTûP«p ¸rdLôÔm úRt\m EiûU G]d 

LôQXôm, 

Ï¯Ü (Ï®Ü)dÏ úNôRû]The test for concavity (convexity) : 

 I Gu\ CûPùY°«p CÚØû\ YûLlTÓjRdá¥V Nôo× f(x) 
GuL, 

 (i) f ′′(x) > 0 ∀ x ∈ I G²p f B]Õ I Gu\ CûPùY°«p 

úUpúSôd¡ Ï¯Ü ùTtßs[Õ (¸rúSôd¡d Ï®Ü) BÏm, 

 (ii) f′′(x) < 0, ∀ x ∈ I G²p f B]Õ I Gu\ CûPùY°«p 

¸rúSôd¡ Ï¯Ü (úUpúSôd¡ Ï®Ü) ùTtßs[Õ BÏm, 

YûWVû\ : Yû[YûW«p Es[ HúRàm JÚ ×s° PCp 

Yû[YûWVô]Õ úUpúSôd¡ Ï¯Ü (¸rúSôd¡ Ï®Ü)-−ÚkÕ 

¸rúSôd¡ Ï¯Ü (úUp úSôd¡ Ï®Ü)dúLô ApXÕ ¸rúSôd¡ Ï¯Ü 

(úUpúSôd¡ Ï®Ü)-−ÚkÕ úUpúSôd¡ Ï¯Ü (¸rúSôd¡  

Ï®Ü)-dúLô Uô±]ôp Cl×s° P Yû[Ü Uôtßl ×s° (point of 
inflection) BÏm, 

 ARôYÕ. JÚ ùRôPof£Vô] Yû[YûWûV Ï¯Ül 

TÏ§«−ÚkÕ Ï®Ül TÏ§VôL ©¬dLdá¥V ×s° Yû[Ü Uôtßl 

×s°VôÏm, 

 Yû[Ü Uôtßl ×s°«p ùRôÓúLôÓ AûUkRôp 

AjùRôÓúLôÓ Yû[YûWûV ùYhÓm GuTÕ ùR°Yô¡\Õ, 

Hù]²p Yû[YûW«u JÚ TÏ§ ùRôÓúLôh¥tÏ ¸Ým. Utù\ôÚ 
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TÏ§ ùRôÓúLôh¥tÏ úUÛm AûU¡\Õ, ©uYÚm úRt\m êXm 

GkR JÚ ¨ûX«p Uôß¨ûXl ×s° (critical point). Yû[Ü 

Uôtßl×s°VôL Uôß¡\Õ GuTûR A±VXôm, 

úRt\m :  
 y=f(x) Gu\ NUuTôhPôp JÚ Yû[YûWVô]Õ 

YûWVßdLlTÓYRôLd ùLôsúYôm, f ′′(x0) = 0 ApXÕ f ′′(x0) LôQ 

Ø¥VôÕ úTôYRôLd ùLôsúYôm, f ′′(x)Cu Ï±Vô]Õ x = x0 Gu\ 

×s° Y¯f ùNpÛm úTôÕ Ï± Uô±]ôp x = x0I x-AfÑj çWUônd 

ùLôiP Yû[YûW«u úUp Es[ ×s°Vô]Õ Yû[Ü 

Uôtßl×s° BÏm, x0Cu AiûUl TÏ§ (Ñtßl×\m) (a, b)I  

(a, x0)Cp Es[ JqùYôÚ xdÏm f ′′(x) > 0 GàUôßm (x0, b)-p Es[ 

JqùYôÚ x-dÏm  f ′′(x) < 0 GàUôßm (CkR ¨TkRû]Ls Uô±Ùm 

AûUVXôm) LôQØ¥kRôp. (x0, f(x0)) B]Õ Yû[Ü Uôtßl 

×s°VôÏm, ARôYÕ x0-u Ñtßl×\j§p f ′′(a)m f ′′(b)m Ï±L[ôp 

úYßTh¥ÚjRp úYiÓm, 

 
 
 
 
 
 

TPm 5.45 
úUtÏ±l× : Yû[ÜUôtßl ×s°Ls Uôß¨ûXl ×s°L[ôn 

CÚdLj úRûY«pûX, Utßm Uôß¨ûXl ×s°Ls Yû[Ü Uôtßl 

×s°L[ôn CÚdLj úRûY«pûX, CÚl©àm x0 B]Õ Uôß¨ûXl 

×s°Vô«ÚkÕ f(x) B]Õ x0-Cu Y¯úV ùNpÛûL«p f ′(x). Ru 

Ï±ûV Uôt\ôÕ CÚl©u  x0 JÚ Yû[Ü Uôtßl ×s°VôÏm, 

úUÛm Yû[Ü Uôtßl ×s° x0dÏ f ′′(x0) = 0 Gu\ ¨TkRû] 

úRûYVôÏm, f ′′(x0)=0 BL CÚkÕm. f ′′(x)Ru Ï±ûV Uôt\ôÕ 

CÚl©u. x0 JÚ Yû[Ü Uôtßl ×s°VôL CÚdL Ø¥VôÕ, 

úUtLiP ®YôReL°−ÚkÕ ùT\lTÓYÕ VôùR²p. Yû[Ü 

Uôtßl ×s°Ls  x0dÏ. f ′′(x0)=0 BLÜm. x0Cu AiûUl TÏ§ 

(a, b)Cp  f ′′(a) Utßm f ′′(b) ùYqúYß Ï±Lû[l ùTt±ÚjRúX 

BÏm, 

O
x

y
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O
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B
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 x = x0 B]Õ f ′(x) = 0 Gu\ NUuTôh¥u Jtû\ Y¬ûN Nôo©u 

¾oÜ GuL, ARôYÕ R²j¾oÜ. ØmUPeÏ ¾oÜ etc., GuL, 

AqYô\ô«u x = x0B]Õ ùTÚUjûRúVô ApXÕ £ßUjûRúVô 

RÚm, AúR NUVj§p x = x0 B]Õ CWhûPj ¾oYô«u x = x0 ¡ûPj 

ùRôÓúLôhÓPu á¥V Yû[Ü Uôtßl ×s°ûVj RÚm, 

CdùLôsûLLs ©uYÚm ®[dL GÓjÕdLôh¥p SuÏ ®[eÏm,  

 y = x3 ;  y′ = 3x2 Utßm y ′′ = 6x. 

 y′(0) = 0 Utßm  y′′(0) = 0. úUÛm x = 0 B]Õ y Utßm  y′B¡V 

CWiÓdÏúU Uôß¨ûXl ×s°VôÏm, x < 0 Utßm x > 0dÏ y′ (x) > 0 

G]úY. x = 0 Y¯úV f(x) ùNpûL«p y′ B]Õ R]Õ Ï±ûV 

UôtßY§pûX, 

 ARôYÕ. y′ (− 0.1) > 0 Utßm y′(0.1) > 0 ARôYÕ  0Cu 

AiûUlTÏ§, (− 0.1, 0.1)Cp y′ Ru Ï±ûV UôtßY§pûX, 

CqYô\ôL. ØRp Y¬ûN YûLdùLÝf úNôRû]lT¥ (0, 0) JÚ 

Yû[Ü Uôtßl×s°VôÏm, 

 y′′(0) = 0,  y′′(− 0.1) < 0 Utßm y′′(0.1) > 0. 

y(x) B]Õ x = 0 Y¯úV ùNpûL«p. y′′ 
B]Õ R]Õ Ï±ûV Uôtß¡\Õ, CkR 

¨ûX«p CWiPôm Y¬ûN YûLdùLÝf 

úNôRû]lT¥. (0, 0) JÚ Yû[Ü Uôtßl 

×s°VôÏm, y = x3
Cu Yû[YûW«u 

Ï®Ül TÏ§ûV. ARu Ï¯Ül 

TÏ§«−ÚkÕ (0, 0) ©¬d¡\Õ, 

 y′(x) = 3x2  

 ∴ x = 0 B]Õ y′(x)=0Cu CWiPôm 

Y¬ûNj ¾oYôÏm, ¾oÜ Y¬ûN 

úNôRû]«−ÚkÕ (0, 0) B]Õ x-AfûN 

¡ûPjùRôÓúLôPôLd ùLôiP Yû[Ü 

Uôtßl ×s° GuTûR A±¡ú\ôm, 

 
 
 
 
 
 
 
 
 
 

 
TPm 5.46 

GÓjÕdLôhÓ 5.59 :   y = 2 − x2
 Gu\ Yû[YûW«u Ï¯Ü (Ï®Ü)-u 

NôoTLjûRd LôiL, 

¾oÜ :   y = 2 − x2 

   y′ = − 2x Utßm y′′ = − 2 < 0  ∀ x ∈ R 

0 x

y y = x3

Convex
upward

Concave
upward

Concave
downward

Convex
downward

0 x

y y = x3

Convex
upward

Concave
upward

Concave
downward

Convex
downward
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 Yû[YûWVô]Õ GpXô ×s°L°PjÕm ¸rúSôd¡ Ï¯YôL 

(úUpúSôd¡ Ï®YôL) Es[Õ, 

GÓjÕdLôhÓ 5.60 :   

 y = ex
 Gu\ Nôo©u Ï®®tLô] AWeLj§û]d LôiL, 

¾oÜ :   y = ex  ;  y′′ = ex > 0 ∀ x ∈ R 

 Yû[YûWVô]Õ GpXô ×s°L°PjÕm ¸rúSôd¡ Ï®YôL 

Es[Õ, 

GÓjÕdLôhÓ 5.61 :  

 y = x4 Gu\ Yû[YûWdÏ Yû[Ü 

Uôtßl×s°Ls CÚl©u. LôiL, 

¾oÜ :   y = x4 

   y′′ = 12x2 = 0 ⇒ x = 0 
 x < 0 Utßm x > 0 G²p  y′′ > 0 
 ∴ Yû[YûWVô]Õ úUpúSôd¡ 

Ï¯YôL Es[Õ, x = 0 Y¯VôL y(x) 

ùNpÛm úTôÕ y′′Cu Ï± Uô\®pûX, 

G]úY CqYû[YûWdÏ Yû[Ü 

Uôt\l×s°«pûX, 

 
 
 
 
 
 
 
 
 

TPm 5.47 

Ï±l× :  Yû[YûWVô]Õ (− ∞, 0) Utßm (0, ∞)Cp úUpúSôd¡ 

Ï¯YôL Es[Õ, 

GÓjÕdLôhÓ 5.62 :  y = x3 − 3x + 1 Gu\ Yû[YûW GkR 

CûPùY°L°p. úUpúSôd¡ Ï¯Ü. Ï®Ü-BL Es[Õ Gußm 

Utßm Yû[Ü Uôtßl ×s°ûVÙm LôiL, 

¾oÜ :   

  f(x) = x3 − 3x + 1 

  f ′(x) = 3x2 − 3 = 3(x2 − 1) 

 
 
 

TPm 5.48 

   f ′′(x) = 6x 

 x > 0 G²p f ′′(x) > 0,    x < 0 G²p f ′′(x) < 0  

 (− ∞, 0) Gu\ CûPùY°«p úUpúSôd¡ Ï®YôLÜm Utßm  

(0, ∞)Cp úUpúSôd¡ Ï¯YôLÜm Es[Õ, x = 0 Gu\ ×s°«p 

Yû[YûWVô]Õ úUpúSôd¡ Ï®®−ÚkÕ úUpúSôd¡ Ï¯®tÏ 

Uôß¡\Rôp (0, f(0)) B]Õ Yû[Ü Uôtßl ×s°VôÏm, ARôYÕ  
(0, 1) Yû[Ü Uôtßl×s°VôÏm. 

1 2
0

4

8

12

16

-1-2
x

y

y = x4

1 2
0

4

8

12

16

-1-2
x

y

y = x4

x = 0 ∞- ∞ x = 0 ∞- ∞
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Ï±l× :  Ï¯Ü Utßm Ï®®tLô] CûPùY°Lû[ ©¬dLlThP 

CûPùY°L°p HúRàm JÚ ×s°ûV úNô§jÕm LôQXôm, 

GÓjÕdLôhÓ 5.63 :    

 y = x4 − 4x3 Gu\ Yû[YûWdÏ Ï¯Ü Utßm Yû[Ü Uôt\l 

×s°Lû[Ùm T¬úNô§dL, 

¾oÜ :   f(x) = x4 − 4x3 

   f ′(x) = 4x3 − 12x2 

   f ′′(x) = 12x2 − 24x = 12x (x − 2) 

 f′′(x)=0 ⇒ x = 0 ApXÕ 2 CûY 

ùUn Gi úLôhûP (− ∞, 0), (0, 2),  
(2, ∞) Gu\ êuß CûPùY°L[ôLl 

©¬d¡\Õ, ©uYÚm AhPYûQûV 

éoj§ ùNnúYôm, 

 
 
 

TPm 5.49 

  

CûPùY° f ′′(x) = 12x (x − 2) Ï¯Ü 

(− ∞, 0) + úUpúSôd¡ 

(0, 2) − ¸rúSôd¡ 

(2, ∞) + úUpúSôd¡ 

 ×s° (0, f(0)) ARôYÕ (0, 0) GuTÕ Yû[Ü Uôtßl ×s°VôÏm, 

Hù]²p Yû[YûWVô]Õ Cl×s°«p úUpúSôd¡ Ï¯®−ÚkÕ 

¸rúSôd¡ Ï¯YôL Uôß¡\Õ, úUÛm (2, f(2)) ARôYÕ (2, − 16) Gu\ 

×s°Ùm Yû[Ü Uôtßl ×s°VôÏm, Hù]²p Yû[YûWVô]Õ 

Cl×s°«p ¸rúSôd¡ Ï¯®−ÚkÕ úUpúSôd¡ Ï¯®tÏ 

Uôß¡\Õ, 

GÓjÕdLôhÓ 5.64 :   

 Lô³Vu Yû[YûW y = e−x2
. GkR CûPùY°L°p Ï¯Ü. Ï®Ü 

AûP¡\Õ GuTûRÙm. Yû[Ü Uôtßl ×s°Lû[Ùm LôiL, 

¾oÜ :  y′ = − 2xe−x2
  ; y′′ = 2e−x2

 (2x2 − 1) 

 (ØRp Utßm CWiPôYÕ YûLÂÓ GpXô CPeL°Ûm 

AûU¡\Õ), y′′ = 0 G²p 

20 ∞- ∞ 20 ∞- ∞
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 2e−x2
 (2x2 − 1) = 0 

 x = − 
1
2

 ,   ApXÕ  x = 
1
2

 

 

 

 

TPm 5.50 

 x < − 
1
2

 G²p y′′ > 0 Utßm  x > − 
1
2

 G²p y′′ < 0 

 CWiPôYÕ YûLÂÓ, x = − 
1
2

 Gàm ×s°Y¯f ùNpÛm úTôÕ 

AÕ ªûL Ï±«−ÚkÕ Ïû\ Ï±dÏ Uôß¡\Õ, G]úY x = − 
1
2

 

GàªPj§p JÚ Yû[Ü Uôtßl×s° Es[Õ,  

 ∴ 








− 
1
2

 ,  e
− 

1
2  GuTÕ Yû[Ü Uôtßl ×s° BÏm, 

 x < 
1
2

 G²p y′′ <  0 Utßm x > 
1
2

  G²p y′′ > 0 . G]úY. x = 
1
2

 

GàªPj§p úUÛm JÚ Yû[Ü Uôtßl×s° Es[Õ, 






1

2
 ,  e

− 
1
2  

GuTÕ Cuù]ôÚ Yû[Ü Uôtßl×s° BÏm, (Yû[YûW  

x-AfûNl ùTôßjÕ NUfºWôL CÚlTRôp Utù\ôÚ Yû[Ü 

Uôtßl×s° EiÓ GuTÕ ùR¬V YÚ¡\Õ). CWiPôYÕ 

YûLÂh¥u êXm Sôm ùTßYÕ.  

 − ∞ < x < − 
1
2
Cp Yû[YûW úUpúSôd¡ Ï¯YôLÜm ; 

 − 
1
2

 < x < 
1
2
Cp Yû[YûW úUpúSôd¡ Ï®YôLÜm;  Utßm 

 
1
2
 < x < ∞ Cp úUpúSôd¡ Ï¯YôLÜm Es[Õ, 

GÓjÕdLôhÓ 5.65 :   

 y = x3 − 3x + 2 Gu\ Nôo©tÏ Yû[Ü Uôt\l ×s°Ls CÚl©u 

AYtû\d LôiL, 

¾oÜ :   y = x3 − 3x + 2 

   
dy
dx = 3x2 − 3 = 3(x + 1) (x − 1) 

1/√20 ∞- ∞ -1/√2 1/√20 ∞- ∞ -1/√2
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d2y

dx2 = 6x = 0  ⇒  x = 0 

 ClùTôÝÕ 
d2y

dx2  (− 0.1) = 6(− 0.1) < 0 Utßm  

   
d2y

dx2  (0.1) = 6(0.1) > 0.  

 0Cu AiûUl TÏ§Vô] (− 0.1, 0.1)dÏ y′′ (− 0.1)m y′′(0.1)m G§o 

Ï±L[ôL AûU¡u\],  

 ∴ (0, y (0)) ARôYÕ (0, 2) JÚ Yû[Ü Uôtßl ×s°VôÏm, 

Ï±l× : y′ (0) = − 3 ≠ 0 G]úY x = 0 GuTÕ JÚ Uôß¨ûXl ×s°VpX 

GuTÕ Ï±l©PjRdLÕ, 

GÓjÕdLôhÓ 5.66 :  y = sinx, x ∈ (0, 2π)Gu\ Yû[YûW«u Yû[Ü 

Uôtßl ×s°Lû[j úRoÜ ùNnVÜm, 

¾oÜ :   y′ = cosx 
   y′′ = − sinx = 0 ⇒ x = nπ, n = 0, ±1, ± 2, ... 
 B]ôp x ∈(0, 2π), n = 1 G²p x = π 

   y′′ (.9π) = − sin (.9π) < 0 Utßm 

   y′′(1.1π) = − sin (1.1 π) > 0 (∴ sin (1.1π) JÚ Ïû\ U§l× BÏm) 
 CWiPôYÕ YûL«Pp úNôRû] êXm (π, f(π)) = (π, 0) GuTÕ 

JÚ Yû[Ü Uôtßl×s° G] Eß§ ùNnVlTÓ¡\Õ, 

Ï±l× : y′(π) = cos π = − 1 ≠ 0 G]úY x = π JÚ ¨ûXl ×s°VpX 

GuTÕ Ï±l©PjRdLÕ, y = sin xdÏ (− ∞, ∞)Cp GiQjRdL Yû[Ü 

Uôtßl ×s°Ls Es[], Al×s°Lû[ (nπ, 0), n = 0, ± 1, ±2, … 

êXm ùT\Xôm, GkR ×s°«Ûm y′(nπ) = (− 1)n
. éf£VUôLôÕ, 

C§−ÚkÕ Sôm A±YÕ Yû[Ü Uôtßl×s°Ls ¨ûXl ×s°L[ôL 

AûUVj úRûY«pûX, 

T«t£ 5.11 
 ©uYÚm Nôo×Ls GkR CûPùY°L°p Ï¯Ü AûP¡u\] 

GuTûRÙm Utßm Yû[Ü Uôtßl ×s°Lû[Ùm LôiL: 

  (1) f(x) = (x − 1)1/3 (2) f(x) = x2 − x 

  (3) f(x) = 2x3 + 5x2 − 4x (4) f(x) = x4 − 6x2 

  (5)  f(θ) = sin 2θ  ;  (0, π) (6) y = 12x2 − 2x3 − x4 
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YûL«Pdá¥V Nôo©u ùTÚUm Utßm £ßUm B¡VYtû\ ØRp 

Y¬ûN YûLdùLÝ êXm úNô§jRp 

Uôß¨ûXl ×s° x0 Y¯VôL f ′(x) ùNpÛm 

úTôÕ f ′(x) Cu Ï± 

Uôß¨ûXl ×s°«u 

RuûU 

x < x0 x = x0 x > x0  

+ f ′ (x0) = 0 ApXÕ f ′ 
ùRôPof£Vt\ Nôo× 

− ùTÚUl ×s° 

− f ′ (x0) = 0 ApXÕ f ′  
ùRôPof£Vt\ Nôo× 

+ £ßUl ×s° 

+ f ′(x0) = 0 ApXÕ f ′ 
ùRôPof£Vt\ Nôo× 

+ ùTÚUØm CpûX 

£ßUØm CpûX, (Hßm 

Nôo×) Yû[Ü Uôtßl 

×s°VôL CÚdLXôm, 

− f ′(x0) = 0 ApXÕ f ′  
ùRôPof£Vt\ Nôo× 

− ùTÚUØm CpûX £ß -

UØm CpûX (C\eÏm 

Nôo×) Yû[Ü Uôtßl 

×s°VôL CÚdLXôm, 

CWiPôm Y¬ûN YûLdùLÝf úNôRû] 

f(x) Utßm f ′(x)Cu Uôß¨ûXl ×s°«p  f ′′(x) Cu Ï±Ls 
×s°«u 

RuûU 

 x = x0   

 f ′(x0) f ′′(x0)   

 0 − 
fCu Uôß 

¨ûXl ×s° 
ùTÚUl×s° 

 0 + 
fCu Uôß 

¨ûXl ×s° 
£ßUl×s° 

x < x0  f ′′(x0) x > x0  

+ 0 ApXÕ ≠ 0 0 − 
Yû[Ü 

Uôtßl×s° 

− 0 ApXÕ ≠ 0 0 + 
Yû[Ü 

Uôtßl×s° 

+ 0 ApXÕ ≠ 0 0 + 
HÕm ùNôpX 

Ø¥VôÕ 

− 0 ApXÕ ≠ 0 0 − 
HÕm ùNôpX 

Ø¥VôÕ 
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6, YûL ÖiL¦Rm : TVuTôÓLs-II 

(DIFFERENTIAL CALCULUS : APPLICATIONS -II) 

6,1 YûLÂÓLs. ©ûZLs Utßm úRôWôV U§l×Ls : 

 
dy
dx  Gu\ Ä©²hv (Liebnitz) Ï±ÂhûP x-I ùTôßjÕ y-Cu 

YûLd ùLÝûYd Ï±dLl TVuTÓjÕ¡uú\ôm, CRû] JÚ R² 

AXLôL LÚRXôúU J¯V CÕ JÚ ®¡Rm ApX, CkRl TÏ§«p dy 
Utßm dx-dÏ R²jR²úV ùTôÚs LôQlThPôÛm CYt±u 

®¡RUô]Õ YûLÂhûPj RWdá¥VRôÏm, CqYûL YûLÂÓLs 

Nôo×L°u úRôWôVUô] U§l×Lû[ LQd¡Pl TVuTÓ¡u\], 

YûWVû\ 1 : y = f(x)  JÚ YûL«PjRdL Nôo× GuL, dx Utßm dy 
GuTûY YûLÂÓLs G]lTÓm, CeÏ dx Gu\ YûLÂPô]Õ 

NôWôUô± BÏm, ARôYÕ dx-dÏ GkR JÚ ùUnùViûQÙm 

U§lTôLd ùLôÓdL Ø¥Ùm, B]ôp dy Gu\ YûLÂPô]Õ dx Gu\ 

YûLÂh¥u êXm  dy = f ′(x) dx   (dx ≈ ∆x) G] YûWVßdLlTÓ¡\Õ, 

Ï±l× :  
 (1) dx Utßm dy GuTûY CWiÓúU Uô±Ls BÏm, dx GuTÕ 

JÚ NôWô Uô± BÏm, dy GuTÕ x Utßm dx.-I NôokÕ 

CÚd¡\ NôokR Uô±VôÏm, f-Cu NôoTLj§Ûs[ 

GiL°−ÚkÕ xdÏ U§l×Lû[ GÓjÕd ùLôsÞm úTôÕ 

dxdÏ U§l×Ls ¡ûPd¡u\], CYt±−ÚkÕ dydÏ Gi 

U§l× LQd¡P Ø¥¡u\Õ, 

 (2) dx ≠ 0  CÚdÏmúTôÕ dy = f ′(x)dxCu CÚ×\Øm dxBp YÏdL 

ùT\lTÓYÕ  
dy
dx  = f ′(x) BÏm, CqYô\ôL 

dy
dx  B]Õ CeÏ 

YûLÂÓL°u ®¡Rm BÏm, 

GÓjÕdLôhÓ 6.1 : y = x3 + 2x2  
G²p  

  (i) dy LôiL, 

  (ii) x = 2 Utßm dx = 0.1 G] CÚdÏmúTôÕ dy-Cu U§l× Lôi, 

¾oÜ :  (i)  f(x) = x3 + 2x2
 G²p f ′(x)  = 3x2 + 4x G]úY dy = (3x2 + 4x) dx 

       (ii)  x = 2 Utßm dx = 0.1I ©W§«hPôp dy = (3 × 22 + 4 × 2)0.1  =  2. 
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6,1,1 YûLÂh¥u Y¥Yd L¦R ®[dLm : 
  P(x, f(x))  Utßm Q(x + ∆x, f(x +∆x)) 
GuT] f-dÏ¬V YûWTPj§Ûs[ 

×s°Ls. Utßm dx = ∆x GuL,  

 yCu JjR Uôt\m ∆y  = f(x + ∆x) − f(x) 
 PR Gu\ ùRôÓúLôh¥u NônÜ 

GuTÕ YûLÂhÓdùLÝ f ′(x) BÏm, 

G]úY. S-p CÚkÕ RdÏs[ úSW¥j 

çWm GuTÕ f ′(x) dx = dy  BÏm, 

 
 
 
 
 
 

TPm 6.1 

 G]úY dy GuTÕ ùRôÓúLôh¥u Ht\m ApXÕ Årf£«u 

A[ûYd Ï±d¡\Õ, xCp HtTÓm Uôt\Uô] dx-I ùTôßjÕ 

Yû[YûW y = f(x)-p HtTÓm Ht\m ApXÕ Årf£«u A[ûY ∆y 

Ï±d¡\Õ, 

 
dy
dx  = 

lim
 ∆x → 0   

∆y
 ∆x

 ,  ∆x £±VRôL CÚdÏm úTôÕ  
∆y
 ∆x

  ≈ 
dy
dx   ….(1)   

 Y¥Yd L¦R Øû\«p ∆x £±VRôL CÚdÏm úTôÕ Sôi  

PQ-Cu NônÜm P-Cp YûWVlThP ùRôÓúLôh¥u NônÜm ªLÜm 

ùSÚe¡VRôLd LôQlTÓm, dx = ∆x G] GÓjÕd ùLôiPôp 
(1)B]Õ ∆y ≈ dy  ….(2) G] B¡\Õ, CYt±−ÚkÕ ∆x £±VRôL 

CÚdÏm úTôÕ y-Cp HtTÓjÕm Uôt\m YûLÂÓ dydÏ ¡hPjRhP 

NUUôL CÚdÏm, úUÛm. CqYûLVô] ¨ûXLû[ Y¥Yd L¦R 

®[dLUôL TPm  6.1Cp LôhPlThÓs[Õ, yCp HtTÓm ùUnVô] 

Uôt\jûR  R²l©ûZ GuTo 
 yCu ùUnVô] ©ûZ ∆y ≈ dy. 

  
∆y
y  -Cu A[Ü = 

y p HtTÓjÕm ùUnVô] UôßRp

yCu ùUnVô] U§l×
  GuTÕ 

Nôo ©ûZ Utßm 



∆y

y   × 100 B]Õ NRÅR ©ûZ Gußm 

AûZdLlTÓm, (2)Cp ùT\lTÓm úRôWôV U§lûT TVuTÓj§ 

Nôo×L°u úRôWôV U§lûT LQd¡PXôm, f(a) GuTÕ JÚ 

ùLôÓdLlThP Gi G²p f(a+∆x)dÏ úRôWôV U§lûTd 

LQd¡PXôm, CeÏ dx  £±VÕ Utßm f(a + ∆x) = f(a) + ∆y.  BRôXôp 

(2)C−ÚkÕ  f(a + ∆x)  ≈  f(a) + dy    ….(3) 

GÓjÕdLôhÓ 6.2 : y = f(x)  = x3 + x2 − 2x + 1 G²p ∆y Utßm dy-I 

¸rdLôÔm ¨TkRû]dÏhThÓ LQd¡ÓL, (i) 2C−ÚkÕ 2.05dÏ x 

UôßmúTôÕ (ii) 2C−ÚkÕ 2.01dÏ x UôßmúTôÕ, 

P

x

R

Q

y = f (x)

0
x

y

x + ∆x

dx = ∆x

S
dy∆y

P

x

R

Q

y = f (x)

0
x

y

x + ∆x

dx = ∆x

S
dy∆y
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¾oÜ :  

(i)     f(2) = 23 + 22 − 2(2) + 1  = 9 

 f(2.05)  =  (2.05)3 + (2.05)2 − 2(2.05) + 1 = 9.717625. 
 Utßm     ∆y = f(2.05)  − f(2)  = 0.717625. 

ùTôÕYôL      dy = f ′(x) dx = (3x2 + 2x − 2)dx 

      x = 2,  dx = ∆x  = 0.05 G²p dy = [(3(2)2+2(2)−2] 0.05 = 0.7 

(ii) f(2.01) = (2.01)3 − (2.01)2 − 2(2.01) + 1 = 9.140701 
 ∴ ∆y = f(2.01) − f(2) = 0.140701 

      dx = ∆x = 0.01,  G²p dy = [3(2)2 + 2(2) − 2]0.01 = 0.14 
úUtÏ±l× : GÓjÕdLôhÓ 6.2Cp ∆xCu U§l× Cuàm £±VRôL 

CÚdûL«p ∆y ≈  dyCu úRôWôV U§l× Cuàm £\kRRôL 

AûU¡\Õ, úUÛm  ∆yI ®P dyI G°§p LQd¡P Ø¥Ùm, ªLÜm 

£dLXô] Nôo×LÞdÏ ∆y-Cu U§lûT N¬VôL LQd¡P Ø¥VôÕ, 

Ck¨ûXL°p YûLÂÓLû[l TVuTÓj§ úRôWôV U§l×Lû[d 

LôiTÕ ER®VôL CÚdÏm, 

GÓjÕdLôhÓ 6.3 : YûLÂÓLû[l TVuTÓj§ 
3

65dÏ úRôWôV 

U§l×Lû[d LôiL, 

¾oÜ : y = f(x)  = 
3

x   = x
1
3 

 GuL, dy = 
1
3 x 

−2
3  

dx 

 G]úY f(64) = 4 Utßm x = 64  Utßm dx = ∆x = 1 G]d 

ùLôsúYôm, 

 C§−ÚkÕ  dy = 
1
3  (64) 

−2
3  

(1)  =  
1

3(16)  =  
1

48  

 ∴  
3

65  = f(64 + 1) ≈ f(64) + dy   =  4 + 
1

48   ≈  4.021 

Ï±l× : 
3

65 Cu N¬Vô] U§l× = 4.0207257...BÏm, ∆x = 1BL 

CÚdûL«p YûLÂhûPl TVuTÓj§ úRôWôV U§l× ùT\lTÓm 

úTôÕ Sôm AûPÙm U§l× N¬Vô] U§l©p ØRp êuß RNU 

©u]eLÞdÏ NUUôL AûUYûRd Lôi¡ú\ôm, 
GÓjÕdLôhÓ 6.4 : JÚ úLô[j§u BWm 21 ùN,Á  G] 

A[®PlThÓs[Õ, AlúTôÕ HtThP ©ûZ A§ThNUôL  

0.05 ùN,Á G] LQd¡PlThÓs[Õ, CkR BWjûRl TVuTÓj§ 

úLô[j§u L] A[Ü LQd¡Óm úTôÕ HtTÓm ªL A§LThN 

©ûZûVd LôiL, 
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¾oÜ : úLô[j§u BWm r GuL, L] A[Ü V = 4
3 πr3. BWm 

LQd¡ÓmúTôÕ HtThP ©ûZ dr = ∆r G]d Ï±l©PXôm, G]úY. 

ARtÏ Ht\ôt úTôp L¦dLlThP L] A[®p HtTÓm ©ûZ   
∆V GuL, CûR úRôWôVUôL YûLdùLÝ®p Ï±l©ÓmúTôÕ   

∆V  ≈  dV = 4πr2 dr BÏm,  

 r = 21 Utßm dr=0.05, BL CÚdÏmúTôÕ dV = 4π(21)2 0.05 ≈ 277.  

 ∴ L] A[Ü LQd¡ÓmúTôÕ HtTÓm ªL A§LThN ©ûZ  

277 ùN,Á
3. 

Ï±l× : úUúX ùLôÓdLlThÓs[ GÓjÕdLôh¥p ¡ûPdLlùTt\ 

©ûZ ùT¬V A[®p CÚl©àm Al©ûZ«u Å¬VjûRf Nôo 

©ûZ«u (relative error) êXm LQd¡PXôm, 

 Nôo ©ûZVô]Õ L] A[Ü LQd¡Óm úTôÕ ¡ûPdLdá¥V 

©ûZdÏm. ùUôjR L] A[®tÏm Es[ ®¡RUôÏm, 

 
∆V
V   ≈ 

dV
V   ≈ 

277
38,808

  ≈ 0.00714 

 CqYô\ôL BWj§u Nôo ©ûZ dr
r    = 0.05

21    ≈ 0.0024  B]Õ L] 

A[®p HtTÓjÕm ©ûZ 0.007 BÏm, Cl©ûZLû[ Øû\úV 0.24% 
BWj§Ûm 0.7%  L] A[®Ûm HtTÓjÕm NRÅRl ©ûZL[ôL  

(percentage error) LÚRXôm, 

GÓjÕdLôhÓ 6.5 : JÚ R² FN−u ¿[m l Utßm ØÝ AûXÜ úSWm  
T G²p T = k l   (k GuTÕ Uô±−). R² FN−u ¿[m  

32.1 ùN,Á.C−ÚkÕ 32.0 ùN,Á,dÏ Uôßm úTôÕ. úSWj§p HtTÓm 

NRÅRl ©ûZûV LQd¡ÓL, 

¾oÜ :  T = k l    =  k l
1
2
 G²p  

   
dT
dl   = k 






1

2  × l
− 

1
2  =





k

2 l 
  Utßm dl = 32.0 − 32.1 = −0.1 ùN,Á 

TCp Es[©ûZ= TCp HtTÓm úRôWôVUô] Uôt\m 

 ∆T   ≈  dT = 



dT

dl    dl = 




k

2 l 
   (−0.1) 

 NRÅRl ©ûZ = 



∆T

T    × 100 %  =  

k
2 l 

 (−0.1)

k l 
  ×  100 %   
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  = 



−0.1

2l    × 100 %  =  



−0.1

2(32.1)    ×  100% 

  = − 0.156% 
 AûXÜ úSWj§p HtTÓm NRÅRl ©ûZ 0.156% Ïû\Ü BÏm, 
Uôtß Øû\ : T = k l   

 CÚ×\Øm UPdûL LôQ log T = log k + 
1
2  log l        

 CÚ×\Øm YûLÂÓ LôQ,  
1
T  dT = 0 + 

1
2   

1
l    ×  dl 

 i.e, 
∆T
T    ≈  

1
T  dT = 0 + 

1
2   

1
l    ×  dl 

 
∆T
T    × 100 = 

1
2  × 

dl
l    ×  100 

  = 
1
2  × 

(−0.1)
32.1    ×  100   

  = − 0.156% 
 ie.,  AûXÜ úSWj§p HtTÓm NRÅRl ©ûZ Ïû\Ü 0.156 BÏm, 

GfN¬dûL : UPdûL LôQjRdL Nôo×LÞdÏ UhÓúU UPdûLûV 

TVuTÓj§ YûLdùLÝ LQd¡P Ø¥Ùm Gu\ ùTôÕYô] 

ùLôsûLûV U]j§p ùLôs[ úYiÓm, 

GÓjÕdLôhÓ 6.6 : JÚ YhP Y¥Yj RLh¥u BWm 10 ùN,Á (± 0.02). 
CRu TWl× LQd¡Óm úTôÕ HtTÓm ©ûZûVd LQd¡ÓL, Utßm 

CRu NRÅRl ©ûZûVÙm LQd¡ÓL, 

¾oÜ : YhPj RLh¥u TWl× A = πr2
 úUÛm TWl× LQd¡Óm úTôÕ 

HtTÓm Uôt\m   
dA
dr    =  2πr,  úRôWôVUôL TWl©p HtTÓm Uôt\m  

∆A ≈ 2πr.dr = 10 ùN,Á, Utßm dr = 0.02   BL CÚdÏm úTôÕ  

∆A  ≈  (2πr)dr = (2π) (10)  (0.02)  ≈  0.4π ùN,Á
2 

 ∴ TWl× LQd¡PlTÓm úTôÕ HtTÓm úRôWôVl ©ûZ 

1.257 ùN,Á
2
 

 NRÅRl ©ûZ ≈ 




0.4π

π(10)2   × 100   =  0.4% 

GÓjÕdLôhÓ 6.7 : JÚ Gi¦u nBm T¥ êXm LQd¡PlTÓm 

úTôÕ HtTÓm NRÅRl ©ûZ úRôWôVUôL. AkR Gi¦u NRÅRl 

©ûZ«u 
1
n  UPeÏ BÏm G]d LôhÓL, 
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¾oÜ :  x GuTÕ Ko Gi GuL, 

    y = f(x)  =  (x) 
 
1
n 

  GuL,  log y = 
1
n  log x    

 CÚ×\Øm  YûLÂÓ LôQ Sôm AûPYÕ 
1
y dy = 

1
n × 

1
x  dx 

  i.e.,    
∆y
y   ≈ 

1
y dy  =  

1
n   .  

1
x   dx 

  ∴ 
∆y
y   × 100 ≈ 

1
n  



dx

x   × 100   

   = 
1
n  UPeÏ AkR Gi¦u NRÅRl ©ûZ, 

GÓjÕdLôhÓ 6.8 : x ÁhPo TdL A[Ü ùLôiP JÚ L] NÕWj§u 

TdLm 1% ùTÚÏm úTôÕ ARu L] A[®p HtTÓm úRôWôVUô] 

Uôt\jûR LQd¡ÓL, 

¾oÜ :   V = x3    ;     dV = 3x2 dx  G²p. 

 dx = 0.01x,    dV = 3x2 ×  (0.01x) = 0.03 x3 
Á

3. 

T«t£ 6.1 
 (1) ©uYÚm Nôo×LÞdÏ YûLÂÓ LQd¡ÓL, 

  (i)   y   = x5 (ii)   y  = 
4

x  (iii)  y  =  x4 + x2 + 1  

  (iv)  y  =  
x − 2

2x + 3  (v)   y  =  sin 2x (vi)  y  =  x  tan x 

 (2) YûLÂÓ dy LôiL, úUÛm ùLôÓdLlThP x Utßm dx-u 

U§l×LÞdÏ dy-u U§l×Lû[ LQd¡ÓL, 

  (i) y  =  1 − x2 ,  x = 5, dx = 
1
2 

  (ii) y =  x4 − 3x3+ x −1, x = 2, dx = 0.1. 

  (iii) y = (x2 + 5)3,   x = 1,   dx = 0.05 

  (iv) y =  1 − x ,  x = 0,  dx = 0.02   

  (v) y = cos x, x = 
π
6   dx = 0.05 

 (3) YûLÂÓLû[l TVuTÓj§ ©uYÚY]Yt±u úRôWôV 

U§l×Lû[ LQd¡ÓL, 

  (i)   36.1    (ii)   
1

10.1     (iii)  y  =  
3

1.02   + 
4

1.02  (iv)  (1.97)6 
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 (4) JÚ L] NÕWj§u ®°m× 30 ùN,Á G] LQd¡PlThÓs[Õ. 

AÕ LQd¡ÓmúTôÕ HtThP ©ûZ 0.1 ùN,Á, BÏm, 

YûLÂhûPl TVuTÓj§ ©uYÚY]Ytû\d LQd¡Óm úTôÕ 

HtTÓm A§L ThN ©ûZûVd LQd¡ÓL, (i) L] NÕWj§u L] 

A[Ü (ii) L] NÕWj§u ×\lTWl×. 
 (5) JÚ YhP Y¥Yj RLh¥u BWm 24 ùN,Á, LQd¸h¥p HtTÓm 

A§LThN ©ûZ 0.02 ùN,Á G]d ùLôiÓ 
  (i) YûLÂhûPl TVuTÓj§ YhPY¥Yj RLh¥u TWl× 

LQd¡Óm úTôÕ HtTÓm ªL A§L ©ûZ LôiL, 

  (ii)  Nôo ©ûZûVd LôiL, 

6,2 Yû[YûW YûWRp : 
 ÖiL¦Rm Utßm ARu TVuTôÓLs Tt± ªLf £\kR 

Øû\«p ùR¬kÕ ùLôs[ Nôo×L°u Y¥Yd L¦R YûWTPm ªLÜm 

ER®VôL AûUÙm, JÚ Nôo©u RuûUûV BWôV. AfNôo×dÏ¬V 

YûWTPj§u JqùYôÚ ×s°ûVÙm GÓjÕd ùLôiÓ BWônYÕ 

GuTÕ Nôj§VªpûX, CÚkRúTôÕm SmUôp Nôo×LÞdÏ¬V 

YûWTPeLû[ KW[ÜdÏ YûWkÕ. AûYL°u CVp×Ls Utßm 

Ti×Ls Tt± £X £\l×l ×s°Lû[d ùLôiÓ A±VXôm, CRû]l 

ùTßYRtÏ Sôm ©uYÚm Ej§Lû[ ûLVô[Xôm, 

(1) NôoTLm. ¿h¥l×. ùYhÓjÕiÓ Utßm B§   (Domain, Extent, 
Intercepts and origin) : 
 (i) xCu GmU§l×LÞdÏ y = f(x) Gu\ Nôo× YûWVßdLl 

TÓ¡\úRô AmU§l×Ls VôÜm úNokÕ ARu NôoTLjûRj 

¾oUô²dÏm, 

 (ii) ¡ûP UhPUôL (úUp ¸ZôL) Yû[YûW CÚdLd á¥VRû] 

x(y)-u U§l×LÞdÏ y(x)-u U§l×Ls ¡ûPlTÕ ùTôßjÕd 

LôQXôm, 

 (iii) x = 0 G]l ©W§«hÓ y ùYhÓj ÕiûPÙm y = 0 G] 

©W§«hÓ x ùYhÓj ÕiûPÙm LôQXôm, 
 (iv) (0,0)  Gu\ ×s° NUuTôhûP ¨û\Ü ùNnRôp 

Yû[YûWVô]Õ B§Y¯úVf ùNpÛm, 

 (2) NUfºo (Symmetry) :  ©uYÚm ¨TkRû]LÞdÏhThÓ 

Yû[YûWVô]Õ HúRàm JÚ úLôh¥tÏ NUfºWôL Es[Rô 

GuTRû]d LôQXôm : 

 (i) ydÏ T§p − y ©W§«ÓYRôp NUuTôÓ Uô\ôUp CÚkRôp 

Yû[YûWVô]Õ x-AfûNl ùTôßjÕ NUfºWôL Es[Õ 

G]lTÓm,  
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 (ii) xdÏ T§p − x ©W§«ÓYRôp NUuTôÓ Uô\ôUp CÚkRôp 

Yû[YûWVô]Õ y-AfûNl ùTôßjÕ NUfºWôL Es[Õ 

G]lTÓm,  
 (iii) x-dÏ T§p − xm ydÏ T§p − y-m ©W§«ÓYRôp NUuTôÓ 

Uô\ôUp CÚl©u Yû[YûWVô]Õ B§ûVl ùTôßjÕ 

NUfºWôL Es[Õ G]lTÓm, 

 (iv) x-dÏ T§p y-m. ydÏ T§p x-m ©W§«ÓYRôp NUuTôÓ 

Uô\ôUp CÚl©u  y = x Gu\ úLôhûPl ùTôßjÕ 

NUfºWôL Es[Õ G]lTÓm, 

 (v) x-dÏ T§p − y-m y-dÏ T§p − xm ©W§«ÓYRôp NUuTôÓ 

Uô\ôUp CÚl©u Yû[YûWVô]Õ y = − x Gu\ úLôhûPl 

ùTôßjÕ NUfºWôL Es[Õ G]lTÓm, 

 (3) ùRôûXj ùRôÓúLôÓLs (Asymptotes) (BV AfÑLÞdÏ 

CûQVôL Es[ûY UhÓm) : 
 x → ± ∞ Gàm úTôÕ y → c G²p  y =  c B]Õ x-AfÑdÏ 

CûQVô] ùRôûXj ùRôÓúLôÓ BÏm, (CeÏ c Ø¥Yô] 

ùUnùVi), 

 y → ± ∞ Gàm úTôÕ x → k G²p x = k B]Õ y-AfÑdÏ 

CûQVô] ùRôûXj ùRôÓúLôÓ BÏm, (CeÏ k-Ø¥Yô] 

ùUnùVi) 

 (4) K¬Vp× RuûU (Monotonicity) : ØRp Y¬ûN YûLdùLÝf 

úNôRû]ûVl TVuTÓj§ Yû[YûW Hßm ApXÕ C\eÏm 

RuûUdÏ x-Cu CûPùY°Lû[d LQd¡P úYiÓm, 

 (5)  £\l× ×s°Ls  (Special points)  (Yû[Üj RuûU) : 
 ØRp Y¬ûN Utßm CWiPôm Y¬ûN YûLdùLÝf 

úNôRû]Lû[l TVuTÓj§ Yû[YûW«u Ï¯Ü CûPùY°Ls 

Utßm Yû[Ü Uôt\l ×s°Lû[d LQd¡P úYiÓm, 

®[dL GÓjÕdLôhÓ : 

GÓjÕdLôhÓ 6.9 : y = x3 + 1 Gu¡\ Yû[YûWûV YûWL, 
¾oÜ : 
(1) NôoTLm. ¿h¥l×. ùYhÓjÕiÓLs Utßm B§ : 
 x-Cu GpXô ùUn U§l×LÞdÏm f(x) B]Õ 

YûWVßdLlTÓ¡\Õ, G]úY. f(x)Cu NôoTLm (−∞, ∞) Gu¡\ ØÝ 

CûPùY° BÏm, ¡ûPUhP ¿h¥l× −∞ < x < ∞  Utßm ¨ûX ÏjÕ 

¿h¥l× − ∞ < y < ∞ BÏm, x = 0  G²p yCu ùYhÓj ÕiÓ + 1 

Utßm y = 0  G²p xCu ùYhÓjÕiÓ −1 GuTÕ ùR°Ü, 

Yû[YûW«u NUuTôhûP (0,0) ¨û\Ü ùNnVôRRôp. 

AqYû[YûW B§ Y¯VôLf ùNpXôÕ GuTÕ ùY°lTûPVô¡\Õ, 
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(2) NUfºo úNôRû] : NUfºo úNôRû]L°p CÚkÕ 

Yû[YûWVô]Õ GkR JÚ NUfºo TiûTÙm AûPV®pûX 

GuTÕ ùR°Yô¡\Õ, 

 (3) ùRôûXj ùRôÓúLôÓLs : x → c (c Ø¥Üs[ Gi) G²p  

y  B]Õ ± ∞I úSôd¡f ùNpXôÕ, CRu UßRûXÙm EiûU. 

G]úY GkR JÚ ùRôûXj ùRôÓúLôÓm AûUVôÕ, 

 (4) K¬Vp× RuûU : GpXô xdÏm y′ ≥ 0 BRXôp. Yû[YûWVô]Õ 
(−∞,∞) ØÝYÕUôL HßØLUôLf ùNpÛm GuTûR ØRp Y¬ûN 

YûLf úNôRû] êXm A±¡ú\ôm,  
(5)£\l× ×s°Ls :  

 (−∞, 0) Gu\ CûPùY°«p 

¸r×\UôL Ï¯YôLÜm (0, ∞) Gu\ 

CûPùY°«p úUt×\UôL Ï¯YôLÜm 

CÚdÏm G] A±¡ú\ôm, 

x < 0 G²p y′′ = 6x < 0 ,  x > 0  G²p  

y′′ = 6x > 0  Utßm x = 0  G²p y′′ = 0. 
C§−ÚkÕ (0,1)  B]Õ Yû[Ü Uôtßl 

×s° BÏm, 

 

 
 
 
 

 

 

 

 

 

TPm 6.2 

GÓjÕdLôhÓ 6.10 : 

  y2 = 2x3
Gu\ Yû[YûWûV YûWL, 

¾oÜ : 
(1) NôoTLm. ¿h¥l×. ùYhÓjÕiÓ Utßm B§ : 

 x ≥ 0 G] CÚdÏm úTôÕ y GuTÕ SuÏ YûWVßdLlThÓs[Õ, 

x → + ∞ G²p y → ± ∞ G]úY Yû[YûWVô]Õ ØRp Utßm 

SôuLôm Lôp TÏ§«p LôQl ùTßm Af£u ùYhÓl ×s°Ls  
x = 0 ⇒  y = 0  Utßm y =  0 ⇒ x  = 0 

 G]úY Yû[YûWVô]Õ B§Y¯úVf ùNp¡\Õ GuTÕ ùR°Ü, 

 (2) NUfºo úNôRû] :   
 NUfºo úNôRû]«p CÚkÕ Yû[YûWVô]Õ x-Af£tÏ 

UhÓúU NUfºWô]Õ G] A±¡ú\ôm, 
(3) ùRôûXj ùRôÓúLôÓLs :  
 x → + ∞ G²p y → ± ∞ CRu UßRûXÙm EiûU, G]úY. 

Yû[YûWdÏ ùRôûXj ùRôÓúLôÓLs ¡ûPVôÕ,  

2 4
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 (4) K¬Vp× RuûU :  

 ∴ y = 2 x3/2 Gu\ ¡û[«p Yû[YûW HßØLUôL CÚdÏm, 

Hù]²p x > 0dÏ 
dy
dx > 0 

 y = − 2x3/2 Gu\ ¡û[«p CÕ C\eÏ ØLUôL CÚdÏm,  

Hù]²p x > 0dÏ 
dy
dx < 0 

 (5) £\l×l ×s°Ls: (0,0) GuTÕ CRu Yû[Ü Uôtßl ×s°VpX. 

CkR Yû[YûWûV AûW L] TWYû[Vm GuTo, 

 
Ï±l× :  
 (0, 0) Gu\ ×s°«p ¡ûPdÏm 

CWiÓ ùRôÓúLôÓLs Ju± 

®ÓYRôp. B§ JÚ £\l× 

×s°VôÏm, AjRûLV ×s°ûV  

‘áo’ (cusp) Guß AûZlTo, 

 
 
 
 
 
 

TPm 6.3 

GÓjÕdLôhÓ 6.11 :  

 y2 ( 1 + x)  = x2  (1 − x) Gu\ Yû[YûWdÏ 

 (i)  Yû[YûW LôQlTÓm TÏ§ (ii)  NUfºo 

 (iii) ùRôûXj ùRôÓúLôÓLs  (iv) Li¦Ls 

 B¡VYtû\ BWônL, 

¾oÜ  :   

(i) Yû[YûW LôQlTÓm TÏ§ : x > 1 Utßm x ≤ −1dÏ 

ùLôÓdLlThP Nôo× SuÏ YûWVßdLlTP ®pûX, −1< x ≤1 
Gu\ CûPùY°«p UhÓm Yû[YûW LôQlTÓm,  

(ii) NUfºo: Yû[YûWVô]Õ x-AfûNl ùTôßjÕ UhÓúU NUfºo 

EûPVÕ, 

(iii) ùRôûXj ùRôÓúLôÓLs : x = −1 B]Õ Yû[YûW«u 

¨ûXdÏjÕ ùRôûXj ùRôÓúLôÓ BÏm, CÕ  

y Af£tÏ CûQVôL CÚdÏm, 

(0,0)
x

y

(0,0)
x

y
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(iv) Li¦Ls : Yû[YûWVô]Õ (0,0)  Gu\ ×s° Y¯úV CÚØû\ 

ùNp¡\Õ, G]úY x = 0 Utßm x  = 1dÏ CûPúV JÚ Li¦ 

EÚYôÏm, 

 
 
 
 
 
 
 

TPm 6.4 

GÓjÕdLôhÓ 6.12 : a2 y2 =  x2 (a2  − x2), a > 0 Gu\ Yû[YûWdÏ 

 (i)  Yû[YûW LôQlTÓm TÏ§ (ii)  NUfºo 

 (iii) ùRôûXj ùRôÓúLôÓLs (iv) Li¦Ls 

 B¡VYtû\ BWônL, 

¾oÜ :   
(i) Yû[YûW LôQlTÓm TÏ§ : ùLôÓdLlThP Nôo×  

(a2 − x2) ≥ 0dÏ SuÏ YûWVßdLlThÓs[Õ, i.e., x2 ≤ a2 i.e., x ≤ a 
Utßm x ≥ − adÏ YûWVßdLlThÓs[Õ,  

(ii) NUfºo : CqYû[YûW x –AfÑ Utßm y-AfÑLÞdÏ NUfºo BL 

Es[Õ GuTÕ ùR°Ü, G]úY CÕ B§ûVl ùTôßjÕm NUfºo 

BL Es[Õ, 

 (iii) ùRôûXj ùRôÓúLôÓLs : CRtÏ ùRôûXj ùRôÓúLôÓLs 

¡ûPVôÕ, 

 (iv) Li¦Ls : −a  <  x < 0  Utßm 0 < x < a G²p  y2 > 0  ⇒   
y B]Õ ªûL ApXÕ Ïû\ GiQô«ÚdLXôm,  

 ∴ x = 0 Utßm x = adÏ CûPúV JÚ Li¦Ùm  x = 0 Utßm  

x = −adÏ CûPúV Utù\ôÚ Li¦Ùm LôQlTÓm, 
 
 
 
 
 
 
 

TPm 6.5 

 

-a
(0,0)

a x

y

-a
(0,0)

a x

y

(-
1,

0)

(0,0)

x
= 

-1

(1,0)
x

y

(-
1,

0)

(0,0)

x
= 

-1

(1,0)
x

y



 88

GÓjÕdLôhÓ 6.13 : y2  =  (x − 1) (x − 2)2 
Gu\ Yû[YûWdÏ 

 (i)  Yû[YûW LôQlTÓm TÏ§ (ii)  NUfºo 

 (iii) ùRôûXj ùRôÓúLôÓLs (iv) Li¦Ls 

B¡VYtû\ BWônL, 

¾oÜ :   
(i) Yû[YûW LôQlTÓm TÏ§ : (x − 1)  < 0dÏ CqYû[YûW 

YûWVßdLlTP®pûX,   ie., x < 1 G] CÚdÏm úTôÕ R.H.S. 

Ïû\ Gi ⇒ y2 < 0 G] CÚdL Ø¥VôÕ, Yû[YûW x ≥ 1dÏ 

UhÓúU YûWVlTÓ¡\Õ, 
(ii) NUfºo: CkR Yû[YûWVô]Õ x-AfÑdÏ NUfºo BL CÚdÏm. 
(iii) ùRôûXj ùRôÓúLôÓLs : CkR Yû[YûWdÏ ùRôûXj 

ùRôÓúLôÓLs ¡ûPVôÕ, 

(iv) Li¦Ls : ùR°YôL (1, 0) Utßm (2, 0) B¡VYt±tÏ CûPúV 

JÚ Li¦ EÚYôÏm,  

 
 
 
 
 
 
 
 

TPm  6.6 

T«t£ 6.2 

 (1)   y  = x3
 Gu\ Yû[YûWûV YûWL,  

¸rdLôÔm Yû[YûWLÞdÏ 

 (i)  Yû[YûW LôQlTÓm TÏ§ (ii)  NUfºo 

 (iii) ùRôûXj ùRôÓúLôÓL°u  (iv) Li¦Ls 

  B¡VYtû\ BWônL, 

 (2) y2  =  x2 (1 − x2) (3)   y2 (2 + x)  =  x2 (6 − x) 

 (4)  y2  =  x2  (1 − x) (5)  y2  =  (x − a)  (x − b)2   ;  a, b  >  0,  a > b. 

6,3 TÏ§ YûL«Pp : 
 JÚ Sôh¥u ùTôÚ[ôRôWm (E) TX LôW¦Lû[l ùTôßjÕ 

AûU¡u\Õ, JÚ T«¬u ®û[fNp (Y) UûZ. Ui. EWm úTôu\ 

LôW¦Lû[l ùTôßjÕ AûU¡u\Õ, CúRl úTôp JÚ ÏZkûR«u 

SPjûR (C) ARu ùTtú\ôoL°u SPjûR. Ñtßl×\f ãZp¨ûX 

0
x

y

1 2 3

1

2

0
x

y

1 2 3

1

2
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CûYLû[l ùTôßjÕ AûU¡u\Õ, NUR[ Y¥®V−p TWl× (A) L] 

A[Ü (V) úTôu\ûY ¿[m. ALXm Utßm EVWm B¡VYt±u 

A[ÜLû[d ùTôßjÕ AûU¡u\], úUtÏ±l©hP ùTôÚ[ôRôWm. 

®û[fNp. SPjûR. TWl× ApXÕ L] A[Ü CûYVôÜm Juß 

ApXÕ ARtÏ úUtThP LôW¦Lû[l ùTôßjÕ AûU¡u\], 

HúRàm JÚ Uôt\m JÚ Uô±«p HtTÓm úTôÕ AûRf NôokR 

Uô±Ls E,Y,C, A ApXÕ V B¡VYt±p ¨LZdá¥V Uôt\eLû[l 

Tt± Sôm ùR¬kÕ ùLôsYÕ ªL AY£Vm, CkR £ß Uôt\eLs 

GpXô NôWô Uô±L°úXô ApXÕ £X Uô±L°p UhÓUôLúYô 

CÚdLXôm, JÚ NôokR Uô±Vô]Õ JußdÏ úUtThP NôWô 

Uô±Lû[d ùLôi¥ÚdÏm úTôÕ NôokR Uô±«u ÁÕ JÚ NôWô Uô± 

HtTÓjÕm Uôt\j§û] LQd¡P ©\ NôWô Uô±Lû[ ¨ûXlTÓj§d 

ùLôs[ úYiÓm, CkR Uô§¬Vô] Uôt\eL°u  BnYô]Õ TÏ§ 

YûL«Pp Gu\ ùLôsûLûV SUdÏ RÚ¡u\Õ, 

 CYt±p ùR°Ü ùT\. JÚ 

ùNqYLj§u ¿[m x, ALXm y, 
TWl× A  GuL, G]úY  
A  = xy  =  f(x,y).  CeÏ A GuTÕ 

x, y Gu\ CWiÓ NôWô 

Uô±Lû[f NôokÕs[Õ, 
 A = xy = abcd-Cu TWl× 

 
 
 
 
 

TPm 6.7 

 yCp JÚ £ß Uôt\m HtThPRôLd ùLôsúYôm, ie., ydÏ T§p  

y + ∆y G]d ùLôsúYôUô«u ×§V TWl× A′ = x(y + ∆y). CeÏ xdÏ 

GkR Uôt\Øm ùNnVlTP®pûX, B]ôp TWl©p Uôt\m 

HtThÓs[Õ, CûRl úTôp ydÏl T§p x-p Uôt\m ùNnRôp Sôm 

AûPÙm ×§V TWl×  abgh = A′′ = (x + ∆x)y. 
 x Utßm y B¡V CWi¥ÛúU £ß Uôt\eLs HtTÓUô]ôp Sôm 

TWl©Ûm Uôt\jûRd LôQ Ø¥¡\Õ,  

 CkR TWl× (x +∆x)  (y + ∆y) = TWl× aeih. 
 CeÏ Sôm JÚ Uô±−«p UhÓm Uôt\m HtTÓj§ Ut\ Uô±Ls 

Uô\ôUp CÚlTRôL LhÓlTÓj§d ùLôsúYôm, Sôm CWiÓ 

ApXÕ êuß NôWôR Uô±Ls EûPV Nôo×Lû[ Tt± UhÓúU 

GÓjÕd ùLôsúYôm, JÚ NôoTô]Õ Juß ApXÕ JußdÏ 

úUtThP Uô±Lû[l ùTôßjÕ AûUÙm úTôÕ ùRôPof£ 

NmTkRlThP LQdÏLÞm GpûX NmTkRlThP ùNnØû\Lû[Ùm 

Sôm HtL]úY T¥jR JúW JÚ NôWô Uô±dÏ¬V YûL«Pp LQdÏLs 

úTôuú\ LôQXôm, 

 

a b

d c

e

f

h g

∆x

∆y

x

y

A
a b

d c

e

f

h g

∆x

∆y

x

y

A
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TÏ§ YûLd ùLÝdLs :  

      (x
0
,y

0
) GuTÕ f(x,y)-Cu NôoTLj§p HúRàm JÚ ×s° GuL,  

u = f(x, y) GuL,,  (x0,y0)  Gu\ ×s°«p x-I ùTôßjÕ u-Cu TÏ§ 

YûL«PûX YûWVßlúTôm, ¸rdLôÔm GpûXd LôQlùT±u. 

CRû] x = x0 Gu\ ×s°«p f(x,y
0
)-Cu x-Il ùTôßjÕ NôRôWQ 

YûLd ùLÝYôL YûWVßdLXôm,  

 i.e.,  
∂u

∂x
  

(x0, y0)
  = 

d
dx  f(x,y0)  

x = x0

 = 
lim

h → 0  
f(x0 + h, y0) − f(x0,y0)

h  .  

 CRû] (x0, y0)-Cp  fx ApXÕ ux G]d Ï±l©PXôm, 

 CûRl úTôp ¸rdLôÔm GpûXd LôQlùT±u yI ùTôßjÕ  

(x0,y0) Gu\ ×s°«p u  = f(x,y)-Cu TÏ§YûLd ùLÝYô]Õ 

   
∂u

∂y
  

(x0, y0)
  = 

d
dy  f(x0,y)  

y = y0

 = 
lim

h → 0   
f(x0, y0 + h) − f(x0,y0)

h  .  

 CRû] (x0, y0)Cp fy ApXÕ uy G] Ï±l©PXôm, 

 JÚ Nôo×dÏ HúRàm JÚ ×s°«p TÏ§ YûLd ùLÝdLû[d 

LôQ Ø¥kRôp. Al×s°«p Nôo× YûL«PjRdLÕ G]lTÓm, 

CdùLôsûL NôoTLj§u GpXô ×s°L°PjÕm 

YûL«PjRdLRô«u NôoTLj§p YûL«PjRdLÕ  GuTRôÏm, TÏ§ 

YûLd ùLÝdLû[d LôÔm Øû\ûV TÏ§ YûL«Pp Gu¡ú\ôm, 

úUtÏ±l× :  CeÏ Sôm CWiÓ ApXÕ êuß Uô±Ls EûPV 

ùRôPof£Vô] Nôo×L°u. ùRôPof£Vô] ØRp YûL TÏ§YûLd 

ùLÝdLû[l Tt± TôolúTôm, 

CWiPôm Y¬ûN TÏ§ YûLÂÓ :  u  = f(x,y) Gu\ NôoûT Sôm 

CÚØû\ YûL«Pp ùNnRôp Sôm AûPYÕ CWiPôm Y¬ûN 

YûLd ùLÝ BÏm, CRû]  

 
∂2f

∂x2  = 
∂
∂x

   



∂f

∂x
     ;   

∂2f

∂y2  =  
∂
∂y

   



∂f

∂y
  Utßm 

 
∂2f

 ∂x ∂y
  = 

∂
∂x

   



∂f

∂y
    =  

∂
∂y

 



∂f

∂x
  =  

∂2f
 ∂y ∂x

   G] YûWVßlTo, 

 CRû] fxx ApXÕ uxx,  fyy ApXÕ uyy G] Ï±l©ÓYo, 

 úUÛm fxy  =  fyx  ApXÕ uxy  = uyx BÏm, 
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 CeÏ Nôo× Utßm ARu TÏ§ YûLd ùLÝdLs 

ùRôPof£Vô]ûYVôRXôp YûLlTÓjRlTÓm Y¬ûN Øû\ûVl 

Tt± ùTôÚhTÓjR úYi¥V§pûX GuTûR ùR¬kÕ ùLôsL, 

(ëX¬u ùLôsûLlT¥), 

CWiÓ Uô±LÞdÏ¬V Ne¡− ®§ (Nôo©u Nôo× ®§) : 

 u = f(x,y) GuTÕ YûL«PjRdL 

Nôo× GuL, Utßm x, y GuT] 

YûL«PjRdL t-Bp B] 

Nôo×Ls G²p u GuTÕ tCp 

YûL«PjRdL Nôo× BÏm, 

úUÛm  

 
du
dt   = 

∂f
∂x

   
dx
dt    +  

∂f
∂y

   
dy
dt   

    ¡û[jRp YûWTPm CWiÓ 

Uô±LÞdÏ¬V Ne¡− ®§ûV 

U\dLô§ÚdL ERÜm, 

 
 
 
 
 
 
 

 
 

TPm 6.8 

êuß Uô±LÞdÏ¬V Ne¡− ®§ (Nôo©u Nôo× ®§) : 

 u = f(x,y, z) GuTÕ 

YûL«PjRdL Nôo× GuL, 

Utßm x, y, z GuTûY YûL«Pj 

RdL t-Bp B] Nôo×Ls G²p u 

GuTÕ  t-Cp YûL«Pj 

RdLRô] Nôo× BÏm, úUÛm 

    
du
dt   = 

∂f
∂x

   
dx
dt    +  

∂f
∂y

   
dy
dt   + 

∂f
∂z

   
dz
dt  

 
 
 
 
 
 
 
 

TPm 6.9 

 ¡û[jRp YûWTPm êuß Uô±L°u Ne¡− ®§ûV 

U\dLô§ÚdL ERÜm, 

TÏ§ YûLÂÓLÞdÏ¬V Ne¡− ®§ : 

 w = f(u,v), u = g(x,y),      v = h (x,y)  G²p 

  
∂w
∂x

  = 
∂w
∂u

   
∂u
∂x

   +  
∂w
∂v

   
∂v
∂x

    ;   
∂w
∂y

  = 
∂w
∂u

   
∂u
∂y

   +  
∂w
∂v

   
∂v
∂y

  

∂u / ∂x

dx / dt

∂u / ∂y

dy / dt

x y

u = f (x,y) dependent variable

t independent variable

∂u / ∂x

dx / dt

∂u / ∂y

dy / dt

x y

u = f (x,y) dependent variable

t independent variable

∂u / ∂x

dx / dt

∂u / ∂z

dz / dt

x z

u dependent variable

t independent variable

y

∂u
 /

∂y
dy

/d
t

∂u / ∂x

dx / dt

∂u / ∂z

dz / dt

x z

u dependent variable

t independent variable

y

∂u
 /

∂y
dy

/d
t
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TPm 6.10 

NUlT¥jRô] Nôo×Ls : 
 TX Uô±L[ôXô] JÚ Nôo× nBm T¥«p NUlT¥jRô]Rô«ÚdL 

úYiÓUô«u. JqùYôÚ Uô±ûVÙm tBp (t > 0) ùTÚdÏYRu 

®û[Yô]Õ. ùLôÓdLlThP NôoûT  tnBp ùTÚdÏYRtÏf NUUôL 

CÚjRúX BÏm, f(x,y) B]Õ n-Bm T¥«p NUlT¥jRô] NôoTô«u.  

 f(tx, ty) = tn f(x,y) Gu\ ¨TkRû] EiûUVôÏm, 

ëX¬u úRt\m : 
 f(x,y)  GuTÕ n-Bm T¥ NUlT¥jRô] Nôo× G²p.  

 x 
∂f
∂x

  + y 
∂f
∂y

  = nf BÏm, 

úUtÏ±l× :  ëX¬u úRt\jûR CWiÓdÏ úUtThP Uô±LÞdÏm 

®¬ÜTÓjRXôm, 

GÓjÕdLôhÓ 6.14 : u(x,y) = x4 + y3  + 3x2 y2 + 3x2y G²p 

 
∂u
∂x

 ,  
∂u
∂y

 ,  
∂2u

∂x2 ,  
∂2u

∂y2 , 
∂2u

∂x ∂y
  Utßm 

∂2u
∂y∂x

  LQd¡ÓL, 

¾oÜ : 
∂u
∂x

  = 4x3  + 6xy2  + 6xy  ;  
∂u
∂y

  = 3y2  + 6x2y  + 3x2 

 
∂2u

∂x2  = 12x2  + 6y2  + 6y  ;  
∂2u

∂y2  = 6y  + 6x2   

 
∂2u

∂x ∂y
  = 12 xy + 6x  ;   

∂2u
∂y∂x

  = 12xy  + 6x 

 u Utßm ARu ØRp Y¬ûNl TÏ§ YûLdùLÝdLs B¡VûY 

ùRôPof£Vô]RôL Es[Rôp 
∂2u

∂x ∂y
  =  

∂2u
∂y∂x

  EiûUVôÏm GuTûR 

LÚj§p ùLôsL, 

∂w / ∂u

∂u / ∂x

∂w / ∂v

∂v / ∂x

u v

w = f (u,v)

x

∂w / ∂u

∂u / ∂x

∂w / ∂v

∂v / ∂x

u v

w = f (u,v)

x

∂w / ∂u

∂u / ∂y

∂w / ∂v

∂v / ∂y

u v

w = f (u,v)

y

∂w / ∂u

∂u / ∂y

∂w / ∂v

∂v / ∂y

u v

w = f (u,v)

y
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GÓjÕdLôhÓ 6.15 : u = log (tan x + tan y + tan z) G²p ∑ sin 2x  
∂u
∂x

  =  2 

G] ¨ì©, 

¾oÜ : 
∂u
∂x

  = 
sec2x

tanx + tany + tanz 

 sin 2x 
∂u
∂x

  = 
2 sin x cos x . sec2x
tan x + tan y + tan z  = 

2 tan x
tan x + tan y + tan z  

 CûRl úTôuß  sin 2y 
∂u
∂y

  = 
2 tan y

tan x + tan y + tan z  

 sin 2z 
∂u
∂z

  = 
2 tan z

tan x + tan y + tan z  G]d LôQXôm, 

 L.H.S. = ∑ sin 2x 
∂u
∂x

  = 
2 (tan x + tan y + tan z)

tan x + tan y + tan z    =  2  =  R.H.S 

GÓjÕdLôhÓ 6.16 :   

 U = (x − y) (y − z)  (z − x)  G²p Ux + Uy + Uz = 0 G]d LôhÓL, 

¾oÜ : Ux = (y − z) { }(x − y) (− 1) + (z − x).1  

  = (y − z) [(z − x) − (x − y)]  
CûRlúTôuß  Uy= (z − x) [(x − y) − (y − z)]   

 Uz = (x − y) [(y − z) − (z − x)]   

 Ux + Uy + Uz = (y − z) [(z − x) − (z − x)]  +  (x − y) [− (y − z) + (y − z)]  

    +  (z − x) [(x − y) − (x − y)] 
  = 0 

GÓjÕdLôhÓ 6.17 : z = ye
x2

   Gu\ Nôo©p x = 2t Utßm y = 1 − t  

GàUôß CÚl©u 
dz
dt  LôiL, 

¾oÜ : 
dz
dt  = 

∂z
∂x

   
dx
dt   + 

∂z
∂y

   
dy
dt   

 
∂z
∂x

  = ye
x2

2x   ;   
∂z
∂y

  = e
x2

 ;   
dx
dt   = 2 ;  

dy
dt   =  −1 

 
dz
dt  = y 2x e

x2
   (2)  +  e

x2
 (−1) 

  = 4 xy e
x2

− e
x2

 = e
4t2[ ](8t (1 − t) − 1)  = e

4t2
(8t − 8t2 −1) 
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GÓjÕdLôhÓ 6.18 :  w = u2 ev  Gu\ Nôo©p u  = 
x
y  Utßm v = y log x 

GàUôß CÚl©u 
∂w
∂x

   Utßm 
∂w
∂y

  LôiL, 

¾oÜ :   
∂w
∂x

  = 
∂w
∂u

  
∂u
∂x

  + 
∂w
∂v

   
∂v
∂x

   ; Utßm  
∂w
∂y

  = 
∂w
∂u

  
∂u
∂y

  + 
∂w
∂v

   
∂v
∂y

   

 
∂w
∂u

 = 2uev  ;   
∂w
∂v

  =  u2ev  ;   

 
∂u
 ∂x

  = 
1
y   ;  

∂u
∂y

  =  
−x

y2  

 
∂v
∂x

  = 
y
x   ;    

∂v
∂y

    =   log x. 

 ∴  
∂w
∂x

  = 
2uev

y  +  u2ev  
y
x = xy  

x

y2  (2 + y) 

 ∴  
∂w
∂y

  = 2uev  
−x

y2  +  u2ev  log x 

  = 
x2

y3  xy  [ylog x − 2],  (u = 
x
y Utßm v = y log x G]l ©W§«P) 

GÓjÕdLôhÓ 6.19 : w = x + 2y + z2  Gu\ Nôo©p x = cos t ; y = sin t ;  

z  = t G²p 
dw
dt   LôiL, 

¾oÜ : 
dw
dt   = 

∂w
∂x

  
dx
dt   + 

∂w
∂y

   
dy
dt   + 

∂w
∂z

  
dz
dt  

   
∂w
∂x

  = 1  ;  
dx
dt    =  − sin t 

 
∂w
∂y

  = 2  ;  
dy
dt    =  cos t 

 
∂w
∂z

  = 2 z  ; 
dz
dt   =  1 

 ∴  
dw
dt   = 1 ( − sin t) +  2 cos t + 2z = − sin t + 2 cos t + 2 t 

GÓjÕdLôhÓ 6.20 : f(x,y) = 
1

x2 + y2 
dÏ ëX¬u úRt\jûR N¬TôodL,  
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¾oÜ :  f(tx, ty) = 
1

t2 x2 + t2y2 
   = 

1
t    f(x,y) = t−1 f(x, y) 

∴  f GuTÕ T¥ −1 EûPV NUlT¥jRô] Nôo×, G]úY ëX¬u 

úRt\j§uT¥  x 
∂f
∂x

  + y 
∂f
∂y

  = −f BÏm, 

N¬TôojRp :  fx = − 
1
2 

2x

( )x2 +y2
3/2

 

   =  
−x

( )x2 +y2
3/2

 

  

 CûRl úTôuß, fy = 
−y

( )x2 +y2
3/2

 

  G]d LôQXôm, 

 x  fx  + y  fy = −  
x2 + y2

( )x2 +y2
3/2

 

  = 
−1

x2 + y2
   = − f.  

ëX¬u úRt\m N¬TôodLlThPÕ, 

GÓjÕdLôhÓ 6.21 : u GuTÕ T¥ n ùLôiP NUlT¥jRô] x, yCp 

AûUkR Nôo× G²p.  x 
∂2u

 ∂x ∂y
   +  y 

∂2u

∂y2  = (n − 1) 
∂u
∂y

  G]d LôhÓL, 

¾oÜ  :  U GuTÕ x, yCp T¥ n ùLôiP NUlT¥jRô] Nôo×,  

Uy GuTÕ  x, yCp T¥ (n − 1) EûPV NUlT¥jRô] Nôo×. ëX¬u 

úRt\j§uT¥ Uy dÏ TVuTÓj§ Sôm ùTßYÕ. 

 x(Uy)x + y (Uy)y = (n −1) Uy 

 i.e.,   xUyx + y Uyy = (n −1) Uy 

 i.e.,  x 
∂2u

 ∂x ∂y
   +  y 

∂2u

∂y2  = (n − 1) 
∂u
∂y

  

GÓjÕdLôhÓ 6.22 : u = sin−1 




x − y

x + y
 G²p ëX¬u úRt\jûRl 

TVuTÓj§ x 
∂u
∂x

 + y 
∂u
∂y

 = 
1
2 tan u G]d LôhÓL,  

¾oÜ: R.H.S. NUlT¥jRô] Nôo× ApX, G]úY  

 f = sin u = 
x − y
x + y

  G] YûWVßdLÜm, ClúTôÕ   f GuTÕ. T¥ 
1
2 

EûPV NUlT¥jRô] Nôo×, 



 96

 ∴ ëX¬u úRt\j§uT¥, x 
∂f
∂x

 + y 
∂f
∂y

 = 
1
2 f 

 i.e., x . 
∂
∂x

 (sin u) + y 
∂
∂y

 (sin u) = 
1
2 sin u 

 x 
∂u
∂x

 . cos u + y 
∂u
∂y

 . cos u = 
1
2 sin u 

 x 
∂u
∂x

 + y 
∂u
∂y

 = 
1
2 tan u 

T«t£ 6.3 

 (1) ©uYÚm Nôo×LÞdÏ  
∂2u

 ∂x ∂y
  = 

∂2u
 ∂y ∂x

  GuTûR N¬TôodL : 

  (i)  u  = x2 + 3xy  + y2     (ii)  u  = 
x

y2   − 
y

x2        

  (iii)  u = sin 3x cos 4y (iv)  u  = tan−1 



x

y  . 

 (2) (i) u  = x2 + y2  G²p.  x 
∂u
∂x

  + y 
∂u
∂y

  = u G]dLôhÓL, 

  (ii) u  = e

x
y
 sin 

x
y  + e

y
x
   cos  

y
x  G²p.  x 

∂u
∂x

  + y 
∂u
∂y

  =  0  G]dLôhÓL, 

 (3) ©uYÚY]Yt±tÏ Ne¡− ®§ûVl TVuTÓj§ 
dw
dt -I LQd¡ÓL, 

    (i)  w  =  e xy . CeÏ  x = t2,   y = t3 

   (ii)  w  =  log (x2 + y2).   CeÏ x = et,  y = e− t 

  (iii)  w  =  
x

 (x2 + y2)
   CeÏ x = cos t,  y =  sin t.  

  (iv)  w  = xy + z  CeÏ  x = cos t,  y  = sin t, z = t 

 (4) (i) x = r cos θ, y = r sin θ Guß CÚdÏUôß w  = log (x2 + y2) G] 

YûWVßdLlTÓ¡\Õ G²p  
∂w
∂r

  Utßm 
∂w
∂θ  Id LôiL, 

  (ii) x = u2 − v2,  y = 2uv Guß CÚdÏUôß w  = x2 + y2
 G] 

YûWVßdLlTÓ¡\Õ G²p 
∂w
∂u

  Utßm 
∂w
∂v

 Id LôiL,      
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  (iii)  x = u + v,  y = u − v Guß CÚdÏUôß w  = sin−1 (xy) G] 

YûWVßdLlTÓ¡\Õ G²p. 
∂w
∂u

  Utßm 
∂w
∂v

 Id LôiL,  

 (5) ëX¬u úRt\jûRl TVuTÓj§ ©uYÚY]Ytû\ ¨ì©dL: 

  (i) u = tan−1 



x3 + y3

x− y
   G²p   x 

∂u
∂x

  + y 
∂u
∂y

  =  sin 2u G] ¨ì©dL, 

  (ii) u = xy2 sin 



x

y  G²p x 
∂u
∂x

  + y 
∂u
∂y

  =  3u G]d LôhÓL, 

  (iii) u GuTÕ x, yCp n-Bm T¥ NUlT¥jRô] NôoTô«u 

x 
∂2u

 ∂x2   + y 
∂2u

 ∂x ∂y
  = (n − 1) 

∂u
 ∂x

  G] ¨ßÜL, 

  (iv) V= zeax + by 
Utßm z B]Õ x, y-Cp nBm T¥ NUlT¥jRô] 

NôoTô«u x  
∂V
 ∂x

  + y 
∂V
 ∂y

  = (ax + by + n)V G] ¨ßÜL, 
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7, ùRôûL ÖiL¦Rm : TVuTôÓLs 
(INTEGRAL CALCULUS AND ITS APPLICATIONS) 

7,1 A±ØLm : 
 11Bm YÏl©p. YûWVßjR ùRôûL«û] áÓR−u GpûX 

U§l©u êXUôL LiúPôm, ùLôÓdLlThP ùRôûLf Nôo× ªL 

G°ûUVôL CÚl©àm YûWVßjR ùRôûL«û] áÓR−u GpûX 

U§l©u êXUôL LôiTÕ ªLÜm L¥]Uô] Ju\ôÏm, CmØû\dÏ 

Uô\ôL ªL G°ûUVô] Y¯«p YûWVßjRj ùRôûL«û]d LôQ 

CWiPôm A¥lTûP ÖiL¦Rj úRt\m Y¯ YÏd¡\Õ, 

ùLôÓdLlThP ùRôûLf Nôo©u ùRôûL«û] YûL«P−u 

G§oUû\ Øû\«u êXm LiÓ. YûWVßjR ùRôûL«û] LôÔm 

Øû\úV CWiPôm A¥lTûPj úRt\UôÏm, YûL«PÛdÏm 

ùRôûL«PÛdÏm Es[ E\®u êXm LQd¡Óm Øû\ûV 

LiP±kRYoLs ¨ëhPu (Newton). −©²hv (Leibnitz) Gu\ 

A±®Vp A±OoLs BYôoLs, 

 ClTÏ§«p YûWVßjRj ùRôûL«u ùLôsûLûVÙm 

TVuTôÓLû[Ùm Tt± ¸rdLôÔm IkÕ ©¬ÜL°p LôiúTôm : 

 (i) G°ûUVô] LQdÏLû[ CWiPôm A¥lTûPj úRt\§u 

êXm ¾oÜ LôÔRp, 

 (ii) YûWVßjRj ùRôûL«u Ti×Ls 

 (iii) Ïû\l× YônlTôÓ (Reduction formulae) 

 (iv) Yû[YûWVôp EÚYôdLlTÓm TWl× Utßm TWl©û] 

AfûNl ùTôßjÕ ÑZtßYRôp HtTÓm §PlùTôÚ°u L] 

A[Ü, 

 (v) Yû[YûW«u ¿[m Utßm ÑZt£Vôp HtTÓm Yû[lTWl×, 

7,2, G°V YûWVßjRj ùRôûLs (Simple definite integrals): 
ØRp ÖiL¦R A¥lTûPj úRt\m : 

 úRt\m 7.1 : f(x) Gu\ Nôo× ùRôPof£ EûPVRôLÜm Utßm  

F(x) = ⌡⌠
a

x
 f(t)dt G²p. F ′ (x) = f(x)  BÏm, 
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CWiPôYÕ ÖiL¦R A¥lTûPj úRt\m : 
 úRt\m 7.2 : f(x) Gu\ Nôo× a ≤ x ≤ b Gu\ NôoTLj§p ùRôPof£ 

EûPVRôL CÚl©u ⌡⌠
a

b
 f(x)dx = F(b) − F(a). CeÏ f Gu\ Nôo©u 

G§oØû\ YûLÂÓ F BÏm 

GÓjÕdLôhÓ 7.1 : U§l©ÓL : ⌡⌠
0

π/2
 

sin x

1 + cos2x
  dx 

¾oÜ :     I = ⌡⌠
0

π/2
 

sin x

1 + cos2x
  dx  GuL, 

 t = cos x 

x 0 π / 2    t = cos x  GuL 

 dt = − sin x  dx  (ApXÕ)  sin x dx = − dt t 1 0 

   ∴ I = ⌡⌠
1

0
  
− dt

1 + t2
 = − [ ]tan−1 t  

0
1 =  − 



0 − 
π
4  = 

π
4 

GÓjÕdLôhÓ 7.2 : U§l©ÓL : ⌡⌠
0

1
 x ex dx 

¾oÜ :   
    TÏ§j ùRôûL«Pp Øû\lT¥ 





⌡⌠ udv = uv − ⌡⌠v du  

   ⌡⌠
0

1
 x ex dx = (xex)1

0 − ⌡⌠
0

1
 ex dx 

 
 CeÏ    u = x 
 du = dx 

 dv = ex dx 

 v = ex 

    = e − (ex)1
0 

    = e − (e − 1) 
    = 1 

GÓjÕdLôhÓ 7.3 : U§l©ÓL : ⌡⌠
0

a
 a2 − x2 dx 
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¾oÜ :  ⌡⌠
0

a
 a2 − x2 dx =



x

2 a2 − x2 + 
a2

2  sin−1 
x
a

a
 
 0

 

    = 





0 + 
a2

2  sin−1  a
a − (0 + 0)  

    = 
a2

2  sin−1(1) = 
a2

2  


π

2  = 
πa2

4  

GÓjÕdLôhÓ 7.4 : U§l©ÓL : ⌡⌠
0

π/2
  e2x cos x dx 

¾oÜ :   ⌡⌠eax cos bx dx = 






eax

a2 + b2  (a cos bx + b sin bx) BÏm, 

  ∴ ⌡⌠
0

π/2
  e2x cos x dx = 















e2x

22 + 12  (2 cos x + sin x)
π/2

 
 0

 

    = 
eπ

5  (0 + 1) − 
e0

5  (2 + 0) 

    = 
eπ

5  − 
2
5 = 

1
5 (eπ − 2) 

T«t£ 7.1 
CWiPôm A¥lTûPj úRt\jûRl TVuTÓj§ ©uYÚY]Ytû\ 

U§l©ÓL : 

 (1) ⌡⌠
0

π/2
 sin2x dx (2) ⌡⌠

0

π/2
 cos3x dx (3) ⌡⌠

0

1
 9 − 4x2 dx 

 (4) ⌡⌠
0

π/4
 2 sin2x sin 2x dx (5) ⌡⌠

0

1
 

dx

4 − x2
 (6) ⌡⌠

0

π/2
 

sin x dx

9 + cos2x
 

 (7) ⌡⌠
1

2
 

dx

x2 + 5x + 6
 (8) ⌡⌠

0

1
 
(sin−1x)

3

1 − x2
 dx (9) ⌡⌠

0

π/2
 sin 2x cos x dx 

 (10) 
⌡⌠
0

1
 x2 ex dx (11) ⌡⌠

0

π/2
 e3x cos x dx (12) ⌡⌠

0

π/2
 e−x sin x dx 
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7,3, YûWVßjRj ùRôûL«P−u Ti×Ls 

(Properties of Definite Integrals) : 

Ti×  (1) : ⌡⌠
a

b
 f(x)dx   =   ⌡⌠

a

b
 f(y) dy  

¨ìTQm : f Gu\ Nôo©u G§oØû\ YûLÂÓ F GuL, 

   ∴ ⌡⌠
a

b
 f(x) dx = [ ]F(b) − F(a)  … (i) 

   ⌡⌠
a

b
 f(y) dy = [ ]F(b) − F(a)  … (ii) 

(i) Utßm (ii)C−ÚkÕ ⌡⌠
a

b
 f(x) dx = ⌡⌠

a

b
 f(y) dy 

 ARôYÕ GpûXLs Uô\ôUp CÚdÏm úTôÕ Uô±«u ùTVûW 

UôtßYRôp ùRôûL«P−u U§l× Uô\ôÕ, 

Ti×  (2) :  ⌡⌠
a

b
 f(x)dx   =   − ⌡⌠

b

a
 f(x) dx  

¨ìTQm : f Gu\ Nôo©u G§oØû\ YûLÂÓ F GuL, 

   ∴ ⌡⌠
a

b
 f(x) dx = [ ]F(b) − F(a)  … (i) 

   ⌡⌠
b

a
 f(x) dx = [ ]F(a) − F(b)] = − [F(b) − F(a)  … (ii) 

(i) Utßm (ii)C−ÚkÕ ⌡⌠
a

b
 f(x) dx = − ⌡⌠

b

a
 f(x) dx 

 ∴ YûWVßjR ùRôûL«P−p GpûXLû[ CPUôt\m ùNnÙm 

úTôÕ YûWVßjRj ùRôûL«P−u Ï±ÂÓ UhÓúU UôßTÓm, 
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Ti× (3) : ⌡⌠
a

b
 f(x)dx = ⌡⌠

a

b
 f(a + b − x) dx 

¨ìTQm : u = a + b − x GuL,    u = a + b − x 

x a b  ∴  du = − dx 

 ApXÕ dx = − du u b a 

   ∴⌡⌠
a

b
 f(a + b − x)dx = − ⌡⌠

b

a
 f(u) du = ⌡⌠

a

b
 f(u) du = ⌡⌠

a

b
 f(x) dx    

Ti× (4) : ⌡⌠
0

a
 f(x)dx = ⌡⌠

0

a
 f(a − x) dx 

¨ìTQm : u = a − x  GuL,  u = a − x 

x o a  ∴  du = − dx 

 ApXÕ dx = − du u a o 

 ∴⌡⌠
0

a
 f(a − x)dx = − ⌡⌠

a

o
 f(u) du = ⌡⌠

0

a
 f(u) du = ⌡⌠

0

a
 f(x) dx    

Ti× (5) (¨ìTQªu±) : f(x) Gu\ Nôo×  a, b, c Gu\ êuß 

GiLû[ Es[Pd¡V JÚ ê¥V CûPùY°«p 

ùRôûL«PjRdLRôL CÚl©u 

   ⌡⌠
a

b
 f(x) dx = ⌡⌠

a

c
 f(x) dx + ⌡⌠

c

b
 f(x) dx 

 CeÏ a, b, c B¡VYt±u Y¬ûN UôßTPXôm, 

Ti× (6) : ⌡⌠
0

2a
 f(x)dx = 

⌡⌠
0

a
 f(x) dx + 

⌡⌠
0

a
 f(2a − x) dx 

¨ìTQm : Ti× (5)CuT¥ ⌡⌠
0

2a
 f(x)dx = ⌡⌠

0

a
 f(x) dx + ⌡⌠

a

2a
 f(x) dx … (1) 

       u = 2a − x 

x a 2a x = 2a − u,  dx = − du G] R.H.S.Cp Es[ 

CWiPôYÕ ùRôûLÂÓ TÏ§«p ©W§«P.  u a o 
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   ⌡⌠
a

2a
 f(x)dx = − ⌡⌠

a

o
 f(2a − u) du 

    = ⌡⌠
0

a
 f(2a − u) du 

    = 
⌡⌠
0

a
 f(2a − x) dx   











‡ ⌡⌠
a

b
  f(x) dx = ⌡⌠

a

b
 f(y) dy  

 (1)C−ÚkÕ  ⌡⌠
0

2a
 f(x) dx = ⌡⌠

0

a
  f(x) dx +  ⌡⌠

0

a
 f(2a − x) dx 

Ti× (7) :  f(2a − x) = f(x) G²p ⌡⌠
0

2a
 f(x)dx = 2 

⌡⌠
0

a
 f(x) dx 

    Utßm  f(2a − x) = − f(x) G²p  ⌡⌠
0

2a
 f(x)dx = 0  

¨ìTQm :  ⌡⌠
0

2a
 f(x)dx = 

⌡⌠
0

a
 f(x) dx + 

⌡⌠
0

a
 f(2a − x) dx … (1) 

 G] Sôm A±kÕsú[ôm, 

   f(2a − x) = f(x) G²p. (1)C−ÚkÕ 

   
⌡⌠
0

2a
 f(x)dx = ⌡⌠

0

a
 f(x) dx + ⌡⌠

0

a
 f(x) dx  = 2 ⌡⌠

0

a
 f(x) dx 

     f(2a − x) = − f(x)  G²p. (1)C−ÚkÕ  

   
⌡⌠
0

2a
 f(x)dx = ⌡⌠

0

a
 f(x) dx − ⌡⌠

0

a
 f(x) dx = 0        

Ti× (8): (i) f(x) Ko CWhûPlTûPf Nôo× G²p ⌡⌠
− a

a
  f(x)dx = 2⌡⌠

0

a
 f(x) dx     
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          (ii) f(x) Ko Jtû\lTûPf Nôo× G²p ⌡⌠
− a

a
 f(x) dx = 0 

¨ìTQm :  ⌡⌠
− a

a
  f(x)dx = ⌡⌠

− a

0
 f(x) dx + ⌡⌠

0

a
 f(x) dx  (Ti× 5Cu T¥) … (1) 

       x = − t 

x − a 0 x = − t Utßm dx = − dt (G] R.H.S.Cp Es[ 

ØRXôYÕ ùRôûLÂÓ TÏ§«p ©W§«P. t a 0 

∴ (1)C−ÚkÕ  ⌡⌠
− a

a
  f(x) dx = ⌡⌠

a

o
 f(− t) (− dt) + ⌡⌠

0

a
 f(x) dx 

    = − ⌡⌠
a

0
 f(− t) dt + ⌡⌠

0

a
 f(x) dx 

    = 
⌡⌠
0

a
 f(− t) dt + ⌡⌠

0

a
 f(x) dx 

   ∴ ⌡⌠
− a

a
  f(x) dx = ⌡⌠

0

a
 f(− x) dx + 

⌡⌠
0

a
 f(x) dx … (2) 

¨ûX (i) : f(x) Ko CWhûPlTûPf Nôo× 

  (2) ⇒ 
⌡⌠
− a

a
  f(x) dx = ⌡⌠

0

a
 f(x) dx + 

⌡⌠
0

a
 f(x) dx  =  2 

⌡⌠
0

a
 f(x) dx 

¨ûX (ii) : f(x) Ko Jtû\lTûPf Nôo×  

  (2) ⇒  
⌡⌠
− a

a
  f(x) dx = ⌡⌠

0

a
 (− f(x)) dx + 

⌡⌠
0

a
 f(x) dx 

    = − ⌡⌠
0

a
 f(x) dx + ⌡⌠

0

a
 f(x) dx = 0 
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GÓjÕdLôhÓ 7.5 : U§l©ÓL : ⌡⌠
− π/4

π/4
  x3 sin2x dx. 

¾oÜ :   f(x) = x3 sin2x = x3 (sin x)2
 GuL, 

   ∴ f(− x) = (− x)3 (sin (− x))2 

    = (− x)3 (− sin x)2 

    = − x3 sin2x 

    = − f(x) 

   f(− x) = − f(x) 

  ∴ f(x) Ko Jtû\lTûPf Nôo× 

 ∴   ⌡⌠
− π/4

π/4
  x3 sin2x dx = 0  (Ti× (8)Cu T¥) 

GÓjÕdLôhÓ 7.6 : U§l©ÓL: ⌡⌠
− 1

1
  log 



3 − x

3 + x  dx 

¾oÜ :   f(x) = log 



3 − x

3 + x  GuL, 

   ∴ f(− x) = log 



3 + x

3 −x
 = log (3 + x) − log (3 − x) 

    = − [ ]log (3 − x) − log (3 + x)  

   = −



 log 



3 − x

3 + x  = − f(x) 

   f(− x) = − f(x)   ∴  f(x) JÚ Jtû\lTûPf Nôo×, 

  ∴ ⌡⌠
− 1

1
  log 



3 − x

3 + x  dx = 0 

GÓjÕdLôhÓ 7.7 : U§l©ÓL : ⌡⌠
− π/2

π/2
 x sin x dx 

¾oÜ :   f(x) = x sin x GuL, 
 f(− x) = (− x) sin (− x) 
  = x sin x (‡ sin (− x) = − sin x) 
 ∴ f(x) JÚ CWhûPlTûPf Nôo× 
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 ∴   ⌡⌠
− π/2

π/2
  x sin x dx = 2  ⌡⌠

0

π/2
 x sin x dx 

   = 2 











{ }x (−cos x)
π/2

 
 0
− ⌡⌠

0

π/2
 (−cos x)dx  TÏ§ ùRôûL«Pp Øû\lT¥ 

   

  = 2 











0 + ⌡⌠
0

π/2
 cos x dx   = 2 [ ]sin x

π/2
 
0

 

  = 2 [1 − 0]  =  2 

GÓjÕdLôhÓ 7.8 : U§l©ÓL : ⌡⌠
− π/2

π/2
  sin2x dx 

¾oÜ :   f(x) = sin2x  = (sin x)2 GuL, 

   f(− x) = (sin (− x))2  = (− sin x)2 = sin2x = f(x) 
 G]úY  f(x) Ko CWhûPlTûPf Nôo× BÏm, 

   ∴ ⌡⌠
− π/2

π/2
  sin2x dx = 2 ⌡⌠

0

π/2
 sin2x dx = 2 × 

1
2  ⌡⌠

0

π/2
 (1 − cos 2x) dx 

    = 



x − 

sin 2x
2

π/2
 
0

 = 
π
2 

GÓjÕdLôhÓ 7.9 : U§l©ÓL : ⌡⌠
0

π/2
  

f(sin x)
f(sin x) + f(cos x) dx 

¾oÜ :  I = ⌡⌠
0

π/2
 

f(sin x)
f(sin x) + f(cos x) dx GuL, … (1) 

  = ⌡⌠
0

π/2
  

f 



sin 



π

2 − x

f 



sin 



π

2 − x  + f 



cos 



π

2 − x
 dx 
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 ∴ I = ⌡⌠
0

π/2
 

f (cos x)
f(cos x) + f (sin x) dx … (2) 

 (1) + (2) ⇒ 2 I = ⌡⌠
o

π/2
  

f(sin x) + f(cos x)
f(cos x) + f(sin x)  dx = ⌡⌠

o

π/2
 dx = [x]π/2

0   = 
π
2 

 ∴  I = 
π
4 

GÓjÕdLôhÓ 7.10 : U§l©ÓL :  ⌡⌠
0

1
  x(1 − x)n dx 

¾oÜ :   I = ⌡⌠
0

1
  x(1 − x)n dx GuL, 

    = ⌡⌠
0

1
 (1 − x) [ ]1 − (1 − x)

n
 dx 











‡ ⌡⌠
0

a
 f(x) dx = ⌡⌠

o

a
 f(a − x) dx  

    = ⌡⌠
0

1
 (1 − x) xn dx  = ⌡⌠

0

1
 (xn − xn + 1) dx 

    = 



xn + 1

n + 1 − 
xn + 2

n + 2

1
 
 
 0

 = 



1

n + 1 − 
1

n + 2  = 
n + 2 − (n + 1)
(n + 1) (n + 2) 

 ⌡⌠
0

1
  x(1 − x)n dx = 

1
(n + 1) (n + 2) 

GÓjÕdLôhÓ 7.11 : U§l©ÓL : ⌡⌠
0

π/2
  log (tan  x)dx 

¾oÜ :   I = ⌡⌠
0

π/2
  log (tan x)dx GuL, … (1) 
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    = ⌡⌠
0

π/2
  log 



tan 



π

2 − x  dx 

   I = ⌡⌠
0

π/2
 log (cot x) dx … (2) 

 (1) + (2) ⇒ 2I = ⌡⌠
0

π/2
 [ ]log (tan x) + log (cot x)  dx 

    = ⌡⌠
0

π/2
  [ ]log (tan x) . (cot x)  dx = ⌡⌠

0

π/2
 (log 1) dx = 0 

   ∴  I = 0 (‡ log 1 = 0) 

GÓjÕdLôhÓ 7.12 : U§l©ÓL : ⌡⌠
π/6

π/3
   

dx
1 + cot x

 

¾oÜ :   I = ⌡⌠
π/6

π/3
   

dx
1 + cot x

 GuL, 

   I = ⌡⌠
π/6

π/3
   

sin x
sin x + cos x

 dx … (1) 

    = ⌡⌠
π
6

π
3

  
sin 



π

3 + 
π
6 − x  dx

sin 



π

3 + 
π
6 − x  + cos 



π

3 + 
π
6 − x

 











‡ ⌡⌠
a

b
 f(x) dx = ⌡⌠

a

b
 f(a + b − x) dx  
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    = ⌡⌠
π
6

π
3

   
sin 



π

2 − x

sin 



π

2 − x  + cos 



π

2 − x

 dx 

   I = ⌡⌠
π/6

π/3
   

cos x
cos x + sin x

 dx … (2) 

(1) + (2) ⇒ 2I = ⌡⌠
π/6

π/3
   

sin x + cos x
cos x + sin x

   dx 

   2I = ⌡⌠
π/6

π/3
  dx  =  [ ]x

π/3

π/6
  = 

π
3  −  

π
6   =  

π
6 

   ∴  I = 
π
12 

T«t£ 7.2 
©uYÚY]Ytû\ YûWVßjR ùRôûL«u Ti×Lû[l TVuTÓj§ 

U§l×d LôiL, 

 (1) ⌡⌠
− 1

1
 sin x cos4 x dx (2) ⌡⌠

−π/4

π/4
 x3 cos3x dx 

 (3) ⌡⌠
0

π/2
  sin3x cos x dx (4) ⌡⌠

− π/2

π/2
  cos3x dx 

 (5) ⌡⌠
− π/2

π/2
  sin2x  cosx dx (6) ⌡⌠

− π/4

π/4
  x sin2x dx 

 (7) ⌡⌠
0

1
 log 



1

x − 1  dx (8) ⌡⌠
0

3
  

x dx

x + 3 − x
 

 (9) ⌡⌠
0

1
 x (1 − x)10 dx (10) ⌡⌠

π/6

π/3
  

dx
1 + tan x
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7,4, Ïû\l× ãj§Wm (Reduction formulae) : 
 n-YÕ Ï±ÂhÓ Nôo©u ùRôûLÂh¥û] (n−1)-YÕ Ï±ÂhÓ 

Nôo©u ùRôûLÂÓ êXm ùLôÓdLlTÓm ãj§Wm Ïû\l× ãj§Wm 

G] AûZdLlTÓm, 

∫ sinnx dx. ⌡⌠ cosnx dxCu Ïû\l× ãj§Wm (n  Ko ªûL ØÝ Gi) : 

Ø¥Ü 1 :  In = ∫ sinnx dx G²p In = − 
1
n sinn−1x cos x + 

n − 1
n  In − 2 

Ø¥Ü 2: In = ⌡⌠ cosnx dx G²p In =  
1
n cosn−1x sin x + 

n − 1
n  In − 2 

Ø¥Ü 3 :  

⌡⌠
0

π/2
sinn x dx = ⌡⌠

0

π/2
 cosnx dx =



n − 1

n  . 
n − 3
n − 2

 . 
n − 5
n − 4

 ... 
2
3 . 1

 
n − 1

n  . 
n − 3
n − 2

 . 
n − 5
n − 4

 ...  
1
2 . 

π
2

 
, n-Jtû\lTûP 

, n -CWhûPlTûP 

 
Ï±l× : CmØ¥ÜL°u ¨ìTQeLÞdÏ áÓRp úNol× TÏ§«û] 

LôiL, 

GÓjÕdLôhÓ 7.13 : U§l©ÓL : ⌡⌠sin5x dx 

¾oÜ : In = ⌡⌠sinnx dx G²p. 

 In = − 
1
n sinn−1x cos x + 

n − 1
n  In−2 … (I) 

 ∴ ⌡⌠sin5x dx = I5 

  = − 
1
5 sin4x cos x + 

4
5 I3 (n=5 G] ICp ©W§«P) 

  = − 
1
5 sin4x cos x + 

4
5 



− 

1
3 sin2x cosx + 

2
3 I1    

(n=3 G]  ICp ©W§«P) 

 ⌡⌠sin5x dx = − 
1
5 sin4x cos x − 

4
15 sin2x cosx + 

8
15 I1 … (II) 

 I1 = ⌡⌠sin1x dx = − cos x + c 
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 ∴  ⌡⌠sin5x dx = − 
1
5 sin4x cos x − 

4
15 sin2x cos x − 

8
15 cos x + c 

GÓjÕdLôhÓ 7.14 : U§l©ÓL : ⌡⌠sin6x dx 

¾oÜ  : In = ⌡⌠sinnx dx G²p. 

 In = − 
1
n sinn − 1x cos x + 

n − 1
n  In − 2 … (I) 

 ∴ ⌡⌠sin6x dx = I6 

  = − 
1
6 sin5x cos x + 

5
6 I4 (n=6 G] ICp ©W§«P) 

  = − 
1
6 sin5x cos x + 

5
6 



− 

1
4 sin3x cosx + 

3
4 I2   

(n=4 G] ICp ©W§«P) 

 ⌡⌠sin6x dx = − 
1
6 sin5x cos x − 

5
24 sin3x cos x + 

5
8 I2  

(n=2 G] ICp ©W§«P) 

  = − 
1
6 sin5x cos x − 

5
24 sin3x cos x + 

5
8 



− 

1
2 sin x cosx + 

1
2 I0  

 ⌡⌠sin6x dx = − 
1
6 sin5x cos x − 

5
24 sin3x cos x − 

5
16 sin x cos x + 

5
16 I0 

 I0 = ⌡⌠sin0x dx  =  ⌡⌠dx = x 

 ∴ ⌡⌠sin6x dx = − 
1
6 sin5x cos x − 

5
24 sin3x cos x − 

5
16 sin x cos x + 

5
16 x + c 

GÓjÕdLôhÓ 7.15 : U§l©ÓL :  

 (i) ⌡⌠
0

π/2
 sin7x dx (ii) ⌡⌠

0

π/2
 cos8x dx   (iii) ⌡⌠

0

2π
 sin9 

x
4 dx 

 (iv) ⌡⌠
0

π/6
 cos73x dx  

¾oÜ : (i) n Jtû\lTûPVôRXôp. 

   ⌡⌠
0

π/2
 sinnx dx = 

n − 1
n  . 

n − 3
n − 2

  ...  
2
3   
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   ⌡⌠
0

π/2
 sin7x dx = 

6
7 . 

4
5 . 

2
3 = 

16
35 

 (ii) n  CWhûPlTûPVôRXôp. 

   ⌡⌠
0

π/2
 cosnx dx  = 

n − 1
n  . 

n − 3
n − 2

 . 
n − 5
n − 4

 ... 
1
2 . 

π
2   

   ∴ ⌡⌠
0

π/2
 cos8x dx  = 

7
8 . 

5
6 . 

3
4 . 

1
2 . 

π
2 = 

35π
256 

 (iii)  ⌡⌠
0

2π
 sin9 

x
4 dx  

      t = x / 4 

x 0 2π        
x
4 = t GuL, 

 ∴ dx = 4dt t 0 π/2 

   ⌡⌠
0

2π
 sin9 

x
4 dx = 4 ⌡⌠

0

π/2
 sin9t dt = 4. 



8

9 . 
6
7 . 

4
5 . 

2
3 .  = 

512
315 

 (iv)  ⌡⌠
0

π/6
 cos73x dx  

      t = 3x 

x 0 π/6     3x = t GuL, 

  3dx = dt 
  dx = 1/3 dt t 0 π/2 

  ⌡⌠
0

π/6
 cos73x dx = 

1
3  ⌡⌠

0

π/2
 cos7t dt  = 

1
3  



6

7 . 
4
5 . 

2
3 .  =  

16
105 

GÓjÕdLôhÓ 7.16 :  U§l©ÓL :  ⌡⌠
0

π/2
 sin4x cos2x  dx 
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¾oÜ :   ⌡⌠
0

π/2
 sin4x cos2x dx = ⌡⌠

0

π/2
 sin4x (1 − sin2x) dx 

    = ⌡⌠
0

π/2
 (sin4x − sin6x) dx  = ⌡⌠

0

π/2
 sin4x dx− ⌡⌠

0

π/2
 sin6x dx 

   = 
3
4 . 

1
2 . 

π
2 − 

5
6 . 

3
4 . 

1
2 . 

π
2 = 

π
32 

CWiÓ Ød¡V Ø¥ÜLs :  
 ©uYÚm CWiÓ Ø¥ÜLs. £XYûL ùRôûLÂÓLû[ U§l©P 

ªLÜm TVu Es[RôL AûUÙm, 

(1) u, v GuT] xBp B] Nôo×Ls G²p. 

 ∫udv = uv − u′v1 + u′′v2 − u′′′v3 + ... + (− 1)n unvn + ... 

 CeÏ u′, u′′, u′′′ ... GuT] uCu ùRôPo YûLdùLÝdLs BÏm,  
v1, v2, v3 ... GuT] vCu ùRôPo YûLÂÓLs BÏm, 

 Cfãj§Wm ùToú]ô− ãj§Wm G]lTÓm, 

 u = xn (n-ªûL ØÝGi) G²p ùToú]ô− ãj§Wm TVuTÓjÕYÕ 

AàáXUô]Õ, 

 (2) n Ko ªûL ØÝ Gi G²p. ⌡⌠
0

∞
 xne−ax dx =  

n

an+1  

Ï±l× : Cfãj§Wm LôUô (Gamma) ùRôûL«ÓR−u JÚ Ï±l©hP 

¨ûXVôÏm, 

GÓjÕdLôhÓ 7.17 : U§l©ÓL :  

(i) ∫x3e2x dx    (ii) ⌡⌠
0

1
 x e− 4x dx       (iii) ⌡⌠

0

∞
 x5e−4x dx     (iv) ⌡⌠

0

∞
 e−mxx7 dx 

¾oÜ :  

(1) ∫x3e2x dx 
∫udv = uv − u′v1 + u′′v2 ... Gu\ 

ùToú]ô− ãj§WjûRl 

TVuTÓj§]ôp 

    dv = e2x dx 

 u = x3 v = (1/2) e2x 

 u′ = 3x2 v1 = (1/4) e2x 

 u′′ = 6x v2 = (1/8) e2x 

 u′′′ = 6 v3 = (1/16) e2x 
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 ⌡⌠x3 e2x dx = (x3) 



1

2 e2x  − (3x2) 



1

4 e2x   + (6x) 



1

8 e2x   − (6) 



1

16 e2x   

  = 
1
2 e2x 





x3 − 

3
2x2 + 

3x
2  − 

3
4  + c 

(ii) ⌡⌠
0

1
 x e− 4x dx   

ùToú]ô− ãj§WjûRl TVuTÓj§]ôp 

 ⌡⌠
0

1
 x e− 4x dx = 



(x) 



− 

1
4 e−4x  − (1) 



1

16 e−4x
1
 
0

 

 dv = e−4x dx   

 u = x v = − 
1
4 e−4x 

 u′ = 1 v1 = 
1
16 e−4x 

  = 



− 

1
4 e−4 − 0  − 

1
16 (e−4 − e0)  = 

1
16 − 

5
16 e−4 

(iii) ⌡⌠
0

∞
 x5e−4x dx  = 

5

46  (LôUô ùRôûLÂhûP TVuTÓjR) 

(iv) ⌡⌠
0

∞
 e−mxx7 dx = 

7

m8  (LôUô ùRôûLÂhûP TVuTÓjR) 

T«t£ 7.3 

 (1) U§l©ÓL :    (i) ⌡⌠sin4x dx        (ii) ⌡⌠ cos5x dx 

 (2) U§l©ÓL : (i) ⌡⌠
0

π/2
 sin6x dx (ii) ⌡⌠

0

π/2
 cos9x dx 

 (3) U§l©ÓL : (i) ⌡⌠
0

π/4
 cos82x dx (ii) ⌡⌠

0

π/6
 sin73x dx 

 (4) U§l©ÓL : (i) ⌡⌠
0

1
 x e−2x dx (ii) ⌡⌠

0

∞
 x6 e−x/2 dx 
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7,5 TWl× Utßm L] A[Ü (Area and Volume) : 
 ClTÏ§«p YûWVßjR ùRôûLûVl TVuTÓj§ TWl©û] 

A[®ÓRp Utßm TWl©û]f ÑZtßYRôp HtTÓm §PlùTôÚ°u 

L] A[Ü B¡VYtû\ LQd¡Óm Øû\ûV LôiúTôm, CeÏ 

TWlT[Ü. L] A[Ü CYt±u U§l×Lû[. AûRf NôokR AXÏLs 

Ï±dLôUúX ùYßm GiLû[d ùLôiÓ U§l©¡ú\ôm, 

7,5,1  AWeLj§u TWl× LôQp (Area of bounded regions) : 

 úRt\m : y = f(x) Gu\ 

ùRôPof£Vô] Nôo× [a, b] Gu\ 

CûPùY°«p YûWVßdLl 

ThÓs[Õ, úUÛm f(x) B]Õ [a, 

b] Gu\ CûPùY°«p ªûL 

U§l× Es[RôL CÚl©u 

(ARôYÕ x-Af£u ÁÕ ApXÕ 

x-Af£tÏ úUp f(x) AûU¡\Õ) 

 
 
 
 
 
 
 

TPm 7.1 

 y = f(x) Gu\ Yû[YûW x = a, x = b Gu\ úLôÓLs Utßm x-AfÑ 

B¡VYt\ôp AûPTÓm AWeLj§u TWl× =  ⌡⌠
a

b
 f(x)dx ApXÕ ⌡⌠

a

b
 ydx  

BÏm, 
 úUÛm [a, b]Cp Es[ GpXô 

xdÏm f(x) ≤ 0 (ApXÕ f(x) B]Õ.  

x-Af£u ÁÕ ApXÕ x-Af£tÏ ¸r 

AûUkRôp) G²p úUúX Ï±l©hP 

AWeLj§u 

TWl× = 
⌡⌠
a

b
 (− y) dx = ⌡⌠

a

b
 (− f(x)) dx  

 
 
 
 
 
 

 
TPm 7.2 

 (i.e., x-Af£u ¸r AûUÙm TWl× Ïû\U§l×) 

 GÓjÕdLôhÓ 7.18 :  

 3x − 2y + 6 = 0 Gu\ úLôÓ  x = 1, x = 3 Gu\ úLôÓLs (ordinates) 
Utßm x-AfÑ B¡VYt\ôp HtTÓm AWeLj§u TWlûTd LôiL, 

x

y

x 
= 

a

x 
= 

b

y = f(x)A
B

C D
x

y

x 
= 

a

x 
= 

b

y = f(x)A
B

C D

x

y

x 
= 

a

x 
= 

b

y = f(x)A
B

D C x

y

x 
= 

a

x 
= 

b

y = f(x)A
B

D C
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¾oÜ : 3x − 2y + 6 = 0 Gu\ úLôÓ [1, 3] Gu\ 

CûPùY°«p x-Af£tÏ úUp AûU¡\Õ,  

 (i.e., y > 0, ∀ x ∈ (1,3))   
úRûYVô] TWl× 

 A = ⌡⌠
1

3
 ydx = 

3
2   ⌡⌠

1

3
 (x + 2) dx  

  = 
3
2 



x2

2  + 2x  
3
 
1

 

 

 

 

 

 

 

 

 

TPm 7.3 

  = 
3
2  



1

2 (9 − 1) + 2(3 − 1)  = 
3
2 [4 + 4] 

 TWl× = 12 NÕW AXÏLs, 

 GÓjÕdLôhÓ 7.19:  3x − 5y − 15 = 0 Gu\ úLôÓ Utßm x = 1, x = 4 

Gàm úLôÓLs Utßm x-AfÑ B¡VYt\ôp HtTÓm AWeLj§u 

TWlûTd LôiL, 

¾oÜ :  x = 1 Utßm x = 4Cp  

3x − 5y − 15 = 0 Gu\ úLôÓ  

x-Af£tÏ ¸r AûU¡\Õ, 

∴úRûYVô] TWl×= 
⌡⌠
1

4
 (− y) dx 

 
 
 
 
 
 

TPm 7.4 

    = ⌡⌠
1

4
 − 

1
5 (3x − 15) dx = 

3
5  ⌡⌠

1

4
 (5 − x) dx = 

3
5 





5x − 
x2

2  
4
 
1

 

    = 
3
5 



5(4 − 1) − 

1
2 (16 − 1)  

    = 
3
5 



15 − 

15
2  = 

9
2  NÕW AXÏLs 

GÓjÕdLôhÓ 7.20:  

 y = x2 − 5x + 4 Gu\ Yû[YûW. x = 2, x = 3 Gàm úLôÓLs Utßm 

x-AfÑ B¡VYt\ôp HtTÓm AWeLj§u TWl©û]d LôiL, 

x

y

1 30 2

y =
 (3

/2
)(x

 +
2)

x

y

1 30 2

y =
 (3

/2
)(x

 +
2)

x

y

1 4

y = (1
/5)

(3x
 - 15)

x

y

1 4

y = (1
/5)

(3x
 - 15)
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¾oÜ :  2 ≤ x ≤ 3 Gu\ CûPùY°«p  
x-Cu U§l×LÞdÏ Yû[YûW  

x- Af£tÏ ¸r AûU¡\Õ, 

úRûYVô] TWl× =  ⌡⌠
2

3
 (− y) dx 

  = 
⌡⌠
2

3
 − (x2 − 5x + 4) dx 

 
 
 
 
 
 

 
 

TPm 7.5 

  = − 



x3

3  − 5 
x2

2  + 4x
3
 
2

 

   = − 









9 − 

45
2  + 12  − 



8

3 − 
20
2  + 8  = − 



− 13

6   =  
13
6  NÕW AXÏLs 

y-AfÑ Utßm JÚ ùRôPof£Vô] Yû[YûWdÏm CûPúV Es[ 

TWl× : 

x = f(y) GuTÕ [c, d]Cp YûWVßdLlThP y-
Cu ùRôPof£Vô] JÚ Nôo× GuL,  
x = f(y) Gu\ Yû[YûW y = c, y = d Gu\ 

úLôÓLs Utßm y-AfÑ B¡VYt\ôp HtTÓm  

AWeLm      y-Af£u    YXl×\m  

AûUk§Úl©u ARu 

TWl× = ⌡⌠
c

d
 f(y) dy ApXÕ ⌡⌠

c

d
xdy  BÏm, 

 
 
 
 
 
 
 

 
 TPm 7.6 

 úUtÏ±l©hP AWeLm  

y-AfÑdÏ CPl×\ªÚl©u 

AqYWeLj§u TWl×  

TWl× = ⌡⌠
c

d
 (− x) dy ApXÕ ⌡⌠

c

d
 − f(y) dy  

BÏm,  

 
 
 
 
 
 

 
 TPm 7.7 

x

y

1

-2

-1

30 42
x

y

1

-2

-1

30 42

x

y

y = d

y = c

x = f(y)

B

A

D

C
x

y

y = d

y = c

x = f(y)

B

A

D

C

x

y

y = d

y = c

x = f(y)

B

A

D

C
x

y

y = d

y = c

x = f(y)

B

A

D

C
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GÓjÕdLôhÓ 7.21:  
 y = 2x + 1 Gu\ úLôÓ y = 3, y = 5 Gàm 

úLôÓLs Utßm y–AfÑ B¡VYt\ôp 

HtTÓm AWeLj§u TWl©û]d LôiL. 

¾oÜ :  
 y = 3 Utßm y = 5 Gu\ úLôÓLÞdÏ 

CûPúV y = 2x + 1 Gàm úLôÓ y-Af£u 

YXl×\m AûU¡\Õ, 

 ∴ úRûYVô] TWl× A = 
⌡⌠
c

d
 xdy 

 
 
 
 
 

 
 
 
 
 

TPm 7.8 

  = ⌡⌠
3

5
 
y − 1

2  dy = 
1
2  ⌡⌠

3

5
 (y − 1)dy 

  = 
1
2 



y2

2  − y
5
 
3

 = 
1
2  









25

2  − 
9
2  − (5 − 3)   

  =  
1
2 [8 − 2] = 3 NÕW AXÏLs, 

GÓjÕdLôhÓ 7.22: y = 2x + 4 Gu\ úLôÓ  y = 1, y = 3 Gu\ úLôÓLs 

Utßm y-AfÑ B¡VYt\ôp AûPTÓm AWeLj§u TWl©û]d 

LôiL, 

¾oÜ : y = 1 Utßm y = 3 Gu\ 

úLôÓLÞdÏ CûPúV y = 2x + 4 

Gàm úLôÓ y-Af£u 

CPl×\j§p AûU¡\Õ, 

∴ TWl× A = ⌡⌠
1

3
 (− x) dy 

  = ⌡⌠
1

3
 − 



y − 4

2  dy 

 

 

 

 

 

 

TPm 7.9 

  = 
1
2  ⌡⌠

1

3
 (4 − y)dy = 

1
2 





4y − 
y2

2

3
 
1

 =  
1
2 [8 − 4] = 2 NÕW AXÏLs, 

x
13 02

y
= 

2x
 +

4

y = 1

y = 3

x
13 02

y
= 

2x
 +

4

y = 1

y = 3

x

y

0

y = 3

y = 5

y
= 

2x
 +

 1

x

y

0

y = 3

y = 5

y
= 

2x
 +

 1
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úUtÏ±l× :  
 f Gu\ ùRôPof£Vô] Yû[YûW 

x-Af£û]d Ïßd¡hPôp. 

ùRôûLÂÓ ⌡⌠
a

b
 f(x) dxCu  

U§lTô]Õ x-Af£tÏ ¸r Es[ 

TWlûT Ïû\ Guß GÓjÕd 

ùLôiÓ. Ïû\ Ï±ÂhûP ¿d¡ 

áÓRp LôQ úYiÓm, 

 
 
 
 
 

 
 
 
 

TPm 7.10 

 ⌡⌠
a

 b
 f(x) dx) = 

⌡⌠
a

c
 f(x) dx  +  

 ↓
Af£tÏ úUp

  
⌡⌠
c

d
 (− f(x)) dx  +  

 ↓
Af£tÏ ¸r

  
⌡⌠
d

b
 f(x) dx

 ↓
Af£tÏ úUp

 

GÓjÕdLôhÓ 7.23: (i) U§l× LôiL : 
⌡⌠
1

5
 (x − 3)dx 

(ii) y + 3 = x,  x = 1 Utßm x = 5 B¡V úLôÓL[ôp AûPTÓm 

AWeLj§u TWl× LôiL, 
¾oÜ : 

(i)  
⌡⌠
1

5
 (x − 3) dx = 



x2

2  − 3x  
5
 
1

 = 



25

2  − 15  − 



1

2 − 3   = 12 − 12 = 0 …  I 

 (ii) y = x − 3 Gu\ úLôÓ x-AfûN x = 3 Gu\ ×s°«p Ïßd¡Ó¡\Õ, 
 TPj§u êXm A1, x-AfÑdÏ 

¸úZ AûU¡\Õ GuTÕ 

ùR°Yô¡\Õ, 

∴ A1 = ⌡⌠
1

3
 (− y) dx.  

   A2, x-AfÑdÏ úUp AûUYRôp. 

 A2 = ⌡⌠
3

5
 ydx 

 
 
 
 
 

 
 
 
 

TPm 7.11 

x1 xba c d

f (x) f (x)

x1 xba c d

f (x) f (x)

 
y =

 x 
− 3y

x
O

1
3 5

A1

A2
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 ∴ ùUôjR TWl× = ⌡⌠
1

5
(x − 3)dx =  

⌡⌠
1

3
 − (x − 3) dx + 

⌡⌠
3

5
 (x − 3) dx 

  = (6 − 4) + (8 − 6) 
  = 2 + 2 
  = 4 NÕW AXÏLs … (II) 
Ï±l× : I Utßm IICu êXm f(x)-Cu ùRôûLÂÓ GuTÕ 

GlùTôÝÕúU TWlûTj RÚY§pûX GuTÕ ùR°Yô¡\Õ, f(x) 
ªûL«pXôUp CÚl©àm G§oØû\ êXm ùRôûLd LôQXôm G] 

A¥lTûPj úRt\m êXm ùR¬V YÚ¡\Õ, 

GÓjÕdLôhÓ 7.24: 

 y = sin 2x Gu\ Yû[YûW. x = 0, x = π Utßm x-AfÑ B¡VYt\ôp 

AûPTÓm AWeLj§u TWl©û]d LôiL,  

¾oÜ :  y = sin 2x Gu\ Yû[YûW x-AfûN Nk§dÏm ×s°Lû[d LôQ 

y = 0 G]l ©W§«P úYiÓm, 

  sin 2x = 0   ⇒  2x = nπ ,  n ∈ Z 

  ∴  x = 
n
2 π.      i.e., x = 









0, ± 
π
2, ± π, ± 3 

π
2…  

 ∴ x = 0 Utßm x = π GuT]Yt±tÏ CûPúV x ùTßm U§l×Ls  

x = 0,  
π
2,  π 

 ØRp Yû[«u GpûXLs x-Af£tÏ úUp AûU¡\Õ, CRu 

GpûXLs 0, 
π
2 BÏm, 

 CWiPôYÕ Yû[x-Af£tÏ ¸r AûU¡\Õ, CRu GpûXLs  
π
2 , π BÏm, 

∴úRûYVô] TWl×  

 A = ⌡⌠
0

π/2
 sin 2x dx + ⌡⌠

π/2

π
 (− sin 2x)dx 

  = 



− cos2x

2

π/2
 
0

 + 



cos2x

2
π

 π/2 
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  = 
1
2 [−cos π + cos 0 + cos 2π − cos π] 

ππ/2

y

x
0

y = sin 2x

ππ/2

y

x
0

ππ/2

y

x
0

y = sin 2x



 121

  = 
1
2 [1 + 1 + 1 + 1] = 2 NÕW AXÏLs, 

GÓjÕdLôhÓ 7.25:  y = x2 − x − 2 Gu\ Yû[YûW x = − 2, x = 4 Gu\ 

úLôÓLs Utßm x-AfÑ B¡VYt\ôp AûPTÓm AWeLj§u 

TWlûTd LôiL, 

¾oÜ : y = x2 − x − 2 

   = (x + 1) (x − 2) 

 Yû[YûWVô]Õ x = − 1 Utßm  

x = 2Cp x-AfûN ùYhÓ¡\Õ, 

 úRûYVô] TWl× = A1 + A2 + A3 

A2 Gu\ TÏ§ x-Af£tÏ ¸r AûU¡\Õ 

 ∴ A2 = − ⌡⌠
− 1

2
  y dx 
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∴ úRûYVô] TWl× 

   = ⌡⌠
− 2

− 1
 y dx + ⌡⌠

− 1

 2
 (− y)dx + ⌡⌠

2

4
 y dx 

   = ⌡⌠
− 2

− 1
  (x2 − x − 2) dx + ⌡⌠

− 1

 2
  − (x2 − x − 2)dx + ⌡⌠

2

4
 (x2 − x − 2) dx 

   = 
11
6   +  

9
2  +  

26
3  = 15  NÕW AXÏLs 

TWlT[®u ùTôÕ RjÕYm : 
 y = f(x) Utßm y = g(x)  Gu\ 

Yû[YûWLs ùRôPof£Vô]RôLÜm  

f(x) B]Õ g(x)Cu úUpTÏ§«p 

AûUÙmT¥VôLÜm Es[Õ GuL, 

ClúTôÕ y = f(x). y = g(x)  Utßm x = a,  
x = b B¡V úLôÓLÞdÏ CûPúV Es[ 

AWeLj§u TWl× R B]Õ R = ⌡⌠
a

b
 (f − g)dx BÏm, 

 
 
 
 
 
 

 
TPm 7.14 

(a, f (a))

g

(b, f (b))

(a, g (a)) (b, g (b))

f

x
= 

a

x
= 

b

(a, f (a))

g

(b, f (b))

(a, g (a)) (b, g (b))

f

x
= 

a

x
= 

b

 

4-2
-2

x
= 

-2 x
= 

4

A1

A2

A3y
= 

x2
–

x
- 2

x

y

2 4-2
-2

x
= 

-2 x
= 

4

A1

A2

A3y
= 

x2
–

x
- 2

x

y

2
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 f Utßm g GeÏ AûUV úYiÓm Gu\ LhÓlTôÓ úRûY«pûX, 

CWiÓúU x-Af£tÏ úUp ApXÕ ¸r AûUVXôm, ApXÕ gB]Õ  
x-Af£tÏ ¸úZÙm f B]Õ x-Af£tÏ úUúXÙm CÚdLXôm, 

GÓjÕdLôhÓ 7.26: y = x + 1 Gu\ úLôh¥tÏm y = x2 − 1Gu\ 

Yû[YûWdÏm CûPúV Es[ AWeLj§u TWlûTd LôiL, 
¾oÜ : Yû[YûWLs ùYhÓm ×s° LôQ AYt±u NUuTôÓL[ô] 

y = x + 1 Utßm y = x2 − 1-I ¾odL úYiÓm, 

 x2 − 1 = x + 1 

  x2 − x − 2 = 0  
 ⇒  (x − 2) (x + 1) = 0  
 ∴ x = −1 ApXÕ x = 2 
 ∴ úSoúLôPô]Õ Yû[YûWûV  

x = − 1 Utßm x = 2p ùYhÓ¡\Õ. 

úRûYVô] TWl× = ⌡⌠
a

b
 



f(x)

úUp  − 
g(x)
¸r  dx 
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   = ⌡⌠
− 1

2
  [ ](x + 1) − (x2 − 1) dx 

   = ⌡⌠
− 1

2
  [2 + x − x2]dx = 





2x + 
x2

2  − 
x3

3

2
 
−1

 

   = 



4 + 2 − 

8
3  − 



− 2 + 

1
2 + 

1
3   =  

9
2  NÕW AXÏLs, 

GÓjÕdLôhÓ 7.27: y = x3 Gu\ Yû[YûWdÏm y = x Gu\ 

úLôh¥tÏm CûPlThP AWeLj§u TWlûTd LôiL, 

¾oÜ : ØRp Lôp TÏ§«p y = x Gu\ úLôÓ y = x3 Gu\ 

TWYû[Vj§tÏ úUp ùNp¡\Õ, êu\ôYÕ Lôp TÏ§«p y = x3 Gu\ 

TWYû[Vm y = x Gu\ úLôh¥tÏ ¸úZ Es[Õ, ùYhÓm ×s°Ls 

LôQ NUuTôÓLû[j ¾odL úYiÓm, 

 y = x3, y = x  ⇒ x3 = x .       x = {0, ± 1}G]d ¡ûPd¡\Õ, 

 úRûYVô] TWl× = A1 + A2 =  ⌡⌠
−1

0
 [ ]g(x) − f(x) dx + ⌡⌠

0

1
 [ ]f(x) − g(x) dx 

-1 21

Abo
ve

  : 
y = 

x + 1

Below : y = x2 - 1

x

y

-1 21

Abo
ve

  : 
y = 

x + 1

Below : y = x2 - 1

x

y
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 = ⌡⌠
−1

0
 (x3 − x)dx + ⌡⌠

0

1
 (x − x3)dx 

 = 



x4

4  − 
x2

2

0
 
−1

 + 



x2

2  − 
x4

4

1
 
0

 

= 



0 − 

1
4 −



0 − 

1
2 +



1

2 − 0 −



1

4 − 0   

=  − 
1
4 + 

1
2 + 

1
2 − 

1
4  = 

1
2 NÕW AXÏLs 
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GÓjÕdLôhÓ 7.28:  

 Yû[YûW y2 = x Utßm y = x − 2 Gu\ úLôh¥]ôp AûPTÓm 

TWl©û]d LôiL, 

¾oÜ : TWYû[Vm y2 = x Ut\m úSodúLôÓ y = x − 2 ùYh¥d 

ùLôsÞm ×s°Ls (1, − 1) Utßm (4, 2) 
 ùLôÓjÕs[ TWlûTd LôQ 

x-I ùTôßjÕ ùRôûLÂÓ 

LiPôp TWlûT CWiÓ 

©¬ÜL[ôLjRôu ùRôûL LôQ 

úYiÓm, Hù]²p x = 1 Gu\ 

GpûXd úLôh¥p NUuTôÓ 

UôßTÓ¡\Õ, B]ôp   yI 

ùTôßjÕ ùRôûLÂÓ LiPôp 

TWlûT ©¬dLj úRûY«pûX, 
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      úRûYVô] TWl× = ⌡⌠
− 1

2
 (f(y) − g(y) dy 

  = ⌡⌠
− 1

 2
 [ ](y + 2) − y2 dy = 



y2

2  + 2y − 
y3

3

2
 
−1

 

  = 



4

2 − 
1
2  + (4 + 2) − 



8

3 + 
1
3  

  = 
3
2 + 6 − 

9
3 = 

9
2 NÕW AXÏLs 

-1
10

y =
 x

y = x3

(-1, -1)

(1, 1)

y =
 x

y = x3 x

y

-1
10

y =
 x

y = x3

(-1, -1)

(1, 1)

y =
 x

y = x3 x

y

x

y

(4, 2)

(1, -1)

y = x - 2

x = y2

x

y

(4, 2)

(1, -1)

y = x - 2

x = y2
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 GÓjÕdLôhÓ 7.29: x2 + y2 = 16 Gu\ YhPj§tÏm y2 = 6x Gu\ 

TWYû[Vj§tÏm ùTôÕYô] TWlûTd LôiL, 

¾oÜ : x2 + y2 = 16 Utßm y2 = 6x ùYhÓm 

×s°Ls ( )2, 2 3 , ( )2, − 2 3  BÏm, 
úRûYVô] TWl× OABC BÏm, 
 NUfºo Tu©uT¥  
  OABC = 2 OBC 

 i.e.,  2{[ y2 = 6x Gu\ Yû[YûW x = 0,  
x = 2 Utßm x-AfÑPu HtTÓjÕm 

TWl×] + [x2 + y2 = 16 Gu\ Yû[YûW  
x = 2, x = 4 Utßm x-AfÑPu HtTÓjÕm 

TWl×]} 
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   = 2 ⌡⌠
0

2
 6x dx + 2⌡⌠

2

4
  16 − x2 dx 

   = 2 6  



x3/2

3/2

2
 
0

 + 2  



x

2 42 − x2 + 
42

2  sin−1 
x
4  

4
 
2

  

   = 
8 12

3   − 2 12 + 8π − 
8π
3  

   = 
4
3  ( )4π + 3   

 GÓjÕdLôhÓ 7.30: 
  y = sin x Utßm y = cos x Gu\ Yû[YûWLs x = 0 Utßm x = π 

Gu\ úLôÓLs B¡VYtßdÏ CûPúV Es[ AWeLj§u TWlûTd 

LôiL, 
¾oÜ : ùYhÓm ×s°Ls LôQ 

Yû[YûWL°u NUuTôhûPj 

¾odL úYiÓm, 

 sin x = cos x = 
1
2

 ⇒ x = 
π
4 

 sin x = cos x  = 
− 1

2
 ⇒ x = 

5π
4  
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 0 ≤ x < 
π
4Cp  cos x > sin x Utßm 

π
4 < x < πCp sin x > cos x GuTûR 

YûWTPj§u êXm LôQXôm, 

π/4 π/2

π

3π/2

1
0

-1

y

x

y = cos x

y = sin x

π/4 π/2

π

3π/2

1
0

-1

y

x

y = cos x

y = sin x

x

y

y = √6x

(2,2√3)

y = 
√(

16
 –

x2 )

2O

A

B

CD

x

y

y = √6x

(2,2√3)

y = 
√(

16
 –

x2 )

2O

A

B

CD
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∴ TWl× A = ⌡⌠
0

π/4
 (cos x − sin x) dx + 

⌡⌠
π/4

π
 (sin x − cos x)dx 

  = (sin x + cos x)
π/4
0  + (− cos x − sin x) 

π
π/4 

  = 



sin 

π
4+ cos 

π
4 −(sin 0 + cos0) + (−cosπ − sin π) − 



− cos 

π
4−sin 

π
4  

  = 




1

2
 + 

1
2

 − (0 + 1) + (1 − 0) − 




− 

1
2

  −  
1
2

 = 2 2 NÕW AXÏLs 

GÓjÕdLôhÓ 7.31:  
x2

a2 + 
y2

b2 = 1 Gu\ ¿sYhPj§]ôp EÚYôÏm 

AWeLj§u TWlûTd LôiL, 

¾oÜ : Yû[YûWVô]Õ CWiÓ 

AfÑLû[l ùTôßjÕm 

NUfºWôL Es[Õ, 

 ∴¿sYhPj§u TWl×  

= 4 × ¿sYhPj§u ØRp Lôp 

TÏ§«u TWl× 

  = 4 
⌡⌠
0

a
  ydx 

  = 4 
⌡⌠
0

a
  

b
a  a2 − x2 dx 
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  = 
4b
a  ⌡⌠

0

a
 a2 − x2 dx  = 

4b
a  



x

2 a2 − x2 + 
a2

2  sin−1 


x

a

a
 
0

 

  = 
4b
a  





0 + 
a2

2  sin−1(1) − 0  = 
4b
a   



a2

2  


π

2  

  = π ab  NÕW AXLLs 

Ï±l×: ÕûQ AXÏf NUuTôÓ AûUlûT TVuTÓj§ CúR TWlûT 

AûPVXôm, 

x

y

0 a

y = (b/a) √(a2 – x2)

x

y

0 a

y = (b/a) √(a2 – x2)
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 i.e., 4 ⌡⌠
0

a
 y dx = 4 

⌡⌠
0

π/2
 b sin θ (− a sin θ) dθ 

GÓjÕdLôhÓ 7.32: y2 = (x − 5)2 (x − 6) Gu\ Yû[YûW úUÛm 

Øû\úV (i) x = 5 Utßm x = 6       (ii) x = 6 Utßm x = 7 B¡V 

úLôÓLÞdÏ CûPúVVô] TWl×Lû[d LôiL, 

¾oÜ :  

(i) y2 = (x − 5)2 (x − 6) 

 ∴y = (x − 5) x − 6 
 Yû[YûWVô]Õ x-AfûN x = 5 Utßm x = 6Cp ùYhÓ¡\Õ, 

 x B]Õ 5dÏm 6dÏm CûP«p GkR JÚ U§lûT ùTt\ôÛm  

y2
Cu U§l× Ïû\VôL Es[Õ, 

 ∴ 5 < x < 6 Gu\ CûPùY°«p Yû[YûW AûUVôÕ, 

 ∴ x = 5 Utßm x = 6 Gu\ CûPùY°«p TWl× 0 BÏm, 

 (ii) úRûYVô] TWl× = ⌡⌠
a

b
 ydx 

Yû[YûW x-AfûN ùTôßjÕ 

NUfºWôL CÚlTRôp 

TWl× =  2 ⌡⌠
6

7
 (x − 5) x − 6 dx 
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  = 2 ⌡⌠
6

7
 (t + 1) t dt 

  = 2 ⌡⌠
0

1
  (t3/2 + t1/2)dt 

   t = x − 6 GuL, 

 dt = dx 

 t = x − 6 

x 6 7 

t 0 1  

  = 2 









t5/2

5
2

 + 
t3/2

3
2

 

1
 
 
0

 = 2 



2

5 + 
2
3  = 2 



6 + 10

15  = 
32
15  NÕW AXÏLs 

GÓjÕdLôhÓ 7.33: 3ay2=x(x−a)2
Gu\ Yû[YûW«u Li¦«u(loop) 

TWlûTd LôiL, 

x

y
= 

(x
–

5)
√(

x
–

6)

5 6 7
x

= 
7

x

y
= 

(x
–

5)
√(

x
–

6)

5 6 7
x

= 
7
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¾oÜ :  

 y = 0 G²p. x = 0, a G]d 

¡ûPd¡\Õ, Yû[YûWVô]Õ  

x-AfûN x = 0 Utßm x = a Gu\ 

×s°L°p ùYhÓ¡\Õ, 

 ∴ (0, 0) Utßm (a, 0) Gu\ 

×s°LÞdÏ CûPúV JÚ 

Li¦ AûU¡\Õ,  

 
 
 
 
 

 
 

TPm 7.22 

Yû[YûW x-AfûNl ùTôßjÕ NUfºWôL CÚlTRôp Li¦«u 

TWl× B]Õ xAfÑdÏ úUp Es[ TWl©u CÚ UPeLôÏm, 



∴ úRûYVô]

TWl×
 = 2 ⌡⌠

0

a
 y dx 

  = 2 ⌡⌠
0

a
 −  

x (x − a)
3a

 dx  = − 
2
3a

  ⌡⌠
0

a
  [ ]x3/2 − a x dx 

  = − 
2
3a

  



2

5 x5/2 − 
2a
3  x3/2

a
 
0

 = 
8a2

15 3
 = 

8 3 a2

45  



∴ úRûYVô]

TWl×
 = 

8 3 a2

45  NÕW AXÏLs,  

GÓjÕdLôhÓ 7.34: x = a (2t − sin 2t), y = a (1 − cos 2t) Gu\ YhP 

EÚsYû[ (cycloid)«u JÚ Yû[®tÏm. x-Af£tÏm CûPúVÙs[ 

AWeLj§u TWlûTd LôiL, 

¾oÜ :  Yû[YûWVô]Õ x-Af£û] ùYhÓm ×s°Lû[d LôQ  
y = 0 G]l ©W§«PÜm, 

 ∴ a(1 − cos 2t) = 0 

 ∴ cos 2t = 1    ;    2t = 2nπ,  n ∈ z 

 ∴ t = 0, π, 2π, … 

    ∴ Yû[YûW«u JÚ Yû[Yô]Õ 0dÏm πdÏm CûP«p 

AûU¡\Õ, 

 úRûYVô] TWl× = ⌡⌠
a

b
 y dx 

x

y

(a,0)
x

y

(a,0)
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  = ⌡⌠
0

π
 a(1 − cos 2t) 2a (1 − cos 2t) dt 

y = a(1 − cos2t) 

x = a (2t − sin 2t) 

dx = 2a(1 − cos 2t) dt 

  = 2a2 ⌡⌠
0

π
  (1 − cos 2t)2dt  =  2a2 ⌡⌠

0

π
 (2 sin2t)2dt  = 8a2 ⌡⌠

0

π
 sin4t dt 

  = 2 × 8a2 ⌡⌠
0

π/2
 sin4t dt      











‡ ⌡⌠
0

2a
 f(x) dx = 2⌡⌠

0

a
 f(2a − x)dx    

  = 16a2 



3

4 × 
1
2 × 

π
2  = 3πa2 NÕW AXÏLs, 

7,5,2 ÑZtßR−p AûPVlùTßm §PlùTôÚ°u L] A[Ü 

(Volume of solids of revolution) : 
 f GuTÕ [a, b] Gu\ CûPùY°«p Ïû\Vt\ U§lûT ùTßm 

JÚ ùRôPof£Vô] Nôo× GuL, R GuTÕ fCu Yû[YûWVôp úUp 

YWm©PlThÓm x-AfNôp ¸r YWm©PlThÓm Ut\m x = a, x = b 
[TPm 7.23 (a)] B¡V úLôÓL[ôp AûPTÓm TWlTôÏm, 

 

 

 

 

 

 

TPm 7.23(a) 

 

 

 

 

 

 

TPm 7.23 (b) 

 ClTWlûT x-AfûNl ùTôßjÕ ÑZtßm úTôÕ YhP ÏßdÏ 

ùYhÓ Y¥®p AûUkR §PlùTôÚû[ EÚYôdÏm (TPm 7.23(b)]. 
xCp ùYhÓ ØLj§u BWm f(x) GuTRôp ÏßdÏ ùYhÓ ØLlTWl× 

A(x) = π [ ]f(x) 2 = πy2 
 YhP Y¥Yj RLhûP x AfÑdÏ ùNeÏjRô] §ûN«p 

SLojÕYRôp HtTÓm §PlùTôÚ°u L] A[Ü  

 V = ⌡⌠
a

 b
 π [ ]f(x) 2dx = ⌡⌠

a

 b
 π y2 dx  BÏm,   [TPm 7.23(b)] 

f(x)

a b

f(x)

a b

f(x)

x

f(x)

x
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(ii) x = g(y) Gu\ Yû[YûW.  
y = c, y = d Gu\ úLôÓLs Utßm 

y-AfÑ YXlTdLm AûPTÓm 

TWlûT y AfûNl ùTôßjÕ 

ÑZtßmúTôÕ HtTÓm 

§PlùTôÚ°u L] A[Ü 

 V = ⌡⌠
c

 d
 π [ ]g(y) 2dx = ⌡⌠

c

 d
 π x2 dy 

BÏm, (TPm 7.24) 

 

 

 

 

 

 

 

TPm 7.24 

GÓjÕdLôhÓ 7.35:  

 
x2

a2 + 
y2

b2 = 1  (a > b > 0) Gu\ ¿sYhPm HtTÓjÕm TWl©û] 

Ït\fûNl ùTôßjÕf ÑZt±]ôp HtTÓm §PlùTôÚ°u L] A[Ü 

LôiL, 

¾oÜ :  
x2

a2 + 
y2

b2 = 1 Gu\ Yû[YûWûV  

y-AfûNl ùTôßjÕf ÑZt±]ôp 

úRûYVô] L] A[Ü ¡ûPdÏm, 
 yCu GpûXLû[d LôQ x = 0 G]l 

©W§«PÜm   

 x = 0 ⇒ y2 = b2 ⇒ y = ± b 

 
 
 
 
 

TPm 7.25 

 ùLôÓdLlThP Yû[YûW«−ÚkÕ. x2 = 
a2

b2 (b2 − y2) 

∴ L] A[Ü 

 V = ⌡⌠
c

d
 π x2dy = ⌡⌠

−b

b
  π  

a2

b2  (b2 − y2) dy  = 2π  
a2

b2  





b2y − 
y3

3

b
 
0

  

  = 2π  
a2

b2 





b3 − 
b3

3 = 
4π
3  a2b L] AXÏLs, 

GÓjÕdLôhÓ 7.36:  
y = x Gu\ Yû[YûW«p y = 2, x = 0 B¡V úLôÓLÞdÏ 

CûPlThP TWl©û] y-AfûNl ùTôßjÕf ÑZt±]ôp EÚYôÏm 

§PlùTôÚ°u L]A[®û]d LôiL. 

-b

b

y

a-a

-b

b

y

a-a

 

g(y)

y

g(y)

y
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¾oÜ : y-AfûNl ùTôßjÕ 

ÑZtßYRôp. y = x Gu\ 

NUuTôhûP x = y2
 G] GÝRXôm, 

 yCu GpûXLs y = 0 Ut\m y = 2  

(x = 0 G] x = y2
Cp ©W§«Pd 

¡ûPlTÕ   y = 0) 

 L] A[Ü V = ⌡⌠
c

d
  π x2dy 

 
 
 
 
 

 
 

TPm 7.26 

  = ⌡⌠
0

2
 π y4 dy = 



πy5

5  
2
 
0

 = 
32 π

5  L] AXÏLs, 

T«t£ 7.4 
 (1) x − y = 1 Gu\ úLôÓ Utßm 
  (i)  x-AfÑ, x = 2, x = 4 GuTYt\ôp AûPTÓm TWl× 

  (ii) x-AfÑ,  x = − 2, x = 0 GuTYt\ôp AûPTÓm TWl× 

B¡VYtû\d LôiL, 

 (2) x − 2y − 12 = 0 Gu\ úLôÓ Utßm 
  (i) y-AfÑ, y = 2, y = 5 GuTYt\ôp AûPTÓm TWl× 

  (ii) y-AfÑ,   y = − 1, y = − 3 GuTYt\ôp AûPTÓm TWl× 

B¡VYtû\d LôiL, 

 (3) y = x − 5 Gu\ úLôÓ xAfÑ. x = 3 Utßm x = 7 Gu\ úLôÓL[ôp 

AûPTÓm AWeLj§u TWl©û]d LôiL, 

 (4) y = 3x2 − x Gu\ Yû[YûW x-AfÑ x = − 1 Utßm x = 1 Gu\ 

úLôÓL[ôp AûPTÓm AWeLj§u TWl©û]d LôiL, 

 (5) x2 = 36y Gu\ Yû[YûW y-AfÑ, y = 2 Utßm y = 4 B¡V 

úLôÓL[ôp AûPTÓm AWeLj§u TWl©û]d LôiL, 

 (6) y2 = 4ax  Gu\ TWYû[Vj§tÏm ARu ùNqYLXj§tÏm 

CûPlThP TWl©û]d LôiL, 

 (7) 
x2

9  + 
y2

5  = 1 Gu\ ¿sYhPj§p Es[ CWiÓ ùNqYLXj§tÏ 

CûPlThP TWl©û]d LôiL, 

 (8) y2 = 4x Gu\ TWYû[Vj§tÏm 2x − y = 4 Gu\ úLôh¥tÏm 

CûPlThP TWl©û]d LôiL, 

x

y

y = √x

y = 2

x

y

y = √x

y = 2
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 (9) 4y2 = 9x , 3x2 = 16y Gu\ TWYû[VeLÞdÏ CûPlThP 

TWl©û]d LôiL, 

 (10) a Gu\ BWØs[ YhPj§u TWl©û]d LôiL, 

©uYÚm Yû[YûWLs Utßm úLôÓL[ôp ãZlThP TWl×f 

ÑZt£«]ôp HtTÓjÕm §PlùTôÚ°u L]A[ûYd LôiL, 

 (11) y = 1 + x2, x = 1, x = 2, y = 0, x-AfûNl ùTôßjÕ 

 (12) 2ay2 = x(x − a)2, a > 0, x-AfûNl ùTôßjÕ 

 (13) y = x3, x = 0, y = 1,   y-AfûNl ùTôßjÕ. 

 (14) 
x2

a2 + 
y2

b2 = 1,   xAfûNl ùTôßjÕ a > b > 0. 

 (15) BWm ‘r’, ÏjÕWVm ‘h’ EûPV ám©u L]A[ûYd LôiL, 

 (16) xy = 1 Gu\ Yû[YûWdÏm. x-AfÑ, x = 1 GuTYt\ôp 

AûPTÓm TWl× x-AfûNl ùTôßjÕ ÑZtßmúTôÕ HtTÓm 

§PlùTôÚ°u L]A[ûYd LôiL, 

7,6, Yû[YûW«u ¿[m (Length of the curve) : 

 (i) f(x) Gu\ Nôo× Utßm ARu YûLdùLÝf Nôo× f ′(x)  
B¡VûY [a, b] Gu\ CûPùY°«p ùRôPof£Vô]RôL 

CÚl©u x = a ØRp x = b YûWÙs[ Yû[YûW«u ®p−u 

¿[m  L = ⌡⌠
a

b
 1 + 



dy

dx

2
 dx  BÏm, 

 (ii) Yû[YûW«u NUuTôÓ x = g(y) Y¥Yj§Ûm [c, d]Cp g(y) 
ùRôPof£Vô]Õ G²p. y = c ØRp y = d YûWÙs[ 

Yû[YûW«u ®p−u ¿[m L =  ⌡⌠
c

d
 1 + 



dx

dy

2
 dy BÏm, 

 (iii) y = f(x) Gu\ Yû[YûW«u ÕûQVXÏ AûUl× x = φ(t),   y = Ψ(t) 
GuL,  φ(t), Ψ(t) Gu\ Nôo×Ls α ≤ t ≤ β Gu\ CûPùY°«p 

ùRôPof£ EûPVÕm Utßm φ′(t) éf£VUt\Õ G²p 

®p−u ¿[m L =  ⌡⌠
α

β
 ( )φ′(t) 2 + ( )Ψ′(t) 2  dt BÏm, 
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7,7 §Pl ùTôÚ°u Yû[TWl× (Surface area of a solid) : 
(i) f(x) Utßm ARu YûLdùLÝ f ′(x) 

B¡VûY [a, b]  Gu\ CûPùY°«p 

ùRôPof£ EûPVÕ G²p y = f(x) Gu\ 

Yû[YûW. x = a, x = b B¡V úLôÓLs  

x-AfÑ B¡VYt\ôp AûPTÓm 

TWl©û] x-AfûNl ùTôßjÕ 

ÑZt±]ôp HtTÓm §PlùTôÚ°u 

Yû[TWl× 

 S.A. = 2π ⌡⌠
a

b
 y 1 + 



dy

dx

2
 dx BÏm, 

 

 

 

 

 

 

 

 TPm 7.27 

(ii) Yû[YûW«u NUuTôÓ x = g(y) 

Y¥Yj§Ûm Utßm [c, d]Cp  g′(y) 

ùRôPof£ÙûPVÕm G²p x = g(y) Gu\ 

Yû[YûW.  y = c, y = d Gu\ úLôÓLs 

Utßm y-AfÑ B¡VYt\ôp AûPTÓm 

TWl©û] y AfûNl ùTôßjÕ 

ÑZtßmúTôÕ HtTÓm §Pl ùTôÚ°u 

Yû[TWl×  

 S.A. = 2π ⌡⌠
c

d
 y 1 + 



dx

dy

2
 dy BÏm, 

 
 
 
 
 

 
 
 
 

TPm 7.28 

 (iii) y = f(x) Gu\ Yû[YûW«u ÕûQVXÏ AûUl×  

 x = g(t),   y = h(t) GuL,    g(t), h(t) Gu\ Nôo×Ls α ≤ t ≤ β  Gu\ 

CûPùY°«p ùRôPof£ EûPVÕm g′(t) éf£VUt\Õm G²p 

Yû[TWl× S.A. = 2π 
⌡⌠

t = α

t = β
   y  ( )g′(t) 2 + ( )h′(t)  2 dt BÏm, 

GÓjÕdLôhÓ 7.37: 

 4y2 = x3 Gu\ Yû[YûW«p x = 0C−ÚkÕ x = 1 YûWÙs[ 

®p−u ¿[jûRd LôiL, 

f(x)

x

f(x)

x

g(y)

y

g(y)

y
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¾oÜ :  

 4y2 = x3 
 xI ùTôßjÕ YûLlTÓjR 

  8y 
dy
dx = 3x2 

  
dy
dx = 

3x2

8y  

  1 + 



dy

dx

2
 = 1 + 

9x4

64y2 

 
 
 
 
 

 
 
 

TPm 7.29 

  = 1 + 
9x4

16 × 4y2  =  1 + 
9x4

16x3  = 1 + 
9x
16  

 Yû[YûWVô]Õ x-AfûNl ùTôßjÕ NUfºWôL Es[Õ,  
 úRûYVô] ®p−u ¿[m. 

  L = 2⌡⌠
0

1
  1 + 



dy

dx

2
dx = 2⌡⌠

0

1
 



1 + 

9x
16

1/2
 dx 

   = 2 × 











1 + 

9x
16

3/2

9
16 × 

3
2

1
 
 
0

 = 
64
27 









1 + 

9x
16

3/2 1
 
0

  

   = 
64
27  



125

64  − 1  = 
61
27 

 GÓjÕdLôhÓ 7.38: 


x

a
2/3

+


y

a
2/3

=1 Gu\ Yû[YûW«u ¿[jûRd LôiL, 

¾oÜ : Sôtáo NUYû[ (Astroid)Cu 

ÕûQVXÏ AûUl×  x = a cos3t,  

y = a sin3t, 0 ≤ t ≤ 2π BÏm, 

 
dx
dt  = − 3a cos2t sin t  ;   

 
dy
dt  = 3a sin2t cos t 

 
 
 
 
 

 
 
 

TPm 7.30 

x

y

x = 1

4y2 = x3

x

y

x = 1

4y2 = x3

x

y

x2/3 + y2/3 = a2/3

Astroid

a

a-a

-a

x

y

x2/3 + y2/3 = a2/3

Astroid

a

a-a

-a
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dx

dt

2
+ 



dy

dt

2
 = 9a2 cos4t sin2t + 9a2 sin4t cos2t = 3a sin t cos t 

 Yû[YûWVô]Õ AfÑLû[l ùTôßjÕ NUfºWôL CÚlTRôp 

Yû[YûW«u ùUôjR ¿[m ØRp Lôp YhPl TÏ§«p AûUkÕ 

Es[ ¿[jûRl úTôp SôuÏ UPeLôÏm, 

∴ Yû[YûW«u ùUôjR ¿[m = 4 ⌡⌠
0

π/2
  



dx

dt

2
+ 



dy

dt

2
 dt 

  = 4 ⌡⌠
0

π/2
  3a sin t  cos t  dt = 6a ⌡⌠

0

π/2
 sin 2t dt 

  = 6a . 



− 

cos 2t
2

π/2
 
0

 = − 3a [cos π − cos 0] 

  = − 3a [− 1  − 1] = 6a 

GÓjÕdLôhÓ 7.39: y = sin x Gu\ Yû[YûW x = 0, x = π Utßm x-AfÑ 

B¡VYt\ôp HtTÓm TWl©û] x-Af£û]l ùTôßjÕ ÑZtßm 

úTôÕ ¡ûPdÏm §PlùTôÚ°u Yû[TWl× 2π [ ]2 + log ( )1 + 2  

G] ¨ßÜL, 

¾oÜ : y = sin x 

 xI ùTôßjÕ YûL«P.  
dy
dx = cos x. 

   ∴ 1 + 



dy

dx

2
 = 1 + cos2x  

 x-AfûNl ùTôßjÕ ÑZtßYRôp. 

   Yû[TWl×  = ⌡⌠
a

b
 2πy 1 + 



dy

dx

2
 dx  

S = ⌡⌠
0

π
  2π sin x 1 + cos2x  dx 

cos x = t GuL 

− sin x dx = dt 

       t = cos x 

x 0 π 

t 1 − 1 
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    =  ⌡⌠
1

− 1
 2π 1 + t2 (− dt) = 4π ⌡⌠

0

1
 1 + t2 (dt) 

    = 4π 



t

2 1 + t2 + 
1
2 log  ( )t + 1 + t2

1
 
0

 

    = 2π [ ]2 + log ( )1 + 2  − 0 

    = 2π [ ]2 + log ( )1 + 2  

GÓjÕdLôhÓ 7.40: x = a(t + sin t), y = a(1 + cos t) Gu\ YhP EÚs 

Yû[ (cycloid) ARu A¥lTdLjûRl (x-AfÑ) ùTôßjÕ ÑZtßYRôp 

HtTÓm §Pl ùTôÚ°u Yû[lTWlûTd LôiL, 

¾oÜ :  

                y = 0  ⇒  1 + cos t = 0    cos t = − 1    ⇒    t = − π, π 
    x = a (t + sin t)  ;  y = a (1 + cos t) 

 
dx
dt   =  a (1 + cos t)   

dy
dt  = − a sin t 

 



dx

dt

2
+ 



dy

dt

2
 = a2 (1 + cos t)2 + a2 sin2t = 2a cos 

t
2 

 Yû[TWl× = ⌡⌠
− π

π
  2πa (1 + cos t) 2a cos 

t
2 dt 

  = ⌡⌠
− π

π
  2π a . 2 cos2 t

2 . 2 a cos 
t
2 dt  = 16π a2 ⌡⌠

0

π
  cos3 

t
2 dt 

  = 16πa2 ⌡⌠
0

π/2
 2cos3 x dx   



 

t
2 = x G]d ùLôsL   

  = 32πa2I3  

  = 32πa2 × 
2
3 

  = 
64
3 πa2 NÕW AXÏLs, 
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T«t£ 7.5 
 (1) BWm a EûPV YhPj§u Ñt\[ûYd LôiL, 

 (2) x = a(t − sin t), y = a(1 − cos t) Gu\ Yû[YûW«u ¿[j§û] t = 0 
ØRp t = π YûW LQd¡ÓL, 

 (3) y2 = 4ax Gu\ TWYû[Vj§u ARu ùNqYLXm YûW«Xô] 

TWl©û] x-Af£u ÁÕ ÑZtßmúTôÕ ¡ûPdÏm §Pl 

ùTôÚ°u Yû[TWlûTd LôiL, 

 (4) BWm r AXÏLs Es[ úLô[j§u ûUVj§−ÚkÕ a Utßm b 
AXÏLs ùRôûX®p AûUkR CÚ CûQVô] R[eLs 

úLô[jûR ùYhÓmúTôÕ CûPlTÓm TÏ§«u Yû[TWl×  

2π r (b − a) G] ¨ßÜL, C§−ÚkÕ úLô[j§u Yû[TWlûT 

YÚ®,  

(b > a). 
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8, YûLdùLÝf NUuTôÓLs 

(DIFFERENTIAL EQUATIONS) 

8,1 A±ØLm : 
 L¦Rj§p JÚ ©¬YôLÜm A±®V−u ØRuûU ùUô¯VôL ªLj 

ùR°YôL AûZdLlTÓYÕUô] “YûLdùLÝf NUuTôÓLs”, 
A±®Vp. ùTô±«Vp Utßm NêL A±®Vp TôPeL°p ªL Ød¡V 

TeÏ Y¡d¡u\Õ, CRû] £X GÓjÕdLôhÓLs êXm ùR¬kÕ 

ùLôsúYôm, 

 (1) CÚ E«¬]eLs E«oYôrYÕ JÚ Ï±l©hP EQÜ 

¨ûX«û] Sô¥ CÚd¡u\] G] GÓjÕd ùLôsúYôm, CÕ. 

AqÜ«¬]eLÞdÏs AkR EQûY EhùLôsYRtÏ 

úTôh¥ûV HtTÓjÕ¡u\Õ, CjRûLV ¨ûXûV Ri½o. 

EWm Utßm RôÕl ùTôÚhLû[ ùTôÕYôL EhùLôsÞm 

RôYW C]eL°p LôQXôm, GqYô\ôL CÚl©àm. CjRûLV 

úTôh¥Ls CÚ E«¬]eLÞdÏ CûPúV HtThPôp. Ju±u 

Y[of£ Cuù]ôu\ôp RûPTÓYûRd LôQXôm, úUÛm 

AjRûPVô]Õ ‘t’ Guàm AkúSWj§p Ut\ E«¬]j§u 

Y[of£ ®¡RjûRl ùTôßjÕ AûU¡\Õ, Ck¨ûXVô]Õ  

L¦R Uô§¬VôL GÝRlTÓUô«u. ARu ¾oYô]Õ. 

AqÜ«¬]eL°p Juß A¯kÕ úTôÏm LôXjûR A±V 

ERÜ¡u\Õ, 

 (2) TX ®Vô§Ls ùRôtßjRuûU êXm TWÜ¡u\], JÚ SLWj§p 

ÑXTUôL ®Vô§ ùRôt\dá¥V UdL°u ùRôûL p GuL, JÚ 

STo ùRôtß úSôVôp Tô§dLlTÓ¡\ôo G] ûYjÕd 

ùLôsúYôm, ùRôtßRp êXm. NXTUôL Tô§l×dÏs[ôÏm 

AÓjR STÚdÏm Aq®Vô§ TWÜ¡\Õ, Ck¨ûX ùRôPoYRôp 

ùUôjR UdLÞm Tô§dLlTÓ¡\ôoLs, £X LÚjÕLû[ 

A¥lTûPVôLd ùLôiÓ Ck¨ûXûV L¦RØû\lT¥ L¦R 

Uô§¬VôL Y¥dLlThPôp. ARu ¾oYô]Õ. AkúSôn 

TWÜYûRd Ï±jÕ SUdÏ TX RLYpLû[j RÚm, 

 (3) C\kRYo JÚY¬u EPp UÚjÕYl T¬úNôRû]dLôL JÚ 

Ï±jR úSWm ùLôiÓ YWlTÓ¡\ùR²p. ùYqúYß LôX 

CûPùY°«p GÓdLlThP AqÜP−u ùYlT ¨ûXLû[ 

L¦R Ã§Vô] Y¥®p GÝ§ ¾olTRu êXm AkSTo 

GlùTôÝÕ C\k§ÚlTôo GuTûRj Õp−VUôLd 

LQd¡PXôm, 
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 (4) JÚ Ï±l©hP LôXj§tÏs £ûRkÕ úTôÏm L§¬VdLl 

ùTôÚ°u A[ûYÙm L¦R Ã§VôL GÝ§ ¾odLXôm, 

 (5) CÚ SôÓLÞd¡ûPúV ùYqúYß ©WfNû]LÞdLôL ÙjRm 

SPlTRtÏ TpúYß GÓjÕdLôhÓLs Lôi©dLXôm, 

JqùYôÚ SôÓm Ut\ Sôh¥−ÚkÕ Ruû]l TôÕLôjÕd 

ùLôsYRtLôL R]Õ TûP TXjûR ùTÚd¡d ùLôs¡\Õ, 

CVpTôL. ÙjR SôÓLÞdÏ CûPúV TûPTXjûR ùTÚd¡d 

ùLôsÞm BoYm á¥dùLôiúP úTô¡\Õ, JÚ £ß 

©Wf£û]úV. úTôo úTôu\ ¨ûXûV EÚYôd¡ TûPûV 

A§L¬dÏm ãr¨ûXûV HtTÓj§ ®Ó¡\Õ, ùTôÕYôL Sôm 

AàTYlThÓs[ Cl©Wf£û]Lû[ L¦R ùUô¯«p GÝ§ 

¾oÜ LôQlThÓs[Õ, CdL¦R Uô§¬Ls ØRp Utßm 

CWiPôm EXLl úTô¬u úTôÕ úTô¬hP SôÓL°p 

SûPØû\f ãZÛdLôL úNô§dLlThÓ TVuTÓjRlThP],  
 úUtá±V GÓjÕdLôhÓL°−ÚkÕ JqùYôÚ ¨ûX«Ûm 

AûUdÏm L¦R Uô§¬Vô]Õ YûLdùLÝf NUuTôPôL UôßYûRd 

LôQXôm, CVt©Vp úLôhTôÓLû[ BWônYRtÏ ERÜm YûLd 

ùLÝf NUuTôÓL°u Yô«XôL AYt±u Ød¡VjÕYm SuÏ 

®[eÏm, CdL¦Rl ©¬®u TVuTôÓL[ô]Õ L¦Rm Utßm 

A±®VûX CûQdÏm TôXUôÏm, G]úY CÕ A±®VpL°u 

ùUô¯ G]d á\lTÓYÕ ªLÜm N¬VôÏm,  

 JÚØû\ L−−úVô. AûU§ ¨ûX«−ÚkÕ ®Ým JÚ ùTôÚ°u 

úYLm AÕ ®Ým ùRôûXÜdÏ úSo ®¡Rj§p CÚdÏm G] 

AàUô²jRôo, ©u]o AÕ ®Ým úSWj§tÏ úSo ®¡Rj§p CÚdÏm 

G] Uôt±d ùLôiPôo. CdátßLs JqùYôußm HúRàm JÚ 

Nôo©u  UôßÅRm ùLôiP NUuTôPôL GÝRlTÓm, CÕ L¦R 

YpÛ]oL[ôp AûZdLlTÓm YûLdùLÝf NUuTôh¥tÏ JÚ 

GÓjÕdLôhPôÏm, 

 s ùRôûX®−ÚkÕ ®Ým JÚ ùTôÚ°u úYLm. úSWm ‘t’dÏ úSo 

®¡RUôL CÚdÏùU²p ARu YûLdùLÝf NUuTôÓ 
ds
dt = kt BÏm, 

CÕ AlùTôÚ°u §ûNúYLjûRj RÚm, 

YûWVû\ : Juß ApXÕ ARtÏ úUtThP NôWô Uô±Ls ARû]f 

NôokR Uô± Utßm ARu YûLÂÓLs APe¡Vf NUuTôÓ. 

YûLdùLÝf NUuTôÓ BÏm, 

 y = f(x) GuTÕ ùLôÓdLlThP JÚ Nôo× G²p. ARu YûLdùLÝ 

dy
dx GuTûR. xIl ùTôßjÕ yCu UôßÅRm G]d ùLôs[Xôm, 

CVpTôL SPdÏm GkR JÚ ùNV−Ûm Es[ Uô±Ls Utßm 

AYt±u Uôß ÅReLs A¥lTûP ®gOô] RjÕYj§uT¥ 
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Juú\ôùPôuß ùRôPo×TÓjRlThÓs[], Cdátû\ L¦R 

Ã§VôL GÝÕmúTôÕ ¡ûPlTÕ YûLdùLÝf NUuTôPôÏm, 

 G]úY YûLdùLÝf NUuTôÓ GuTÕ YûLdùLÝdLû[d 

ùLôiP JÚ NUuTôPôÏm, JqùYôÚ CVpTô] ùNVûXÙm JÚ 

YûLdùLÝf NUuTôhPôp ¨oQ«dLXôm Guàm át\ô]Õ CRu 

Ød¡VjÕYjûR úUÛm ùY°lTÓjÕ¡u\Õ, YûLdùLÝf 

NUuTôÓLs CÚ YûLlTÓm,  
 (i) NôRôWQ YûLdùLÝf NUuTôÓLs Utßm 
 (ii) TÏ§ YûLdùLÝf NUuTôÓLs,  
 Sôm CkR Aj§VôVj§p NôRôWQ YûLdùLÝf NUuTôÓLû[l 

Tt±V LÚjÕLû[l TôolúTôm, 

 YûWVû\ :  JÚ YûLdùLÝf NUuTôh¥p ùY°lTûPVôLúYô 

ApXÕ Uû\ØLUôLúYô JúW JÚ NôWô Uô± UhÓúU CPm 

ùTßUô]ôp ARû] JÚ NôRôWQ YûLdùLÝf NUuTôÓ GuúTôm, 

GÓjÕdLôhPôL   

 (i) 
dy
dx = x + 5  (ii) (y′)2 + (y′)3 + 3y = x2 (iii) 

d2y

dx2 − 4 
dy
dx + 3y = 0  GuTûY 

NôRôWQ YûLdùLÝf NUuTôÓL[ôÏm, 

8,2 YûLdùLÝf NUuTôh¥u Y¬ûN Utßm T¥  

(Order and degree of a differential equation) : 
YûWVû\ : JÚ YûLdùLÝf NUuTôh¥u Y¬ûNVô]Õ A§Ûs[ 

YûLdùLÝdL°u Y¬ûN«p. EfN Y¬ûNVôÏm, YûLdùLÝf 

NUuTôh¥u T¥ GuTÕ A§Ûs[ YûLdùLÝdL°u EfN 

Y¬ûN«u T¥VôÏm, Ï±lTôL YûLdùLÝ®p ©u]eLs Utßm 

T¥êXeLs CÚl©u AYtû\ ¿d¡V ©u T¥LôÔRp Øû\VôÏm, 

 YûLdùLÝf NUuTôh¥u T¥ LôiTRtÏ A§Ûs[ r, s, t … 
úTôu\ Uô±L°u AÓdÏd Ï±«Ûs[ ©u]m Utßm T¥êXeLs 

¿dLlTP úYi¥V§pûX, 

GÓjÕdLôhÓ 8.1: ¸rdLôÔm YûLdùLÝf NUuTôh¥u Y¬ûN 

Utßm T¥ LôiL: 

 (i) 
d3y

dx3 + 






d2y

dx2

3

 + 



dy

dx

5
 + y = 7 (ii) y = 4 

dy
dx + 3x 

dx
dy 

 (iii) 
d2y

dx2 = 





4 + 



dy

dx

2
 

3
4
  (iv) (1 + y′)2 = y′2  

¾oÜ : (i) CfNUuTôh¥Ûs[ EfN Y¬ûN YûLdùLÝ®u Y¬ûN 3 

BÏm, AqY¬ûN«u T¥ 1 BÏm,  

 ∴ (Y¬ûN. T¥) = (3, 1) 



 140

(ii)   y = 4 
dy
dx + 3x 

dx
dy  ⇒   y = 4



dy

dx  + 3x 
1

 



dy

dx

  

 úUtLôÔm NUuTôh¥p 
dy
dx I ©u] AûUl©−ÚkÕ ¿d¡V©u 

¡ûPlTÕ y  
dy
dx = 4



dy

dx

2 
+ 3x 

   EfN Y¬ûN = 1 
  EfN Y¬ûN«u T¥ = 2 
   (Y¬ûN. T¥) = (1, 2) 

(iii) 
d2y

dx2 = 





4 + 



dy

dx

2
 

3
4
 

 úUtLôÔm NUuTôh¥p. T¥ êXj§û] ¿dL. CÚ×\Øm 4Cu 

AÓdÏdÏ EVojÕúYôm, CR]ôp ¡ûPlTÕ.  






d2y

dx2

4

 = 





4 + 



dy

dx

2
 

3

. 

G]úY (Y¬ûN. T¥) = (2, 4). 

(iv) (1 + y′)2 = y′2  ⇒  1 + y′2 + 2y′ = y′2−ÚkÕ ¡ûPlTÕ  

 2 
dy
dx + 1 = 0     

 ∴ (Y¬ûN. T¥) = (1, 1). 

8,3, YûLdùLÝf NUuTôÓLû[ AûUjRp 

(Formation of differential equations) : 
 f (x, y, c1) = 0 GuTÕ x, y Utßm c1 Gu\ Uô\jRdL Uô±−ûVd 

(arbitrary constant) ùLôiP JÚ NUuTôÓ G]d ùLôsúYôm, CeÏ  

 f(x, y, c1) = 0ûY JÚ NôWô Uô±ûVl ùTôßjÕ JÚØû\ YûLlTÓj§ 

c1I ¿dÏYRôp x, y Utßm 
dy
dxLû[ Es[Pd¡V JÚ ùRôPo× 

¡ûPd¡u\Õ, CÕ JÚ ØRp Y¬ûN YûLdùLÝf NUuTôÓ GuTÕ 

ùY°lTûPVôÏm, AûRl úTôXúY.  c1 Utßm c2 Guàm CÚ 

Uô\jRdL Uô±−Lû[d ùLôiP f(x, y, c1, c2) = 0 Gu\ NUuTôhûP 

CÚØû\ YûLlTÓjÕYRôp. êuß NUuTôÓLs (fI Es[Pd¡) 
¡ûPdLlùTßm, CeÏ c1 Utßm c2ûY CfNUuTôÓL°−ÚkÕ ¿d¡V 

©u. CWiPôm Y¬ûN YûLdùLÝf NUuTôÓ Ju±û]l 

ùTß¡ú\ôm, 
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 ùTôÕYôL c1, c2 … cn Gu¡u\ n Uô\jRdL Uô±−Lû[d ùLôiP 

f(x, y, c1, c2, …cn) = 0 Gu\ NUuTôhûP. n RPûY YûLlTÓjÕYRôp 

ùUôjRUôL (n + 1) NUuTôÓLû[l ùTß¡ú\ôm, C§p c1, c2, … cn 
GuT]Ytû\ ¿dÏYRôp n Y¬ûNÙûPV JÚ YûLdùLÝf 

NUuTôhûPl ùTß¡ú\ôm, 
 Ï±l× : Uô\jRdL Uô±−LÞdÏs ùRôPo×Ls CÚl©u. 

YûLdùLÝf NUuTôh¥u Y¬ûN nI ®Pd Ïû\YôL CÚlTRtÏ 

Yônl× EiÓ, 
®[dL GÓjÕdLôhÓ : y = mx + c Gu\ úSodúLôÓLÞdÏ¬V 

YûLdùLÝf NUuTôhûPd LôiL, CeÏ m Utßm c GuTûY 

HúRàªÚ Uô\jRdL Uô±−Ls,  

 CeÏ m Utßm c CÚ Uô\jRdL Uô\−Ls BRXôp. CÚØû\ 

YûLlTÓjR. 

   
dy
dx = m 

   
d2y

dx2 = 0 

 CqYô\ôL CÚ Uô\jRdL 

Uô±−LÞm ¿dLlThÓ ®hP 

Rôp. úRûYVô] YûLdùLÝf 

NUuTôÓ 
d2y

dx2 = 0 BÏm, 

 
 
 
 
 
 
 
 

TPm 8.1 

Ï±l× : úUúX Ï±l©hÓs[ ®[dL GÓjÕdLôh¥p. m Utßm c 
Guàm CÚ Uô\jRdL Uô±−Lû[ GÓjÕd ùLôiÓsú[ôm, CeÏ 

CÚ ¨ûXLs GÝYûRd LôQXôm, 

¨ûX (i) : m JÚ Uô\jRdL Uô±−, c JÚ NôRôWQ ¨ûXVô] Uô±−,  

y = mx + cCp  m UhÓúU Uôßm A[ûYVôL CÚdÏm  … (1) 
 JÚØû\ YûLlTÓjR 

¡ûPlTÕ  
dy
dx = m               … (2) 

 (1) Utßm (2)C−ÚkÕ mI 

¿dÏYRôp ¡ûPdÏm 

YûLdùLÝf NUuTôÓ  

 x 



dy

dx  − y + c = 0 BÏm, 

 
 
 
 
 
 
 

TPm 8.2 

y = (1/3)x + c

C
y = -(1/3)x + c

y = -2x + c

x

y

y = (1/3)x + c

C
y = -(1/3)x + c

y = -2x + c

x

y

 

y = -x

y = -2x + 4

y 
=

 -2
x 

+
 8

x

y

y = -x

y = -2x + 4

y 
=

 -2
x 

+
 8

x

y
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¨ûX (ii) : c JÚ Uô\jRdL Uô±−, m JÚ ¨ûXVô] Uô±−, 

 

 CeÏ c UhÓúU JÚ Uôßm 

A[ûYVôL CÚlTRôp. JÚØû\ 

YûLlTÓjR ¡ûPlTÕ 
dy
dx = m. CkR 

NUuTôh¥p c ¿dLlTh¥ÚlTRôp 

úRûYVô] YûLdùLÝf NUuTôÓ  

dy
dx = m BÏm, 

 
 
 
 
 
 
 
 

TPm 8.3 

GÓjÕdLôhÓ 8.2: ©uYÚm NUuTôÓL°−ÚkÕ YûLdùLÝf 

NUuTôÓLû[ AûUdL : 

 (i) y = e2x (A + Bx) (ii) y = ex (A cos 3x + B sin 3x) 

 (iii) Ax2 + By2 = 1 (iv) y2 = 4a(x − a) 
¾oÜ : 

 (i) y = e2x (A + Bx)  

 ye−2x = A+ Bx   … (1) 
 úUúX Es[ NUuTôh¥p CÚ Uô\jRdL Uô\−Ls CÚlTRôp. 

CÚØû\ YûLlTÓjRd ¡ûPlTÕ  y′e−2x − 2y e−2x = B 

 {y′′e−2x − 2y′ e−2x} − 2{y′e−2x − 2y e−2x} = 0 

 e−2x {y′′ − 4y′ + 4y} = 0           [‡ e−2x ≠ 0] 
 y′′ − 4y′ + 4y = 0 GuTÕ úRûYVô] YûLdùLÝf NUuTôPôÏm, 

(ii) y = ex (A cos 3x + B sin 3x) 

 ye−x = A cos 3x + B sin 3x  
 CeÏ CÚ Uô\jRdL Uô±−Lû[ ¿dÏYRtÏ CÚØû\ 

YûLlTÓjR úYiÓm, 

 y′e−x − ye−x = − 3A sin 3x + 3 B cos 3x  

 y′′ e−x − y′e−x − y′e − x + ye−x = − 9 (A cos 3x + B sin 3x)  

 (A,Õ,).  e−x (y′′ − 2y′ + y) = − 9ye−x  

 ⇒  y′′ − 2y′ + 10y = 0    (‡ e−x ≠ 0) 

(iii)   Ax2 + By2 = 1    … (1) 
 YûLlTÓjR.  2Ax + 2Byy′ = 0  (A,Õ,).  Ax + Byy′ = 0 … (2) 

x

y

x

y
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 UßT¥Ùm YûLlTÓjR, A + B (yy′′ + y′2) = 0 … (3) 
 (1), (2) Utßm (3)C−ÚkÕ A Utßm BûV ¿dLd ¡ûPlTÕ 

   







x2    y2    − 1

x    yy′    0

1    yy′′ + y′2    0

 = 0  ⇒  (yy′′ + y′2) x − yy′ = 0 

(iv)  y2 = 4a(x − a)    … (1) 
  YûLlTÓjR, 2yy′ = 4a … (2) 
 (1) Utßm (2)C−ÚkÕ a-ûY ¿dÏYRôp ¡ûPlTÕ 

  y2 = 2yy′  



x − 

yy′
2  

 ⇒   (yy′)2 − 2xyy′ + y2 = 0 

T«t£ 8.1 
  (1) ¸rdLôÔm YûLdùLÝf NUuTôÓL°u Y¬ûN Utßm T¥ 

LôiL, 

  (i) 
dy
dx + y = x2 (ii) y′ + y2 = x  

  (iii) y′′ + 3y′2 + y3 = 0 (iv) 
d2y

dx2 + x = y + 
dy
dx 

  (v) 
d2y

dx2 − y + 






dy

dx + 
d3y

dx3

3
2
 = 0 (vi) y′′ = (y − y′3)

2
3 

  (vii) y′ + (y′′)2 = (x + y′′)2 (viii) y′ + (y′′)2 = x(x + y′′)2 

  (ix) 



dy

dx

2
 + x = 

dx
dy + x2 (x) sinx (dx + dy) = cosx (dx − dy) 

 (2) ©uYÚm NUuTôÓLÞdÏ. AûPl×dÏs ùLôÓdLlThÓ 

CÚdÏm Uô\jRdL Uô±−Lû[ ¿d¡ YûLdùLÝf 

NUuTôÓLû[ AûUdL, 

  (i) y2 = 4ax {a} 

  (ii) y = ax2 + bx + c {a, b} 

  (iii) xy = c2 {c} 

  (iv) 
x2

a2 + 
y2

b2 = 1 {a, b} 

  (v) y = Ae2x + Be−5x {A, B} 
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  (vi) y = (A + Bx)e3x {A, B} 

  (vii) y = e3x {C cos 2x + D sin 2x) {C, D} 

  (viii) y = emx {m} 

  (ix) y = Ae2x cos (3x + B) {A, B} 

 (3) y = mx + 
a
m Guàm úSoúLôhÓj ùRôÏl©p (i) m JÚ Uô\jRdL 

Uô±−; (ii) a JÚ Uô\jRdL Uô±−; (iii) a, m CWiÓúU Uô\jRdL 

Uô±−Ls G²p YûLdùLÝf NUuTôÓLs AûUdL, 

 (4) x-Af£u ÁÕ ûUVm Utßm KWXÏ BWm ùLôiP YhPj 

ùRôÏl©u YûLdùLÝf NUuTôhûP AûUdL, 

8,4 ØRp Y¬ûN. ØRtT¥ YûLdùLÝf NUuTôÓLs 

(Differential equations of first order and first degree) : 
 ClTÏ§«p. Sôm LôQlúTôÏm YûLdùLÝf NUuTôÓLs 

JqùYôu±u Y¬ûNÙm T¥Ùm Ju\ôÏm, GÓjÕdLôhPôL. 

 (i) yy′ + x = 0    (ii) y′ + xy = sinx   (iii) y′ = 
x + y
x − y

   (iv) x dy + y dx = 0 

ØRp Y¬ûN Utßm ØRp T¥f NUuTôÓL°u ¾oÜLs : 
 CeÏ Sôm ØRp Y¬ûN ØRp T¥ ùLôiP £X £\lTô] 

YûLûVf NôokR NUuTôÓLû[d LôiúTôm, AûY (i) Uô±Ls 

©¬dLd á¥V] (ii) NUlT¥jRô]ûY Utßm (iii) úS¬Vf NUuTôÓLs 

BÏm, 

8,4,1 Uô±Ls ©¬dLd á¥V] (Variable separable) : 
 YûLdùLÝf NUuTôh¥u Uô±Ls ¸rdLôÔm YûL«p Uôt± 

AûUdLlTP úYiÓm, 

 f1(x) g2(y) dx + f2(x) g1(y) dy = 0 

 (A,Õ,) NUuTôh¥û]  

   f2(x)g1(y)dy = − f1(x) g2(y) dx G] GÝRXôm, 

   ⇒ 
g1(y)
g2(y) dy = − 

f1(x)
f2(x) dx 

 BûLVôp. CRu ¾oÜ 
⌡

⌠ 

g1(y)
g2(y) dy = − 

⌡

⌠ 

f1(x)
f2(x) dx + c 

GÓjÕdLôhÓ 8.3: ¾odL : 
dy
dx = 1 + x + y + xy 
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¾oÜ : ùLôÓdLlThÓs[ NUuTôh¥û]  

   
dy
dx = (1 + x) + y(1 + x)  G] GÝRXôm, 

   ⇒   
dy
dx = (1 + x) (1 + y) 

   ⇒   
dy

1 + y = (1 + x)dx 

 ùRôûL«Pd ¡ûPlTÕ.    

 log (1 + y) = x + 
x2

2  + c, CÕúY úRûYVô] ¾oYôÏm, 

GÓjÕdLôhÓ 8.4: ¾odL : 3ex tan y dx + (1 + ex) sec2y dy = 0 
¾oÜ : ùLôÓdLlThÓs[ NUuTôh¥û] 

   
3ex

1 + ex dx + 
sec2y
tan y  dy = 0 G] GÝRXôm, 

 ùRôûL«Pd ¡ûPlTÕ 

   3 log (1 + ex) + log tan y = log c 

   ⇒  log [tan y (1 + ex)
3
] = log c 

   ⇒   (1 + ex)
3
  tan y = c, CÕúY úRûYVô] ¾oYôÏm, 

Ï±l×: Uô±−ûV c, 
1
c, log c, ec ... G] LQd¡u úRûYdúLtT GÓjÕd 

ùLôs[Xôm, 

GÓjÕdLôhÓ 8.5: ¾odL : 
dy
dx  +  







1 − y2

1 − x2

1
2
 = 0 

¾oÜ : ùLôÓdLlThÓs[ NUuTôhûP ¸rdLôÔm Øû\«p 

GÝRXôm, 

   
dy
dx = − 







1 − y2

1 − x2

1
2
  ⇒  

dy

1 − y2
 = − 

dx

1 − x2
 

 ùRôûL«P. sin−1y + sin−1x = c 

 ⇒  sin−1 [ ]x 1 − y2 + y 1 − x2  = c 

 ⇒  x 1 − y2 + y 1 − x2 = C GuTÕ úRûYVô] ¾oYôÏm, 

GÓjÕdLôhÓ 8.6: ¾odL : ex 1 − y2 dx + 
y
x dy = 0 
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¾oÜ : ùLôÓdLlThPf NUuTôhûP 

   xexdx = 
− y

1 − y2
 dy G] GÝRXôm, 

 ùRôûL«Pd ¡ûPlTÕ 

 ⌡⌠ xex dx = − 
⌡

⌠ y

1 − y2
 dy 

 ⇒  xex − ⌡⌠ex dx = 
1
2  
⌡
⌠ 

dt
t
  

 CeÏ t = 1 − y2 GuTRôp −2y dy = dt 

 ⇒  xex − ex = 
1
2 







t
1
2

1/2  + c 

 ⇒ xex − ex = t + c 

 ⇒ xex − ex −   1 − y2 = c   GuTÕ úRûYVô] ¾oYôÏm, 

GÓjÕdLôhÓ 8.7: ¾odL : (x + y)2 
dy
dx = a2 

¾oÜ : x + y = z GuL,   xI ùTôßjÕ YûLlTÓjR. 

   1 + 
dy
dx = 

dz
dx   (A,Õ,).  

dy
dx  =  

dz
dx − 1 

 ùLôÓdLlThPf NUuTôÓ  z2 



dz

dx − 1  = a2
 G] Uôß¡\Õ, 

   ⇒  
dz
dx − 1 = 

a2

z2  ⇒  
z2

z2 + a2 dz = dx 

ùRôûL«Pd ¡ûPlTÕ,  
⌡

⌠ z2

z2 + a2  dz = ⌡⌠ dx 

   
⌡

⌠

 
z2 + a2 − a2

z2 + a2  dz = x + c ⇒ 
⌡

⌠

 








1 − 
a2

z2 + a2  dz = x + c 

   ⇒  z − a2 . 
1
a tan−1 

z
a = x + c 

   ⇒  x + y − a tan−1 



x + y

a  = x + c     (‡ z = x + y) 

   (A,Õ,).  y − a tan−1 



x + y

a  = c,  GuTÕ úRûYVô] ¾oYôÏm, 
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GÓjÕdLôhÓ 8.8: ¾odL : x dy = (y + 4x5 ex4
)dx 

¾oÜ :   xdy − y dx = 4x5 ex4
dx 

   
xdy − ydx

x2  = 4x3 ex4
dx 

ùRôûL«Pd ¡ûPlTÕ  
⌡
⌠xdy − ydx

x2   = ⌡⌠4x3 ex4
dx 

   ⇒   ⌡
⌠ d 



y

x  = ⌡⌠ et dt CeÏ t = x4 

   ⇒    
y
x = et + c 

   (A,Õ,).  
y
x = ex4

+ c  GuTÕ úRûYVô] ¾oÜ, 

GÓjÕdLôhÓ 8.9: ¾o®u úTôÕ ¡ûPdÏm Yû[YûWVô]Õ 

B§Y¯VôLf ùNp¡\Õ G²p  

(x2−y)dx + (y2 − x) dy = 0I ¾odL, 
¾oÜ :  

   (x2 − y)dx + (y2 − x) dy = 0 

   x2dx + y2dy = xdy + ydx 

   x2dx + y2 dy = d(xy) 

 ùRôûL«Pd ¡ûPlTÕ 
x3

3  + 
y3

3  = xy + c 

 CÕ B§Y¯VôLf ùNpYRôp   c = 0 

   ∴ úRûYVô] ¾oÜ  
x3

3  + 
y3

3  = xy  ApXÕ  x3 + y3 = 3xy BÏm, 

GÓjÕdLôhÓ 8.10 : JÚ ØlT¥l TpÛßl×d úLôûY x = − 1 Gàm 

úTôÕ ùTÚU U§l× 4 BLÜm x = 1 Gàm úTôÕ £ßU U§l× 0 

BLÜm CÚl©u AdúLôûYûVd LôiL, 

¾oÜ : xCp ØlT¥l TpÛßl×d úLôûYûV y = f(x) GuL,  
 x= −1Cp ùTÚU U§lûTÙm x=1Cp £ßU U§lûTÙm ùTßYRôp. 

  x = − 1, x = 1 B¡V U§l×LÞdÏ 
dy
dx = 0 

   
dy
dx = k (x + 1) (x − 1)  =  k(x2 − 1) 

Uô±Lû[l ©¬lTRôp ¡ûPlTÕ. dy = k(x2 − 1) dx 
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   ⌡⌠dy = k ⌡⌠(x2 − 1) dx + c 

   y = k 



x3

3  − x  + c … (1) 

  x = − 1 G²p  y = 4 Utßm x = 1 G²p y = 0 
 CûYLû[f NUuTôÓ (1)Cp ©W§«Pd ¡ûPlTÕ 

   2k + 3c = 12 
   − 2k + 3c = 0 
 CYtû\j ¾oÜLôiTRu êXm k = 3 Utßm c = 2 G] 

AûP¡ú\ôm, CmU§l×Lû[ (1)Cp ©W§«P SUdÏj úRûYVô] 

ØlT¥ TpÛßl×d úLôûY. y = x3 − 3x + 2 BÏm, 
GÓjÕdLôhÓ 8.11 : JÚ Yû[YûW«u ÁÕs[ HúRàm JÚ ×s° 

(x, y)Cp YûWÙm ùNeúLôÓ (2, 0) Gu\ ×s° Y¯úVf ùNp¡\Õ, 

Yû[YûW (2, 3) Gu\ ×s° Y¯VôLf ùNpÛUô«u. YûLdùLÝ 

NUuTôhÓ Y¥®p Uôt±. Yû[YûW«u NUuTôhûPd LôiL, 

¾oÜ : P(x, y) Gu\ HúRàm JÚ ×s°«p Yû[YûWdÏ YûWVlhP 

ùNeúLôh¥u NônÜ  = − 
dx
dy úUÛm (x, y) Gu\ ×s°«p ×s°«p YûWVlTÓm 

ùNeúLôÓ (2,0) Y¯VôLf ùNpYRôp. ùNeúLôh¥u NônÜ = 
y − 0
x − 2

      

  ∴ − 
dx
dy = 

y
x − 2

 ⇒  ydy = (2 − x)dx 

 CÚ×\Øm ùRôûL«P.  
y2

2  = 2x − 
x2

2  + c … (1) 

 Yû[YûW (2, 3)  Gu\ ×s° Y¯úVf ùNpYRôp 

   
9
2 = 4 − 

4
2 + c ⇒ c = 

5
2  CRû] (1)Cp ©W§«ÓL, 

  
y2

2  = 2x − 
x2

2  + 
5
2  ⇒  y2 = 4x − x2 + 5 

T«t£ 8.2 
©uYÚY]Ytû\j ¾odL : 

 (1) sec 2x dy − sin5x sec2ydx = 0 (2) cos2xdy + yetanxdx = 0 

 (3) (x2 − yx2)dy + (y2 + xy2)dx = 0 (4) yx2dx + e−xdy = 0 

 (5) (x2 + 5x + 7) dy + 9 + 8y − y2 dx = 0 (6) 
dy
dx = sin(x + y) 

 (7) (x + y)2 
dy
dx = 1   
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 (8) ¾o®u Yû[YûWVô]Õ y-Af£û] ùYh¥d ùLôsÞUô]ôp 

ydx + xdy = e−xy dxI ¾odL, 

8,4,2 NUlT¥jRô] NUuTôÓLs (Homogeneous equations) : 
YûWVû\ :  
 ØRp Y¬ûN ØRp T¥ ùLôiP JÚ YûLdùLÝf NUuTôhûP  

dy
dx = f 



y

x  ApXÕ 
dy
dx = 

f1(x, y)

f2(x, y)
 G] GÝR Ø¥ÙUô]ôp AÕ 

NUlT¥jRô] NUuTôÓ G]lTÓm, 

NUlT¥jRô] NUuTôh¥u ¾oÜ LôQf ùNVp ®§ : 
 YûWVû\«uT¥ ùLôÓdLlThÓs[ NUuTôhûP 

   
dy
dx = f 



y

x    G] GÝRXôm,  … (1) 

 (1)I ¾odL. y = νx GuL, … (2) 

 (2)I xûVl ùTôßjÕ YûLlTÓjR. 

   
dy
dx = ν + x 

dν
dx … (3) 

 (2) Utßm (3)-I (1)Cp TVuTÓjRd ¡ûPlTÕ 

   ν + x 
dν
dx = f(ν)   or    x 

dν
dx = f(ν) − ν 

 x Utßm ν Uô±Lû[l ©¬dLd ¡ûPlTÕ  

   
dx
x  = 

dν
f(ν) − ν  ⇒ log x + c = 

⌡
⌠ 

dν
f(ν) − ν 

 CeÏ c GuTÕ HúRàm JÚ Uô±−, ùRôûL«hP ©u]o  

νI 
y
x Bp ©W§«ÓL, 

GÓjÕdLôhÓ 8.12: ¾odL : 
dy
dx = 

y
x + tan 

y
x 

¾oÜ :  y = vx GuL, 

   L.H.S. = ν + x 
dν
dx   ;  R.H.S. = v + tan v 

   ∴  ν + x 
dν
dx = ν + tan ν   or   

dx
x  = 

cos ν
sinν   dv 

 ùRôûL«Pd ¡ûPlTÕ. logx = log sin ν + log c  ⇒  x = c sin ν 
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   (A,Õ,). x = c sin 


y

x    

GÓjÕdLôhÓ 8.13: ¾odL : ( )2 xy − x  dy + ydx = 0 

¾oÜ :  ùLôÓdLlThÓs[ NUuTôÓ 
dy
dx =  

− y
2 xy − x

 BÏm, 

       y = vx GuL, 

   L.H.S. = v + x  
dv
dx  ; R.H.S. = 

− v
2 v − 1

  =  
v

1 − 2 v
     

   ∴  v + x 
dv
dx = 

v
1 − 2 v

 

   ⇒ x 
dv
dx = 

2 v v
1  − 2 v

 ⇒ 




1 − 2 v

v v
 dv = 2 

dx
x  

  (A,Õ,).  



v−3/2 − 2. 

1
v  dv= 2 

dx
x  

ùRôûL«P.  − 2v−1/2 − 2 log v = 2 log x + 2 log c 

   − v−1/2 = log (v x c) 

   − 
x
y = log(cy)   ⇒   cy = e

− x/y
  (A)  ye

x/y
 = c 

Ï±l× : CdLQd¡û] x = vy G] GÓlTRu êXm G°ûUVôL ¾oÜ 

LôQXôm, 

GÓjÕdLôhÓ 8.14:  

¾odL : (x3 + 3xy2)dx + (y3 + 3x2y)dy = 0 

¾oÜ :    
dy
dx = − 

x3 + 3xy2

y3 + 3x2y
   

     y = νx GuL, 

  L.H.S. = ν + x 
dν
dx  ;  R.H.S. = − 

x3 + 3xy2

y3 + 3x2y
 = − 







1 + 3ν2

ν3 + 3ν
 

  ∴  ν + x 
dν
dx = − 







1 + 3ν2

ν3 + 3ν
 

  ⇒  x  
dν
dx = − 

ν4 + 6ν2 + 1

ν3 + 3ν
   

  ⇒    
4dx

x  = − 
4ν3 + 12ν
ν4 + 6ν2 + 1

 dν 
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 ùRôûL«Pd ¡ûPlTÕ.  

  4 log x = − log (ν4 + 6ν2 + 1) + log c 

  log[x4(ν4 + 6ν2 + 1)] = log c 

(A,Õ,).  x4 (ν4 + 6ν2 + 1) = c   ApXÕ 

  y4 + 6x2y2 + x4 = c 

Ï±l× : 
dx
dy = 

f1(x/y)
f2(x/y) Uô§¬Vô] LQdÏL°u ¾oûY LôiTÕ £X 

úSWeL°p ªL G°Rô¡\Õ, ¸rdLôÔm GÓjÕdLôhÓ Ck¨ûXûV 

®[dÏ¡\Õ, úUtÏ±l©hP GÓjÕdLôh¥û] Uô±Lû[ ©¬dÏm 

Øû\«Ûm LôQXôm, 

GÓjÕdLôhÓ 8.15:  
 x = 0 BL CÚdÏm úTôÕ y = 1 G] CÚdÏUô]ôp  

 (1 + ex/y)dx + ex/y(1 − x/y) dy = 0 Gu\ NUuTôh¥u ¾oÜ LôiL, 
¾oÜ :  RWlThÓs[ NUuTôhûP 

   
dx
dy = 

(x / y − 1)ex/y

1 + ex/y  G] GÝRXôm,  

   x = νy  GuL, 

   L.H.S. = ν + y 
dν
dy  ;  R.H.S. =  

(v − 1)ev

1 + ev   

   ∴  ν + y 
dν
dy = 

(ν − 1)eν

1 + eν
   

   ApXÕ  y 
dν
dy  = − 

(eν + ν)

1 + eν
 

   ⇒    
dy
y  = − 

(eν + 1)

eν + ν
 dν 

 ùRôûL«Pd ¡ûPlTÕ , log y = − log (eν + ν) + log c 

   ApXÕ  y(eν + ν) = c   ⇒ yex/y + x = c 

 CeÏ x = 0 G²p y = 1 ⇒  1e0 + 0 = c ⇒ c = 1 

 ∴ yex/y + x = 1 

GÓjÕdLôhÓ 8.16: ¾odL : xdy − ydx = x2 + y2 dx  
¾oÜ :  ùLôÓdLlThÓs[ NUuTôh¥−ÚkÕ ¡ûPlTÕ 
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dy
dx = 

y + x2 + y2

x    

   y = νx GuL, 

   L.H.S. = ν + x 
dν
dx  ;  R.H.S. = 

v + 1 + v2

1  

   ∴  ν + x 
dν
dx = ν + 1 + ν2  ApXÕ  

dx
x   =  

dν

1 + ν2
 

ùRôûL«Pd ¡ûPlTÕ    log x + logc = log [ ]v + v2 + 1  

   (A,Õ,).   xc = ν + ν2 + 1  ⇒  x2c  =  y + (y2 + x2) 

T«t£ 8.3 
©uYÚY]Ytû\j ¾odL : 

  (1) 
dy
dx + 

y
x = 

y2

x2    (2) 
dy
dx = 

y(x − 2y)
x(x − 3y)

 (3) (x2 + y2) dy = xy dx      

 (4) x2 
dy
dx = y2 + 2xy,    x = 1 G²p y = 1, 

 (5) (x2 + y2) dx + 3xy dy = 0 

 (6) (x, y) Gu\ ×s°«p NônÜ 1 + 
y
x G]d ùLôiÓ. (1, 0) Gu\ 

×s° Y¯VôLf ùNpXdá¥V Yû[YûW«u NUuTôhûPd 

LôiL, 

8,4,3 úS¬V YûLdùLÝf NUuTôÓ 

(Linear Differential Equation) : 
YûWVû\ :  

 JÚ ØRp Y¬ûN YûLdùLÝf NUuTôh¥p 
dy
dx  Utßm  y B¡V 

Eßl×L°u AÓdÏLs Juß G²p AfNUuTôÓ yCp JÚ úS¬Vf 

NUuTôÓ G]lTÓm, 

 GÓjÕdLôhPôL. 
dy
dx + xy = ex Gu\ NUuTôÓ  yCp úS¬Vf 

NUuTôPôÏm, Hù]²p 
dy
dx Utßm yCu AÓdÏLs Ju\ôÏm,  

y 
dy
dx ApXÕ y2

 úTôu\ Eßl×L°uT¥ CWiPôL CÚlTRôp AûY 

úS¬Vf NUuTôhûP AûUdL Ø¥VôÕ, 
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 ØRp Y¬ûN YûLdùLÝf NUuTôÓ úUtá±V ¨TkRû]ûV 

¨û\Ü ùNnÙm ¨ûX«p ARû] 
dy
dx + Py = Q G] GÝRXôm,  

 CeÏ P Utßm Q B¡VûY xCu Nôo×Ls UhÓúU, AúRl 

úTôuß ØRp Y¬ûN ùLôiÓ xCp úS¬V YûLdùLÝf 

NUuTôh¥u Y¥Ym 
dx
dy + Px = Q  BÏm, CeÏ P Utßm Q B¡VûY 

yCu Nôo×Ls UhÓúU, 

 yCp úS¬V YûLdùLÝf NUuTôh¥u ¾oÜ ©uYÚUôß : 

 y e
∫ Pdx= ∫Q e

∫ Pdx dx + c  

 CeÏ e
∫ Pdx ùRôûLÂhÓd LôW¦ (integrating factor), úUÛm CRû] 

ùRô,Lô, (I.F.) G]f ÑÚdLUôL Ï±lTo, 
 AúRl úTôuß NUuTôÓ. xCp úS¬VRôL CÚl©u 

AfNUuTôh¥u ¾oÜ  

 x e
∫ Pdy = ∫Q  e

∫ Pdy dy + c BÏm,  

 CeÏ P Utßm Q B¡VûY yCu Nôo×Ls UhÓúU, 

 CeÏ Sôm ¸rdLôÔm UPdûL Utßm AÓdÏf Nôo×L°u 

Ti×Lû[ A¥dL¥ TVuTÓjÕúYôm, 

 (i)  elog A = A  (ii) em log A = Am    (iii)  e− m  log A = 
1

Am   

GÓjÕdLôhÓ 8.17 : ¾odL : 
dy
dx + y cot x = 2 cos x 

¾oÜ : ùLôÓdLlThPf NUuTôÓ 
dy
dx  + Py = Q Gu\ Y¥®Ûs[Õ, 

CÕ yCp úS¬Vf NUuTôPôÏm, 
CeÏ P = cotx  Utßm Q = 2 cos x    

 I.F. = e∫ Pdx= e∫ cot x dx = elog sin x = sin x 
 ∴ úRûYVô] ¾oÜ 

   y  (I.F.) = ⌡⌠Q (I.F.) dx + c  ⇒ y(sinx) = ⌡⌠2 cosx sin x dx + c 

   ⇒  y sin x = ⌡⌠sin 2x dx + c  

   ⇒  y sin x = − 
cos 2x

2  + c   

   ⇒  2y sin x + cos 2x = c 

GÓjÕdLôhÓ 8.18 : ¾odL : (1 − x2) 
dy
dx + 2xy = x (1 − x2) 
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¾oÜ :  ùLôÓdLlThÓs[ NUuTôÓ  
dy
dx  + 





2x

1 − x2  y = 
x

(1 − x2)
 BÏm, 

CÕ yCp úS¬Vf NUuTôÓ, 

 G]úY CeÏ ∫ Pdx = 
⌡
⌠ 

2x

1 − x2 dx = − log (1 − x2)   

 I.F. = e∫ Pdx = 
1

1 − x2  

 úRûYVô] ¾oÜ 

 y . 
1

1 − x2 = 
⌡

⌠ 

x

(1 − x2)
 × 

1

1 − x2 dx.     1 − x2 = t GuL  ⇒  −2xdx = dt 

 ∴  
y

1 − x2 = 
− 1
2  ⌡⌠t−3/2 dt + c  

 ⇒   
y

1 − x2 = t−1/2 + c  

 ⇒   
y

1 − x2 = 
1

1 − x2
 + c 

GÓjÕdLôhÓ 8.19 : ¾odL : (1 + y2)dx = (tan−1y − x)dy 

¾oÜ : ùLôÓdLlThÓs[ NUuTôhûP 
dx
dy  + 

x

1 + y2 = 
tan−1y

1 + y2 G] 

GÝRXôm, 
 CÕ xCp úS¬Vf NUuTôÓ, G]úY  

   ∫Pdy = 
⌡
⌠ 

1

1 + y2 dy = tan−1y 

   I.F. = e∫ Pdy = etan−1y 
 úRûYVô] ¾oÜ  

   xe tan−1y = ⌡⌠e tan−1y  






tan−1y

1 + y2   dy + c        



tan−1y = t GuL

 ∴ 
dy

1 + y2 = dt
 

   ⇒  xe tan−1y = ⌡⌠ et . t  dt + c 

   ⇒  xe tan−1y = tet − et + c   

   ⇒  xe tan−1y = e tan−1y (tan−1y − 1) + c 
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GÓjÕdLôhÓ 8.20 : ¾odL : (x + 1) 
dy
dx − y = ex(x + 1)2 

¾oÜ : ùLôÓdLlThÓs[ NUuTôhûP  
dy
dx  − 

y
x + 1 = ex(x + 1) G] GÝRXôm, 

     CÕ yCp úS¬VRôL Es[Õ,  

   G]úY ∫Pdx =  − ⌡
⌠ 

1
x + 1 dx = − log (x + 1)  

      I.F. = e ∫ Pdx = e−log(x + 1) = 
1

x + 1 

∴  úRûYVô] ¾oÜ y . 
1

x + 1 = ∫ex (x + 1) 
1

x + 1  dx + c 

    = ∫ex dx  + c 

   (A,Õ,).  
y

x + 1 = ex + c 

GÓjÕdLôhÓ 8.21 : ¾odL : 
dy
dx + 2y  tanx = sinx 

¾oÜ : CÕ yCp úS¬VRôL Es[Õ,   

 CeÏ ∫ Pdx  = ⌡⌠2 tanx dx  = 2 log secx   

   I.F. = e ∫ Pdx = elog sec2x = sec2x 
 úRûYVô] ¾oÜ  

   y sec2x = ∫ sec2x . sinx dx  
    = ∫ tanx  sec x  dx  

   ⇒  y sec2x = sec x + c   ApXÕ    y = cos x + c cos2x 
T«t£ 8.4 

©uYÚY]Ytû\j ¾odL : 

  (1) 
dy
dx + y = x (2) 

dy
dx + 

4x

x2 + 1
  y  =  

1

(x2 + 1)2 

 (3) 
dx
dy + 

x

1 + y2  =  
tan−1y

1 + y2 (4) (1 + x2) 
dy
dx + 2xy = cosx 

 (5) 
dy
dx + 

y
x = sin(x2) (6) 

dy
dx + xy = x 

 (7) dx + xdy = e−y sec2y dy (8) (y − x) 
dy
dx = a2 

 (9) GkRùYôÚ ×s°«Ûm NônÜ y+2x G]d ùLôiÓ  

B§Y¯VôLf ùNpÛm Yû[YûW«u NUuTôÓ y = 2(ex − x − 1)  
G]d LôhÓL, 
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8,5 Uô±−Lû[d ùLÝdL[ôLd ùLôiP CWiPôm 
Y¬ûN úS¬V YûLdùLÝf NUuTôÓLs 

(Second order linear differential equations with constant coefficients) : 
 Uô±−Lû[d ùLÝdL[ôLd ùLôiP CWiPôm Y¬ûN 

ANUlT¥jRô] úS¬V YûLdùLÝf NUuTôh¥u ùTôÕ Y¥Ym  

 a0y′′ + a1y′ + a2y = X  … (1),  

 CeÏ a0, a1, a2 Uô±−Ls a0 ≠ 0 Utßm X B]Õ xCu NôoTôÏm, 

a0y′′ + a1y′ + a2y = 0,  a0 ≠ 0  … (2)  
   Gu\ NUuTôÓ Uô±−Lû[d ùLÝdL[ôLd ùLôiP NUlT¥jRô] 

CWiPôm Y¬ûN úS¬V YûLdùLÝf NUuTôÓ G]lTÓm, 

 (1)I ¾odL (2)Cu ¾oûY ØR−p LôQ úYiÓm, CûRj ¾olTRtÏ 

©uYÚUôß ùNnL : 

 y = epx, (p JÚ Uô±−) Guàm NôoûT GÓjÕd ùLôsL, 

   CeÏ y′ = pepx  Utßm y′′ = p2epx 

 CqYûLd ùLÝdLs. Nôo× y = epx úTôuú\ AûUkÕs[ûRd 

LôiL, úUÛm. 

   L(y) = a0y′′ + a1y′ + a2y G²p 

   L(y) = L(epx)  

    = (a0p2epx + a1pepx + a2 epx) 

    = (a0p2 + a1p + a2)epx 

 BRXôp L(y) = 0 G²p (a0p2 + a1p + a2)epx = 0. 

 epx ≠ 0 GuTRôp SUdÏ ¡ûPlTÕ a0p2 + a1p +a2 = 0  …  (3) 

 epx B]Õ L(y) = a0y′′ + a1y′ + a2y = 0  Gu\ NUuTôhûP ¨û\Ü 

ùNnYRôp p B]Õ a0p2 + a1p + a2 = 0ûY ¨û\Ü ùNnV úYiÓm, 

úUÛm Nôo©u ùYqúYß YûLdùLÝdLÞm ùLôÓdLlThÓs[ 

NôoûT úTôu\ Y¥Yj§úXúV LôQlTÓYRôp a0y′′ + a1y′ + a2y = 0  

GuTûR ¾oÜ LôQ epx
I TVuTÓjÕYúR £\kRRôÏm, G]úY. SUdÏ 

¸rdLiP úRt\m ¡ûPdLl ùTß¡ú\ôm : 

úRt\m :  a0p2 + a1p +a2 = 0 Gu\ NUuTôh¥u êXm λ G²p eλx
 

GuTÕ  a0y′′ + a1y′ + a2y = 0Cu JÚ ¾oYôÏm, 

8,5,1 YûWVû\ : a0p2 + a1p + a2 = 0 Gu\ NUuTôhûP (2)Cu £\l×f 

NUuTôÓ Gu¡ú\ôm, 
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 ùTôÕYôL. £\l×f NUuTôh¥u êXeLs λ1 Utßm λ2 G²p. 

©uYÚm êuß ¨ûXLs GÝ¡u\], 

¨ûX (i) : λ1 Utßm λ2 ùUn GiLs Utßm ùYqúY\ô]ûY GuL, 

 Ck¨ûX«p e
λ1x

 Utßm e
λ2x

 B¡VûY úUtá±V úRt\j§uT¥ 

(2)Cu ¾oÜLs BÏm, Utßm CYt±u úS¬Vf úNodûLL[ô]  

y = c1 e
λ1x

 + c2e
λ2x

 GuTÕm (2)Cu JÚ ¾oYôÏm, Hù]²p 

 L(y) = a0(c1e
λ1x

 + c2e
λ2x

 )′′+ a1(c1e
λ1x

 + c2e
λ2x

 )′ + a2(c1e
λ1x

 + c2e
λ2x

) 

= c1(a0λ1
2 + a1λ1 + a2)e

λ1x
 + c2(a0λ2

2 + a1 λ2 + a2)e
λ2x

 = c1 . 0 + c2 . 0 = 0.   

 Utßm c1e
λ1x

 + c2e
λ2x

 Gu\ ¾o®û] ¨Wl×f Nôo× (complementary 
function) G] AûZdLlTÓ¡\Õ, 
¨ûX (ii) : λ1 Utßm λ2 LXlùTiLs, CqYô\ô«u λ1 = a + ib Utßm 

λ2 = a − ib   GuL, 

 CeÏ λ1 Utßm λ2 Gu\ CÚ êXeLÞm LXlùTiL[ôL 

CÚlTRôp NUuTôÓL°u ùLôsûLlT¥  

 e
λ1x

= e(a + ib)x = eax . eibx= eax (cos bx + i sin bx) Utßm 

   e
 λ2x

 = eax (cos bx − i sin bx) BÏm, 
 G]úY CRu ¾oÜ   

 y = c1e
λ1x

 + c2e
λ2x

 = eax [ ](c1 + c2) cos bx + i(c1 − c2) sinbx  

  = eax [A cos bx + B sin bx]  
 CeÏ A = c1 + c2 Utßm B  =  (c1 − c2)i 

 G]úY eax [A cos bx + B sin bx] GuTÕ ¨Wl×f Nôo× BÏm, 
¨ûX (iii) : êXeLs ùUn Utßm NUUô]ûY λ1 = λ2  (GuL) 

 CeÏ ùR°YôL eλ1x GuTÕ (2)Cu ¾oÜL°p Ju\ôÏm, UPeÏ 

êXeL°u Ti©uT¥ xeλ1x GuTÕ (2)Cu Utù\ôÚ ¾oÜ G] 

ùTß¡ú\ôm, CRu úS¬Vf úNodûL c1eλ1x  + c2xeλ1x GuTÕ ¾oYôL 

ApXÕ ¨Wl×f NôoTôL AûU¡\Õ, (A,Õ,).  y = (c1 + c2x)eλ1x  GuTÕ 

¾oYôL AûU¡\Õ, úUúX ®Yô§dLlThP Aû]jÕm ÑÚdLUôL 

©uYÚUôß RWlThÓs[Õ, : 
 a0y′′ + a1y′ + a2y = 0 …  GuTÕ RWlThPf NUuTôPôÏm, 

 ARu £\l×f NUuTôÓ a0p2 + a1p + a2 = 0 … BÏm, 
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  CRu êXeLs λ1, λ2 GuL, G]úY (2)Cu ¾oÜ 

 y =  



Ae

λ1x
 + Be

λ2x
      λ1 Utßm λ2 úYßThP ùUnùViLs G²p

eax (A cos bx + B sin bx)       λ1 = a + ib Utßm λ2 = a − ib G²p

(A + Bx)e
λ1x

       λ1 = λ2 (ùUn)

 

 A Utßm B GuTûY Uô\jRdL Uô±−Ls BÏm, 

ùTôÕj ¾oÜ : 
 Uô±−Lû[d ùLÝdL[ôLd ùLôiP CWiPôm Y¬ûN ØRtT¥ 

(úS¬V) YûLdùLÝf NUuTôh¥u ùTôÕj ¾oÜ CÚ TÏ§Lû[d 

ùLôiPÕ, AûY ¨Wl×f Nôo× (C.F) Utßm £\l×j ¾oÜ (P.I.) BÏm,  

ùNVp ®§ : 

 ¨Wl×f Nôo× ùTßYRtÏ Sôm NUuTôÓ a0 
d2y

dx2 + a1 
dy
dx + a2y = 0Cu 

¾oÜ LôiúTôm, ARu ¾oÜ y = u (GuL). CRu ùTôÕj ¾oÜ y = u + ν 

BÏm, CeÏ ν GuTÕ (1)Cu £\l×j ¾oÜ (Particular Integral) BÏm, 
 Nôo× u. ARôYÕ C.F. NUlT¥jRô] NUuTôhúPôÓ 

ùRôPo×ûPVÕ, úUÛm v. £\l×j ¾oÜ X EPu ùRôPo×ûPVÕ, 

CeÏ X = 0 G²p NUuTôh¥u ùTôÕj ¾oÜ. ¨Wl×f NôoTôL 

AûUÙm, 

Ï±l× : ClTÏ§«p ¸rdLôÔm YûL«p YûLÂhÓf ùNV−Lû[l 

TVuTÓjÕúYôm,  

   D  ≡ 
d
dx  Utßm D2 ≡ 

d2

dx2   ;   Dy = 
dy
dx    ;   D2y = 

d2y

dx2 

8,5,2 £\l×j ¾oÜ LôÔm Øû\ 

(Method for finding Particular Integral) : 

(a) XB]Õ  eαx, α  JÚ Uô±− Gu\ Y¥®p Es[Õ 

   D(eαx) = αeαx   ;  D2 (eαx) = α2 eαx  … 

   Dn(eαx) = αneαx ,  G²p f(D) eαx = f(α) eαx  … (1) 

 
1

f(D) B]Õ f(D)Cu RûX¸r ùNV− GuTûRd LôiL, 

 (1)Cu CÚ TdLjûRÙm 
1

f(D) Vôp ùNVpTÓjRd ¡ûPlTÕ 
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  f(D) . 
1

f(D) e
αx = 

1
f(D) f(α)eαx  

 ⇒ eαx = 
1

f(D) f(α)eαx   (‡ f(D) . 
1

f(D) = I) 

 G]úY   
1

f(α)
 eαx = 

1
f(D) e

αx 

 CqYô\ôL P.I. GuTÕ 
1

f(D)e
αx= 

1
f(α)

 eαx  …(2) 

G]d Ï±ÂÓ êXm Ï±dLlThÓs[Õ,   

 (2) B]Õ f(α) ≠ 0BL CÚdÏmúTôÕ UhÓúU ùTôÚkÕm, 

 f(α) = 0 G²p D = α GuTÕ f(D) = 0  Gu¡\ YûLdùLÝf 

NUuTôh¥u. £\l×f NUuTôh¥u êXUôÏm, G]úY (D − α) 
GuTÕ f(D)Cu JÚ LôW¦VôÏm, 

 f(D) = (D − α) θ(D), θ(α) ≠ 0 GuL, 

  
1

f(D) e
αx = 

1
(D − α) θ(D)

 . eαx 

   = 
1

D − α  . 
1

θ(α)
  eαx 

   = 
1

θ(α)
  

1
D − α eαx … (3) 

    
1

(D − α)
 eαx = y ⇒ (D − α)y = eαx 

  G]úY  ye−
 ∫ α dx = ⌡⌠eαx. e−

 ∫ α dx. dx
 

  (A,Õ,).   ye−αx = ⌡⌠eαx e−αx dx  ⇒  y = eαxx 

 (3)Cp ©W§«Pd ¡ûPlTÕ. 

  
1

f(D)

 
eαx = 

1
θ(α)

  xeαx 

 úUÛm θ(α) = 0 G²p D = α  GuTÕ f(D) = 0dÏ CÚØû\ YÚm 

êXUôÏm,  

  G]úY   
1

f(D)

 
eαx = 

x2

2  eαx 

GÓjÕdLôhÓ 8.22 : ¾odL: (D2 + 5D + 6)y = 0 (ApXÕ)  y″ + 5y′ + 6y = 0 
¾oÜ : C.F.I LôiTRtÏ £\l×f NUuTôh¥u ¾oÜ LôQ úYiÓm, 
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     p2 + 5p + 6 = 0 
   ⇒ (p + 2) (p + 3) = 0   ⇒  p = − 2  Utßm  p = − 3 

 C.F. B]Õ Ae−2x + Be−3x
 BÏm, 

 G]úY ùTôÕj¾oÜ B]Õ y = Ae−2x + Be−3x  
 CeÏ A Utßm B Uô\jRdL Uô±−L[ôÏm, 

GÓjÕdLôhÓ 8.23 : ¾odL : (D2 + 6D + 9)y = 0 
¾oÜ : £\l×f NUuTôÓ  

   p2 + 6p + 9 = 0 

   (A,Õ,).   (p + 3)2 = 0  ⇒  p = − 3, − 3 

 C.F. B]Õ (Ax + B)e− 3x
 BÏm, 

 G]úY ùTôÕj ¾oÜ B]Õ    y = (Ax + B)e− 3x 
 CeÏ A Utßm B Uô\jRdL Uô±−L[ôÏm, 

GÓjÕdLôhÓ 8.24 : ¾odL : (D2 + D + 1)y = 0 

¾oÜ : £\l×f NUuTôÓ   p2 + p + 1 = 0 BÏm, 

   ∴  p = 
− 1 ± 1 − 4

2  = 
− 1
2  ± i 

3
2  

G]úY ùTôÕj ¾oÜ GuTÕ   y = e−x/2  



A cos 

3
2  x + B sin 

3
2  x  

CeÏ A Utßm B Uô\jRdL Uô±−Ls, 

GÓjÕdLôhÓ 8.25 : ¾odL : (D2 − 13D + 12)y = e−2x 

¾oÜ : £\l×f NUuTôÓ p2 − 13p + 12 = 0 

  ⇒  (p − 12)  (p − 1) = 0    ⇒  p = 12 Utßm 1 

 C.F. B]Õ Ae12x + Bex
 BÏm, 

 £\l×j ¾oÜ  P.I. = 
1

D2 − 13D + 12
 e−2x 

    = 
1

(− 2)2 − 13 (− 2) + 12
 e−2x = 

1
4 + 26 + 12 e−2x 

    = 
1

42 e−2x 

G]úY ùTôÕj ¾oÜ GuTÕ y = CF + PI   ⇒   y = Ae12x + Bex + 
1
42 e−2x 

GÓjÕdLôhÓ 8.26 : ¾odL : (D2 + 6D + 8)y = e−2x 
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¾oÜ : £\l×f NUuTôÓ p2 + 6p + 8 = 0 

   ⇒  (p + 4)  (p + 2) = 0  ⇒   p = − 4 Utßm − 2 

 C.F.  GuTÕ Ae− 4x + Be−2x BÏm, 

   £\l×j ¾oÜ  P.I. = 
1

D2 + 6D + 8

 e−2x
 = 

1
(D + 4) (D + 2)

e−2x
 

    = 
1

θ (−2)
 
xe−2x

= 
1
2

 xe−2x
[Hù]²p f(D) = (D + 2) θ(D)] 

G]úY ùTôÕj ¾oÜ  y = Ae− 4x + Be−2x + 
1
2 

xe−2x
 

GÓjÕdLôhÓ 8.27 : ¾odL : (D2 − 6D + 9)y = e3x 

¾oÜ : £\l×f NUuTôÓ GuTÕ  p2 − 6p + 9 = 0 

     (p − 3)2 = 0  ⇒   p = 3, 3 

 C.F. GuTÕ (Ax + B)e3x
 BÏm, 

   £\l×j ¾oÜ P.I. = 
1

D2 − 6D + 9
e3x

 

    = 
1

(D − 3)2
 e3x

 = 
x2

2
 e3x

 

G]úY ùTôÕj ¾oÜ  y = (Ax + B)e3x + 
x2

2
 e3x

BÏm, 

GÓjÕdLôhÓ 8.28 : ¾odL : (2D2 + 5D + 2)y = e
− 12 x

 

¾oÜ : £\l×f NUuTôÓ  2p2 + 5p + 2 = 0 

   ∴  p = 
− 5 ± 25 − 16

4  = 
− 5 ± 3

4  

   ⇒  p = − 
1
2  Utßm − 2 

 C.F.  GuTÕ Ae
− 12 x

 + Be−2x 

   £\l×j ¾oÜ  P.I. = 
1

2D2 + 5D + 2
 
e
− 12 x

 = 
1

2



D + 

1
2  (D + 2)

e
− 12 x
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    = 
1

θ 



− 

1
2  . 2

 
xe
− 12 x

 = 
1
3 x e

− 12 x
 

  G]úY ùTôÕj ¾oÜ   y = Ae
− 12 x

 + Be−2x + 
1
3 x e

− 12 x
 

GfN¬dûL : úUtá±V LQd¡p £\l×j ¾o®û] LQd¡ÓYRtLôL 

GÝRlThP LôW¦L°p éf£VUôÏm LôW¦«p DCu ùLÝ®û] 

1BL Uôt\lTh¥ÚlTûRd LY²dL, 

(b) XB]Õ  sin ax ApXÕ cos ax 

ùNVp ®§ : 

ãj§Wm 1:  f(D)I  D2
Cu NôoTôL φ(D2) G] GÝRÜm  

 úUÛm D2
I − a2

Bp ©W§«PÜm, φ(− a2) ≠ 0 G²p ©uYÚm 

Ø¥®û] TVuTÓjRXôm, 

   P.I. = 
1

f(D) cos ax = 
1

φ(D2)
 cos ax = 

1

φ(− a2)
 cos ax 

 GÓjÕdLôhPôL PI = 
1

D2 + 1
 cos 2x = 

1

− 22 + 1
 cos 2x = − 

1
3 cos 2x 

ãj§Wm 2 :  £X úSWeL°p φ(D2) G] GÝR CVXôÕ,  

φ(D, D2) G] GÝRXôm, ARôYÕ D Utßm D2
I ùLôiP Nôo×, 

Ck¨ûX«p Sôm ©uYÚUôß ùNnúYôm: 

GÓjÕdLôhPôL : P.I.= 
1

D2 − 2D + 1
cos3x

 

    = 
1

− 32 − 2D + 1
 cos3x

      D2
I − 32

Bp Uôt\     

    =  
− 1

2(D + 4)
 cos3x

    

    = 
− 1
2   

D − 4

D2 − 42
 cos3x

    [D − 4Bp ùTÚd¡. YÏdL] 

    = 
− 1
2   

1

− 32 − 42 (D − 4) cos3x 

    = 
1

50 (D − 4) cos 3x 

    = 
1

50 [D cos 3x − 4 cos 3x] = 
1
50  [− 3 sin 3x − 4 cos 3x] 
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ãj§Wm 3 : φ(− a2) = 0 G²p Sôm ©uYÚm GÓjÕdLôh¥p á±VÕ 

úTôp ùRôPoúYôm : 

GÓjÕdLôhÓ P.I. = 
1

φ(D2)
cosax

 = 
1

D2 + a2
 cosax

  

    = 
1

(D + ia) (D − ia)
 cosax

  

    = R.P. 



1

(D + ia) (D − ia)
eiax

  = R.P. 



1

θ(ia)
 xeiax  

    = R.P.  



xeiax

2ia       Hù]²p θ (ia) = 2ia 

    = 
− x
2a  [ ]i [cos ax + i sin ax]u ùUnlTÏ§  

    = 
− x
2a  (− sin ax)  = 

x
2a sin ax 

Ï±l× :  X = sin ax GuL 

 ãj§Wm 1 : 
1

φ(− a2)
 sin ax 

 ãj§Wm 2 : cos axCp TVuTÓj§V Øû\ úTôXúY 

 ãj§Wm 3 : 
1

D2 + a2 sin ax  =  I.P. 



1

(D + ia) (D − ia)
eiax

  = 
− x
2a   cos ax 

GÓjÕdLôhÓ 8.29 : ¾odL : (D2 − 4)y = sin 2x 

¾oÜ : £\l×f NUuTôÓ p2 − 4 = 0 ⇒  p = ± 2  

   C.F. = Ae2x + Be−2x  ;   

   P.I. =  
1

D2 − 4
 (sin 2x) = 

1
− 4 − 4

 (sin 2x) = − 
1
8  sin 2x 

∴ùTôÕj ¾oÜ B]Õ y = C.F. + P.I. ⇒  y =  Ae2x + Be− 2x − 
1
8 sin 2x 

GÓjÕdLôhÓ 8.30 : ¾odL : (D2 + 4D + 13)y = cos 3x 

¾oÜ :  £\l×f NUuTôÓ  p2 + 4p + 13 = 0 

   p = 
− 4 ± 16 − 52

2  = 
− 4 ± − 36

2  = 
− 4 ± i6

2  = − 2 ± i3 

    C.F. = e−2x (A cos 3x + B sin 3x) 
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   P.I. = 
1

D2 + 4D + 13
 (cos 3x) 

    = 
1

− 32 + 4D + 13
 (cos 3x)  =  

1
4D + 4  (cos 3x) 

    = 
(4D − 4)

(4D + 4) (4D − 4)
 (cos 3x)  =  

4D − 4

16D2 − 16
 (cos 3x) 

    = 
4D − 4
−160

 (cos 3x) =  
1
40 (3 sin 3x + cos 3x) 

  G]úY ùTôÕj ¾oÜ B]Õ  y = C.F. + P.I. 

 y = e−2x (A cos 3x + B sin 3x) + 
1
40 (3 sin 3x + cos 3x) 

GÓjÕdLôhÓ 8.31 : ¾odL (D2 + 9)y = sin 3x 

¾oÜ : £\l×f NUuTôÓ p2 + 9 = 0   ⇒  p = ± 3i 

   C.F. = (A cos 3x + B sin 3x) 

   P.I. = 
1

D2 + 9
 sin 3x 

    = 
− x
6  cos 3x    ‡  

1

D2 + a2 sin ax = 
− x
2a  cos ax 

    G]úY   y = C.F. + P.I. 

   (A,Õ,).  y = (A cos 3x + B sin 3x) − 
x cos 3x

6  

 (c) XB]Õ x Utßm  x2
  

ùNVp ®§ : f(x) = x G²p P.I. = c0 + c1x  G]Üm f(x) = x2
 G²p  

P.I. = c0 + c1x + c2x2 G]Üm GÓjÕd ùLôsL, 

P.I.B]Õ (aD2 + bD + c)y = f(x)-Cu ¾oYôL CÚdÏUôRXôp y = c0 + c1x  

ApXÕ y = c0 + c1x + c2x2 (f(x) = x or x2
-I ùTôßjÕ) G] AûUÙm, 

NUuTôh¥p y–Cu U§l©û] ùLôÓjÕ JjR Eßl×Lû[ 

NUlTÓj§ c0, c1 Utßm c2-Cu U§l×Lû[d LôQXôm, 

GÓjÕdLôhÓ 8.32 : ¾odL : (D2 − 3D + 2)y = x 

¾oÜ :  

 £\l×f NUuTôÓ   p2 − 3p + 2 = 0   ⇒ (p − 1) (p − 2) = 0 
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          p = 1, 2 

   C.F. = (Aex + Be2x) 

     P.I. = c0 + c1x GuL, 

  ∴ c0 + c1x GuTÕ JÚ ¾oYôÏm, 

  ∴ (D2 − 3D + 2) (c0 + c1x) = x  

  i.e., (− 3c1 + 2 c0) + 2c1x = x 

  ⇒ 2c1 = 1  ∴  c1  =  
1
2 

  (− 3c1 + 2 c0) = 0  ⇒  c0 = 
3
4 

  ∴  P.I. = 
x
2 + 

3
4 

  G]úY ùTôÕj ¾oÜ GuTÕ  y = C.F. + P.I. 

  y = Aex + Be2x + 
x
2 + 

3
4 

GÓjÕdLôhÓ 8.33 : ¾odL : (D2 − 4D + 1)y = x2 

¾oÜ : £\l×f NUuTôÓ p2 − 4p + 1 = 0   

   ⇒  p = 
4 ± 16 − 4

2  = 
4 ± 2 3

2  = 2 ± 3 

   C.F. = Ae
( )2 + 3 x

 + Be
( )2 − 3 x

 

   P.I. = c0 + c1x + c2x2 GuL, 
  P.I. JÚ ¾oYôÏm, 

  ∴ (D2 − 4D + 1) (c0 + c1x + c2x2 ) = x2 

  i.e.,  (2c2 − 4c1 + c0) +  (− 8c2 + c1)x + c2x2 = x2 

  c2 = 1 

  − 8c2 + c1 = 0 ⇒  c1 = 8 

  2c2 − 4c1 + c0 = 0 ⇒ c0 = 30 

  P.I. = x2 + 8x + 30 
  G]úY ùTôÕj ¾oÜ GuTÕ  y = C.F. + P.I. 

  y = Ae
( )2 + 3 x

 + Be
( )2 − 3 x

 + (x2 + 8x + 30) 
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T«t£ 8.5 
©uYÚm YûLdùLÝf NUuTôÓLû[j ¾odLÜm : 

  (1) (D2 + 7D + 12)y = e2x (2) (D2 − 4D + 13)y = e−3x 

 (3) (D2 + 14D + 49)y = e−7x + 4 (4) (D2 − 13D + 12)y = e−2x + 5ex 

 (5) (D2 + 1) y = 0, CeÏ x = 0 G²p  y = 2 úUÛm x = 
π
2  G²p  y = − 2 

 (6) 
d2y

dx2 −3 
dy
dx + 2y = 2e3x

, CeÏ x = log2 G²p y = 0 Utßm x = 0 G²p  y = 0 

 (7) (D2 + 3D − 4) y = x2  (8) (D2 − 2D − 3)y = sinx  cosx 

 (9) D2y = − 9 sin 3x  (10) (D2 − 6D + 9) y = x + e2x 

 (11) (D2 − 1)y = cos2x − 2 sin 2x (12) (D2 + 5)y = cos2x 

 (13) (D2 + 2D + 3)y = sin 2x (14) (3D2 + 4D + 1)y = 3e−x/3 

8,6, TVuTôÓLs (Applications) : 
 ClTÏ§«p Sôm Sm YôrdûLûV ©W§T−dÏm £X ãr¨ûXl 

©Wf£û]Lû[ YûLdùLÝf NUuTôÓLs êXm ¾oÜ LôiTûRl 

Tt± TôolúTôm, CdLQdÏLû[ ¾olTRtÏ úUtùLôs[ 

úYi¥VûY  
 (i) ãr¨ûXdúLt\Yôß L¦R Uô§¬Lû[ EÚYôdÏRp, 

 (ii) úUúX á\lThÓs[ Øû\Lû[l TVuTÓj§ (i)Cp 

EÚYôdLlThÓs[ L¦R Uô§¬LÞdÏ ¾oÜ LôÔRp, 

®[dLd Ï±l× :  
 t Gu\ úSWj§p JÚ ùTôÚ°u CÚl× A GuL, A«u Uôß ÅRm BWmT 

¨ûX«p Es[ CÚl×dÏ úSo ®¡Rj§p CÚdÏm, i.e., 
dA
dt   α  A   i.e., 

dA
dt   = 

kA  CeÏ k GuTÕ ®¡RfNU Uô±−VôÏm, 

 (1) k > 0 G²p, A GuTÕ AÓdûL úYLj§p A§L¬dÏm, 

(A§L¬dÏm ¨ûX) 

 (2) k < 0 G²p, A GuTÕ AÓdûL úYLj§p Ïû\Ùm, 

(Ïû\Ùm ¨ûX) 

 GpXô TVuTôhÓd LQdÏL°Ûm ùTôÚ°u CÚl©u 

UôßÅRm BWmT CÚl×dÏ úSo ®¡Rj§p CÚdÏm Gu\ 

úLôhTôh¥uT¥ ¾oÜ Lôi¡ú\ôm. 

 (A,Õ,)  
dA
dt  α A  ApXÕ 

dA
dt  = kA 
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 (CeÏ LQdûLl ùTôßjÕ k ªûLVôLúYô ApXÕ 

Ïû\VôLúYô AûUÙm), CkúS¬Vf NUuTôh¥û] êuß 

Y¯L°p ¾odLXôm, (i) Uô±Ls ©¬dLd á¥V] (ii) ùRôûLÂhÓd 

LôW¦ûVl TVuTÓj§ (iii) k Gu\ JÚ êXjûRd ùLôiP £\l×f 

NUuTôhûPl TVuTÓj§,  GpXô Y¯L°Ûm A = cekt Gu\ ¾oûYl 

ùT\Xôm, CeÏ c GuTÕ Uô\jRdL Uô±−VôÏm, ùTôÕYôL 

ùLôÓdLlThP ®YWeL°−ÚkÕ  cûVÙm kûVÙm LiÓ©¥dL 

úYiÓm, £X úSWeL°p GÓjÕdLôhÓ  8.35p ùLôÓdLlThPÕ 

úTôp k úSW¥VôLd ùLôÓdLlTPXôm, GÓjÕdLôhÓ 8.38p 
dA
dt  

úSW¥VôLd ùLôÓdLlThÓs[Õ, 

¾oÜ : 
dA
dt  = kA 

 (i)  
dA
A  = kdt ⇒  log A = kt + log c 

      ⇒ A = ekt + log c  ⇒ A = cekt 

 (ii)  
dA
dt  − kA = 0 GuTÕ A«p úS¬Vf NUuTôPôÏm, 

   I.F. = e−kt  

   Ae−kt =  ⌡⌠e−kt O dt + c  ⇒ Ae−kt = c    

   A = cekt 
 (iii) (D − k)A = 0 
  p − k = 0  GuTÕ £\l×f NUuTôPôÏm, ⇒  p = k 

  C.F. GuTÕ cekt 
  CeÏ £\l×j ¾oÜ (P.I.) ¡ûPVôÕ, 

  ∴ A = cekt 

 (iv) ¨ëhP²u Ï°of£ ®§lT¥ (A,Õ,) (JÚ ùTôÚ°u 

ùYlT ¨ûX«u UôßÅRUô]Õ ùTôÚ°u Utßm 

Ñtßl×\j§u ùYlT ¨ûXL°u ®j§VôNj§tÏ úSo 

®¡RUôL AûUÙm), A,Õ,.  
dT
dt  = k(T − S)  

  [T− ùTôÚ°u ùYlT ¨ûX, S − Ñtßl×\ ùYlT ¨ûX] 

  
dT

T − S
 = kdt ⇒ log (T − S) = kt + log c ⇒ T − S = cekt  ⇒ T = S + cekt 

GÓjÕdLôhÓ 8.34 : JÚ CWNôV] ®û[®p. JÚ ùTôÚs Uôt\m 

AûPÙm Uôß ÅRUô]Õ t úSWj§p Uôt\UûPVôR AlùTôÚ°u 
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A[®tÏ ®¡RUôL Es[Õ, JÚ U¦ úSW Ø¥®p 60 ¡WôØm Utßm 

4 U¦ úSW Ø¥®p 21 ¡WôØm ÁRªÚkRôp. BWmT ¨ûX«p. 

AlùTôÚ°u GûP«û]d LôiL,, 

¾oÜ : t Gu\ úSWj§p ùTôÚ°u CÚl× A GuL, 

 
dA
dt  α A ⇒ 

dA
dt  = kA  ⇒  A = cekt 

 t = 1 G²p ,   A = 60 ⇒ cek = 60 …  (1) 

 t = 4 G²p, A = 21  ⇒ ce 4k = 21 … (2) 

 (1) ⇒ c4e4k = 604 … (3) 

 
(3)
(2)  ⇒  c3 = 

604

21   ⇒  c = 85.15  (UPdûLûVl TVuTÓj§) 

 BWmTj§p (A,Õ,) t = 0®p A = c = 85.15 ¡Wôm (úRôWôVUôL) 

 ∴ BWmTj§p ùTôÚ°u GûP 85.15 ¡Wôm (úRôWôVUôL) 

GÓjÕdLôhÓ 8.35 : JÚ Ye¡Vô]Õ ùRôPo áhÓ Yh¥ Øû\«p 

Yh¥ûVd LQd¡Ó¡\Õ, ARôYÕ Yh¥ ÅRRjûR AkRkR úSWj§p 

AN−u Uôß ÅRRj§p LQd¡Ó¡\Õ, JÚYWÕ Ye¡ CÚl©p 

ùRôPof£Vô] áhÓ Yh¥ êXm BiùPôußdÏ 8% Yh¥ 

ùTÚÏ¡\Õ G²p. AYWÕ Ye¡«Úl©u JÚ YÚP LôX A§L¬l©u 

NRÅRjûRd LQd¡ÓL, [e.08 ≈ 1.0833 GÓjÕd ùLôsL,] 
¾oÜ :  t Gàm úSWj§p ANp A GuL, 

 
dA
dt  α A ⇒ 

dA
dt  = kA  ⇒ 

dA
dt  = 0.08 A, CeÏ k = 0.08  A,Õ,. 8% 

 ⇒  A(t) = ce0.08t 

 JÚ YÚP A§L¬l× NRÅRm = 
A(1) − A(0)

A(0)  × 100 

 = 



A(1)

A(0) − 1  × 100 = 



c. e0.08

c  − 1  × 100 = 8.33% 

 G]úY JÚ Bi¥p A§L¬dÏm NRÅRm = 8.33% 
GÓjÕdLôhÓ 8.36 :   
 JÚ Ï°of£VûPÙm ùTôÚ°u ùYlT¨ûX A[Ü T B]Õ 

Ïû\Ùm Uôß ÅRm T`−S Gu\ ®j§VôNj§tÏ ®¡RUôL 

AûUkÕs[Õ, CeÏ S GuTÕ Ñtßl×\j§u ¨ûXVô] ùYlT 

¨ûXVôÏm, BWmTj§p T = 150°C G²p t úSWj§p Ï°of£VûPÙm 

ùTôÚ°u ùYlT¨ûXûVd LôiL, 
¾oÜ :  t úSWj§p Ï°of£ AûPÙm ùTôÚ°u ùYlTm T GuL, 

 
dT
dt  α (T− S) ⇒ 

dT
dt  = k (T − S) ⇒ T − S = cekt, CeÏ k Ïû\ Gi 
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⇒ T = S + cekt 
 t = 0 G²p   T = 150  ⇒  150 = S + c  ⇒  c = 150 − S 
 ∴ GkR úSWj§Ûm Ï°of£ AûPÙm ùTôÚ°u ùYlT ¨ûX  

 T = S + (150 − S)ekt 
Ï±l× :  k Ïû\ Gi BRXôp, t HßmúTôÕ T Ïû\¡\Õ, 
 kdÏ T§XôL − k, k > 0 G]Üm GÓdLXôm, AqYô\ô«u ®ûP  

T = S + (150 − S)e− kt
 BÏm, CeÏm t HßmúTôÕ  T Ïû\¡\Õ, 

GÓjÕdLôhÓ 8.37 : JÚ C\kRYo EPûX UÚjÕYo T¬úNô§dÏm 

úTôÕ. C\kR úSWjûRúRôWôVUôL LQd¡P úYi¥Ùs[Õ, 

C\kRY¬u EP−u ùYlT ¨ûX LôûX 10.00 U¦V[®p 93.4°F G] 

Ï±jÕd ùLôs¡\ôo, úUÛm 2 U¦ úSWm L¯jÕ ùYlT ¨ûX 

A[ûY 91.4°F G]d Lôi¡\ôo, Aû\«u ùYlT ¨ûX A[Ü 

(¨ûXVô]Õ) 72°F G²p. C\kR úSWjûRd LQd¡ÓL, (JÚ U²R 

EP−u NôRôWQ ExQ ¨ûX 98.6°F G]d ùLôsL).  





loge 

19.4
21.4 = − 0.0426 × 2.303  Utßm  loge 

26.6
21.4 = 0.0945 × 2.303  

¾oÜ :  t Gu\ úSWj§p EP−u ùYlT¨ûX«û] T GuL, 

 ¨ëhP²u Ï°of£ ®§lT¥, 
dT
dt  α (T − 72) [Hù]²p S = 72°F] 

  
dT
dt  = k (T − 72)  ⇒  T− 72 = cekt 

  ApXÕ   T = 72 + cekt 
[ØR−p Ï±dLlThP úSWm LôûX 10 U¦ GuTÕ t = 0 GuL], 
 t = 0BL CÚdÏmúTôÕ  T = 93.4°F 
  ⇒   c = 21.4 0 

  ∴ T = 72 + 21.4ekt 
[úRôWôVj§u Õp−VjRuûUûV A§L¬dL U¦Vô]Õ ¨ªPUôL 

GÓjÕd ùLôs[lTÓ¡\Õ,] 

 t = 120 G²p. T = 91.4  ⇒  e120k = 
19.4
21.4 ⇒ k = 

1
120 loge



19.4

21.4   

 = 
1

120 (− 0.0426 × 2.303)  

 t1 GuTÕ C\kR úSWj§tÏl ©u LôûX 10 U¦dÏ Es[ô] úSWm GuL, 

 t = t1 GàmúTôÕ T = 98.6  ⇒ 98.6 = 72 + 21.4 e
kt1 

 ⇒ t1 = 
1
k  loge 



26.6

21.4  = 
− 120 × 0.0945 × 2.303

0.0426 × 2.303
 = − 266 ¨ªPm 
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 A,Õ,. ØRp A[ÅPô] LôûX  10 U¦dÏ Øu]RôL  4 U¦ 26 ¨ªPm, 
 ∴ C\kR úSWm úRôWôVUôL 10.00 U¦ − 4 U¦ 26 ¨ªPm. 
 (A,Õ,), C\kR úSWm úRôWôVUôL 5.34 A.M. 
Ï±l× :  CdLQd¡p ùYlT ¨ûXVô]Õ Ïû\Ùm RuûUûVd 

ùLôsYRôp 
dT
dt  = − k(T − 72) G]Üm ùLôs[Xôm, CeÏ k > 0 

GÓjÕdLôhÓ 8.38 : JÚ úSôVô°«u £ß¿¬−ÚkÕ úY§lùTôÚs 

ùY°úVßm A[®û] ùRôPof£VôL úLjúRPo (catheter) Gu\ 

LÚ®«u êXm LiLô¦dLlTÓ¡\Õ, t = 0 Gu\ úSWj§p 

úSôVô°dÏ 10 ª,¡Wôm úY§lùTôÚs ùLôÓdLlTÓ¡\Õ, CÕ  

− 3t1/2 ª,¡Wôm/U¦ Guàm ÅRRj§p ùY°úVß¡\Õ G²p. 
 (i) úSWm t > 0 Gàm úTôÕ. úSôVô°«u EP−Ûs[ 

úY§lùTôÚ°u A[ûYd LôÔm ùTôÕf NUuTôÓ Gu]? 
 (ii) ØÝûUVôL úY§l ùTôÚs ùY°úV\ GÓjÕd ùLôsÞm 

Ïû\kRThN LôX A[Ü Gu]? 
¾oÜ :  (i) t Gu\ úSWj§p úY§lùTôÚ°u GûP A GuL, 

úY§lùTôÚs ùY°úVßm ÅRm =  − 3t
1
2 

  (A,Õ,)   
dA
dt  = − 3t

1
2  ⇒ A = − 2t

3
2 + c 

  t = 0 G²p,  A = 10  ⇒  c = 10 

 t  Gàm úSWj§p A = 10 − 2t
3
2 

 (ii) A = 0  G²p úY§lùTôÚs ØÝûUVôL ùY°úV± ®hPÕ G]l ùTôÚs 

  0 = 10 − 2t
3
2⇒  5 = t

3
2  ⇒ t3 = 25  ⇒  t = 2.9 U¦ 

  G]úY úSôVô°«u EP−−ÚkÕ 2.9 U¦ ApXÕ 2 U¦  
54 ¨ªPj§p úY§lùTôÚs ØÝûUVôL ùY°úVßm, 

GÓjÕdLôhÓ 8.39 :  ÖiÔ«oL°u ùTÚdLj§p. Tôd¼¬Vô®u 

ùTÚdLÅRUô]Õ A§p LôQlTÓm Tôd¼¬Vô®u Gi¦dûLdÏ 

®¡RUôL AûUkÕs[Õ, ClùTÚdLjRôp Tôd¼¬Vô®u 

Gi¦dûL 1 U¦ úSWj§p ØmUPeLô¡\Õ G²p IkÕ U¦ úSW 

Ø¥®p Tôd¼¬Vô®u Gi¦dûL BWmT ¨ûXûVd Lôh¥Ûm 35 
UPeLôÏm G]d LôhÓL, 

¾oÜ :  t úSWj§p Tôd¼¬VôdL°u Gi¦dûL A GuL, 

  
dA
dt  α A  ⇒  

dA
dt  = kA  ⇒  A = cekt 
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  BWmTj§p (A,Õ,)  t = 0 Gàm úTôÕ, A = A0 GuL, 

  ∴  A0 = ce° = c   

  ∴  A = A0ekt 

  t = 1 GàmúTôÕ  A = 3A0  ⇒  3A0 = A0ek ⇒ ek = 3 

  t = 5 GàmúTôÕ   A = A0e5k = A0(ek)5 = 35. A0 

 ∴ 5 U¦ úSW Ø¥®p Tôd¼¬VôdL°u Gi¦dûL 35 UPeLôÏm, 

T«t£ 8.6 
 (1) úW¥Vm (Radium) £ûRÙm UôßÅRUô]Õ. A§p LôQlTÓm 

A[®tÏ ®¡RUôL AûUkÕs[Õ, 50 YÚPeL°p BWmT 

A[®−ÚkÕ 5 NRÅRm £ûRk§Úd¡\Õ G²p 100 YÚP Ø¥®p 

Á§«ÚdÏm A[Ü Gu]? [A0I BWmT A[Ü G]d ùLôsL]. 
 (2) ì, 1000 Gu\ ùRôûLdÏ ùRôPof£ áhÓ Yh¥ 

LQd¡PlTÓ¡\Õ, Yh¥ ÅRm BiùPôußdÏ 4 NRÅRUôL 

CÚl©u, AjùRôûL GjRû] BiÓL°p BWmTj 

ùRôûLûVl úTôp CÚ UPeLôÏm? (loge2 = 0.6931). 

 (3) ùYlT ¨ûX 15°C Es[ JÚ Aû\«p ûYdLlThÓs[ úR¿¬u 

ùYlT ¨ûX 100°C BÏm, AÕ 5 ¨ªPeL°p 60°C BL Ïû\kÕ 

®Ó¡\Õ, úUÛm 5 ¨ªPm L¯jÕ úR¿¬u ùYlT ¨ûX«û] 

LôiL,  
 (4) JÚ SLWj§p Es[ UdLs ùRôûL«u Y[of£ÅRm 

AkúSWj§p Es[ UdLs ùRôûLdÏ ®¡RUôL AûUkÕs[Õ, 

1960Bm Bi¥p UdLs ùRôûL 1,30,000 G]Üm 1990Cp 

UdLs ùRôûL 1,60,000 BLÜm CÚl©u 2020Bm Bi¥p 

UdLs ùRôûL GqY[YôL CÚdÏm? 



log e 



16

13  = .2070  ;   e.42 = 1.52  

 (5) JÚ L§¬VdLl ùTôÚs £ûRÙm UôßÅRUô]Õ. ARu GûPdÏ 

®¡RUôL AûUkÕs[Õ, ARu GûP 10 ª,¡Wôm BL CÚdÏm 

úTôÕ £ûRÙm UôßÅRm Sôù[ôußdÏ 0.051 ª,¡Wôm G²p 

ARu GûP 10 ¡Wôª−ÚkÕ 5 ¡WôUôLd Ïû\V GÓjÕd 

ùLôsÞm LôX A[ûYd LôiL, [loge2 = 0.6931] 
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9, R²¨ûX LQd¡Vp 

(DISCRETE MATHEMATICS) 
 L¦Rj§u TpúYß úRokùRÓdLlThP RûXl×Lû[l Tt± 

BWônYÕ R²¨ûX LQd¡Vp BÏm, CjRûXl×Ls L¦¦ 

A±®VûXl Tt± A±kÕ ùLôs[ ªLÜm ER®VôL CÚdÏm, GpXô 

RûXl×Lû[l Tt± T¥lTÕ ªLÜm L¥]m BRXôp. Ød¡VUô] 

CWiÓ RûXl×L[ô] “RodL L¦Rm” (Mathematical logic)  Utßm 

“ÏXeLs” (Groups) UhÓm CeÏ A±ØLlTÓjRlThÓs[], CûY 

UôQYoLÞdÏ L¦¦ A±®VÛPu ùRôPo×ûPV SûPØû\ 

TVuTôÓLÞdÏ ªLÜm ER®VôL CÚdÏm, 

9,1 RodL L¦Rm : A±ØLm : 
 RodLm GpXô YûL ®YôReLû[Ùm BWôn¡\Õ. Cq®YôReLs 

NhP Ã§Vô]RôLúYô. L¦R ¨ìTQeL[ôLúYô. ApXÕ A±®Vp 

ùLôsûL«u Ø¥ÜL[ôLúYô CÚdLXôm, RodLjûRl Tt±V ØRp 

×jRLm A¬vPôh¥p (Aristotle) (384 – 322 ¡,Ø,) GuTYWôp 

GÝRlThPÕ, RodLj§p Ï±ÂÓLû[l TVuTÓjÕm Øû\ûV 

Lôh*lûWh Ä©²hv (Gottfried Leibnitz)  GuTYo 

A±ØLlTÓj§]ôo, CÕ TjùRôuTRôm èt\ôi¥p _ôow*ép 

(George Boole) Utßm ALvPv ¥UôoLu (Augustus De’Morgan) 
GuTYoL[ôp SûPØû\lTÓjRlThPÕ, 

 A±®V−u TpúYß ¡û[L°p RodLm TWYXôLl 

TVuTÓjRlTÓ¡\Õ, L¦¦ A±®V−u ¡û[L[ô] CXdLØû\ 

RodLm. YhPûL §hP AûUl×. ùNVtûL A±Ü ÖhTm 

B¡VYt±tÏ RodLUô]Õ A¥lTûPd ùLôsûLVôL ®[eÏ¡\Õ, 

 Sôm SmØûPV GiQeLû[ YôojûRL[ôp 

ùY°lTÓjÕ¡ú\ôm, SmØûPV Au\ôP YôrdûLÙPu 

YôojûRLs ùRôPo× EûPV]Yô«ÚlTRôp ¨fNVUt\ RuûULs 

HtTÓYRtÏ Yônl×Ls EiÓ, CRû]j R®odÏm ùTôÚhÓ 

Ï±ÂÓLs TVuTÓjÕ¡ú\ôm, CûY SuÏ YûWVßdLlThÓ. 

ÖiûUVô]ûYVôÙm. SÓ¨ûX Y¡lT]YôÙm CÚdÏm, CYtû\ 

G°§p GÝRÜm ûLVô[Üm Ø¥Ùm, CR]ôpRôu. RodL 

L¦Rj§û]. Ï±ÂhÓj RodLm (symbolic logic) Gußm AûZlTo, 

9,1,1 RodLd átß ApXÕ ©úWWûQ 

(Logical statement or proposition) : 
 átß ApXÕ ©úWWûQ GuTÕ JÚ Yôd¡VUôÏm, 

CqYôd¡Vj§u ùTôÚs EiûUVô«ÚdLXôm ApXÕ 

RY\ô«ÚdLXôm, B]ôp CWiÓm LXkÕ CÚjRp áPôÕ, 
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GÓjÕdLôhÓ  1 :  
(A) ©uYÚm Yôd¡VeLû[d LôiúTôm : 

 (i) RªrSôh¥u RûXSLWm ùNuû], 

 (ii) éª JÚ ¡WLm. 

 (iii) úWôNô JÚ é, 

 úUtLiP Yôd¡VeLs JqùYôußm EiûUVô]ûY, G]úY 

AûY JqùYôußm JÚ át\ôÏm, 

 (B) ©uYÚm Yôd¡VeLû[d LôiúTôm : 

 (iv) JqùYôÚ ØdúLôQØm JÚ CÚNUTdL ØdúLôQm, 

 (v) êußPu SôuûLd áh¥]ôp GhÓ, 

 (vi) ã¬Vu JÚ ¡WLm, 

 CûY JqùYôußm RY\ô]ûY, G]úY JqùYôußm JÚ 

át\ôÏm, 

GÓjÕdLôhÓ  2 : 
 (vii) ®[dûL Htß 

 (viii) ¿ GeúL ùNp¡u\ôn? 

 (ix) E]dÏ Cû\Yu ùYt±ûV A°lTôWôL, 
 (x) RôwULôp GqY[Ü AZLôL CÚd¡\Õ ! 

 CqYôd¡VeLs JqùYôußdÏm EiûU ApXÕ RYß Guß 

JÕd¸Ó ùNnV Ø¥VôÕ, G]úY. AûY át\pX, CYt±p  (vii), 
LhPû[ûVÙm (viii), úLs®ûVÙm (ix), YôrjûRÙm  

(x), BfN¬VjûRÙm Ï±d¡u\]. 

JÚ át±u ùUn U§l×  (Truth value of a statement) : 
 JÚ át±u EiûU ApXÕ RY±û] Adát±u ùUnU§l× 

GuTo, JÚ átß EiûUVô«u ARu ùUn U§lûT ‘EiûU’ 
ApXÕ T G]Üm AÕ RYß G²p ARu ùUnU§lûT ‘RYß’ 
ApXÕ F G]Üm áßYo, (T - True ; F – False). 

 GÓjÕdLôhÓ 1(A)p Es[ GpXô átßLÞdÏm ùUnU§l× 

TBÏm, GÓjÕdLôhÓ 1 (B)p Es[ GpXô átßLÞdÏm 

ùUnU§l× F BÏm, 

R²d átßLs  (Simple statements) : 
 JÚ át±û] CWiÓ ApXÕ ARtÏ úUtThP átßL[ôLl 

©¬dL CVXô®¥p Adátû\ R²dátß GuTo, GÓjÕdLôhÓ 1(A) 
Utßm (B)p Es[ GpXô átßLÞm R²dátßL[ôÏm, 
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áhÓd átßLs  (Compound statements) : 
 JÚ át\ô]Õ CWiÓ ApXÕ ARtÏ úUtThP átßL°u 

úNolTô«u AÕ JÚ áhÓd átß G]lTÓm, 

GÓjÕdLôhÓ : UûZ ùTô¯¡\Õ Utßm Ï°of£VôLÜs[Õ, 

 CÕ JÚ áhÓd át\ôÏm, CÕ ©uYÚm CWiÓ 

R²dátßL°u úNolTôÏm, 

 “UûZ ùTô¯¡\Õ”, “Ï°of£VôL Es[Õ”. 
     áhÓd átßL[ô]ûY GjR²d átßL°u LXlTôL Es[]úYô. 

AjR²dátßLs áhÓdát±u EsátßLs (sub-statements) 
G]lTÓm, 

 JÚ áhÓd át±u ùUnU§lTô]Õ. ARu EsátßL°u ùUn 

U§l×Lû[Ùm. AûY Gq®Rm úNokÕ áhÓdátû\ AûUd¡u\] 

GuTRû]Ùm ùTôßjÕ AûUÙm, CÕ áhÓd át±u A¥lTûP 

TiTôÏm, 

A¥lTûP RodL CûQl×Ls (Basic logical connectives) : 
 R²dátßLû[ JußúNojÕ áhÓd átßLû[ AûP¡ú\ôm, 

AqYôß Juß úNolTRtÏ ER®VôL CÚdÏm YôojûRLû[ 

CûQl×Ls Guß áßYo, CWiÓ ApXÕ ARtÏ úUtThP 

átßLû[ CûQjÕ ×§V átßLû[ EÚYôdÏYRtÏ ‘Utßm’, 
‘ApXÕ’ ØR−V]Ytû\ CûQl×L[ôLl TVuTÓjÕ¡ú\ôm, 

CqYôojûRLû[ Be¡Xj§p ‘and’, ‘or’ Gu¡ú\ôm, Be¡Xj§p 

CYt±u TVuTôÓ GlùTôÝÕm ùR°Yô]RôÙm. ¨fNVUô]RôÙm 

CÚdÏm Guß ùNôpX Ø¥VôÕ, G]úY ¨fNVUô]. ùR°Yô] 

AojReLû[j RWdá¥V  CûQl×L°u ùRôÏlûT YûWVßjÕ 

TVuTÓjÕYÕ AY£VUô¡\Õ, CÕ ‘RodLùUô¯’ ApXÕ ‘ùTôÚs 

ùUô¯’dÏ ªLÜm úRûYVô]RôL ®[eÏm, ‘Utßm’ (and) 
GuTRtÏ¬V A¥lTûP CûQlTôL ‘CûQVp’ (conjunction) 
GuTRû]Ùm. ‘ApXÕ’ (or) GuTRtÏ¬V A¥lTûP CûQlTôL 

‘©¬l©ûQÜ’ (disjunction) GuTRû]Ùm. ‘ApX’ (not) GuTRtÏ¬V 

A¥lTûP CûQlTôL ‘Ußl×’ (negation)  GuTRû]Ùm 

ùRôPo×TÓjÕúYôm, 

 CûQVûX “∧” Gu\ Ï±ÂhPôÛm. ©¬l©ûQÜ GuTRû] 

“∨” Gu\ Ï±ÂhPôÛm. Ußl× GuTRû] “ ~ ”  Gu\ Ï±ÂhPôÛm 

Ï±l©ÓúYôm, 

CûQVp  : CWiÓ R²dátßLs p, q B]ûY. ‘Utßm’(and) Gu\ 

YôojûRVôp CûQdLlTÓmúTôÕ ‘p Utßm q’ Gu\ áhÓdátû\ 

AûP¡ú\ôm, CÕ p, q-u CûQVp BÏm, CRû] ‘p ∧ q’ Gu\ 

Ï±ÂhPôp Ï±l©ÓYo, 
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GÓjÕdLôhÓ 1 : ©uYÚm  R²dátßL°u CûQVûXd LôiL, 

 p : Wôm ×j§Nô−, 

 q : W® AZLô]Yo, 

 p ∧ q : Wôm ×j§Nô− Utßm W® AZLô]Yo, 

GÓjÕdLôhÓ 2 : ©uYÚm átû\ Ï±ÂhÓ AûUl×dÏ UôtßL: 

 E`ôÜm UôXôÜm Ts°dÏf ùNp¡u\]o, RWlThP átû\ 

©uYÚUôß Uôt± GÝRXôm: 

 ‘E`ô Ts°dÏf ùNp¡\ôs’ Utßm ‘UôXô Ts°dÏf 

ùNp¡\ôs’. 

  p : E`ô Ts°dÏf ùNp¡\ôs, 

  q : UôXô Ts°dÏf ùNp¡\ôs, 

 RWlThP át±u Ï±ÂhÓ AûUl× p ∧ q BÏm, 

 ®§ : (A1) p Utßm q CWiÓúU ùUnU§l× T ùTt±Úl©u. 

p ∧ q-u ùUn U§l×m T BÏm, 

   (A2) p ApXÕ q ApXÕ CWiÓúU ùUnU§l× F 

ùTt±Úl©u. p ∧ q-u ùUnU§l×m F BÏm, 

GÓjÕdLôhÓ 3 : 
 ©uYÚm átß JqùYôu±tÏm ùUnU§l©û]j RÚL: 

 (i) Fh¥Vô]Õ RªrSôh¥p Es[Õ Utßm 3 + 4 = 8 

 (ii) Fh¥Vô]Õ RªrSôh¥p Es[Õ Utßm 3 + 4 = 7 

 (iii) Fh¥Vô]Õ úLW[ô®p Es[Õ Utßm 3 + 4 = 7 

 (iv) Fh¥Vô]Õ úLW[ô®p Es[Õ Utßm 3 + 4 = 8 

 (i)-Cp 3 + 4 = 8 Gu\ át±u ùUnU§l× F BRXôp. (A2)-Cu T¥ 

 (i)-Cu ùUnU§l× F BÏm, 

 (ii)-Cp CWiÓ R²dátßLÞm ùUnU§l× T ùTt±ÚlTRôp  
(A1)-Cu T¥  (ii)-Cu ùUnU§l× T BÏm, 

 (iii) Utßm (iv)-u ùUnU§l×Ls FBÏm, 

©¬l©ûQÜ : 
 CWiÓ R²dátßLs p Utßm q-I ‘ApXÕ’(or) Gu\ 

YôojûRVôp CûQjRXôp ùT\lTÓm áhÓdátß ‘p ApXÕ q’ 
B]Õ p, q-Cu ©¬l©ûQÜ G]lTÓm, CRû] p ∨ q G]d 

Ï±ÂhPôp Ï±l©ÓYo, 
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GÓjÕdLôhÓ  4 : ©uYÚm átßL°u ©¬l©ûQ®û] AûUdL : 

 p : _ôu ¡¬dùLh ®û[VôÓ¡\ôu, 

 q : YÏlTû\«p ØlTÕ UôQYoLs Es[]o, 

 p ∨ q : _ôu ¡¬dùLh ®û[VôÓ¡\ôu ApXÕ YÏlTû\«p 

ØlTÕ UôQYoLs Es[]o, 

GÓjÕdLôhÓ 5: ©uYÚm átßLû[ Ï±ÂhÓ AûUl×dÏ UôtßL : 

 “5 JÚ ªûL ØÝ Gi ApXÕ JÚ NÕWm ùNqYLUôÏm”. 

  p : 5 JÚ ªûL ØÝ Gi. 

  q : JÚ NÕWm ùNqYLm. GuL. 

 RWlThP át±u Ï±ÂhÓ AûUl× p ∨ q BÏm, 

 ®§ : (A3) p Utßm q B¡V CWiÓúU ùUnU§l× F 

ùTt±Úl©u p ∨ q-Cu ùUnU§l×m F BÏm,  

   (A4) p ApXÕ q ApXÕ CWiÓúU ùUnU§l× T 

ùTt±Úl©u p ∨ q-Cu ùUnU§l×m T BÏm, 

GÓjÕdLôhÓ 6 :  

 (i) ùNuû] Ck§Vô®p Es[Õ ApXÕ 2 JÚ ØÝ Gi, 

 (ii) ùNuû] Ck§Vô®p Es[Õ ApXÕ 2 JÚ ®¡RØ\ô 

Gi, 

 (iii) ùNuû] º]ô®p Es[Õ ApXÕ 2 JÚ ØÝ Gi, 

 (iv) ùNuû] º]ô®p Es[Õ ApXÕ 2 JÚ ®¡RØ\ô Gi, 

 (A4)-CuT¥ (i), (ii) Utßm (iv)-Cu ùUnU§l×Ls T BÏm,  
(A3)-CuT¥ (iii)-Cu ùUnU§l× F BÏm, 

Ußl× : 

 JÚ át±u UßlûT AûPYRtÏ Adát±p ‘ApX’ Gu\ 

YôojûRûV RÏkR CPj§p TVuTÓj§d ùLôs[ úYiÓm, 

‘AlT¥«ÚdL Ø¥VôÕ’ ApXÕ ‘AÕ RY\ô]ùRôuß’ GuTûR 

át±tÏ ØuúTô. ©uúTô úNojÕm ‘Ußl×’ átû\ AûPVXôm, 

 JÚ átû\ p Ï±dÏUô«u ARu Ußl×d átû\ ∼p ApXÕ  p 

G]d Ï±l©ÓYo, Sôm ∼p Gu\ Ï±ÂhûPl TVuTÓjÕúYôm, 

 ®§  : (A5) p-Cu ùUnU§l× T G²p. ∼p-Cu ùUnU§l× F, 

úUÛm p-Cu ùUnU§l× F G²p. ∼p-Cu ùUnU§l× T. 
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GÓjÕdLôhÓ  7 : 
 p : GpXô U²RoLÞm A±Yô°Ls. 

 ∼p : GpXô U²RoLÞm A±Yô°Ls ApXo.  (ApXÕ) 

 ∼p : GpXô U²RoLÞm A±Yô°L[ôn CÚdL Ø¥VôÕ 
(ApXÕ) 

 ∼p : GpXô U²RoLÞm A±Yô°Ls GuTÕ RYß. 

Ï±l× : Ußl× GuTÕ CWiÓ ApXÕ ARtÏ úUtThP átßLû[ 

Juß úNodLôR úTô§Ûm AÕÜm JÚ CûQlTôLúY 

AûZdLlTÓm, AÕ JÚ át±û] Uôt± AûUjRûX UhÓúU 

ùNn¡\Õ, 

T«t£ 9.1 
©uYÚY]Yt±p átßLs GûY. átß ApXôRûY GûY 

GuTRû]d LôiL, EUÕ ®ûPdÏ RdL LôWQm RÚL. 
  (1) GpXô CVp GiLÞm ØÝ GiLs. 
 (2) JÚ NÕWj§tÏ IkÕ TdLeLs EiÓ. 
 (3) Yô]j§u ¨\m ¿Xm, 
 (4) ¿ GqYôß Es[ôn? 

 (5) 7 + 2 < 10. 
 (6) ®¡RØß Gi LQm Ø¥Yô]Õ, 
 (7) ¿ GqY[Ü AZLôL CÚd¡\ôn! 
 (8) E]dÏ ùYt± ¡hPhÓm. 
 (9) G]dÏ JÚ úLôlûT ¿o ùLôÓ, 
 (10) 2 UhÓúU CWhûP TLô Gi, 
©uYÚm átßLÞdÏ ùUnU§l× (T ApXÕ F) GÝÕL, 

 (11) JÚ Nôn NÕWj§u GpXô TdLeLÞm NU ¿[m ùLôiPûY, 

 (12) 1 + 8 JÚ ®¡RØ\ô Gi, 

 (13) Tô−u ¨\m ùYiûU. 
 (14) 30 Gu\ Gi¦u TLô Gi LôW¦Ls SôuÏ, 

 (15) TôÃv B]Õ ©Wôu£p Es[Õ, 
 (16) Sin x JÚ CWhûPf Nôo×, 

 (17) JqùYôÚ NÕW A¦Ùm éf£VUt\ A¦dúLôûY A¦, 
 (18) _ý©Po JÚ ¡WLUôÏm. 
 (19) JÚ LXlùTi Utßm ARu CûQ Gi¦u ùTÚdLtTXu 

JÚ LtTû] Gi, 
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 (20) CÚ NUTdL ØdúLôQeLs VôÜm NUTdL ØdúLôQeLs, 
 (21) CûQVp Utßm ©¬l× CûQÜ B¡VYtû\d LôiL, 
  (i) p : B]kj Tj§¬ûL T¥d¡\ôu,  
   q  :  B]kj ¡¬dùLh ®û[VôÓ¡\ôu. 
  (ii) p : G]dÏ ¼ ©¥dÏm 
   q  :  G]dÏ Iv ¡Ãm ©¥dÏm, 
 (22) p GuTÕ “LUXô Ts°dÏf ùNp¡\ôs” q GuTÕ “YÏl©p 

CÚTÕ UôQYoLs Es[]o”. ©uYÚm átßLÞdÏ¬V 

YôojûRLÞPu á¥V Yôd¡VeLû[ AûUdL, 

  (i)  p ∨ q (ii) p ∧ q (iii) ∼ p (iv) ∼ q (v) ∼p ∨ q 
 (23) ©uYÚm JqùYôÚ áhÓdátû\Ùm Ï±ÂhÓ AûUl©p 

ùUô¯ùTVodL, 

  (i) úWô_ô £Ll× ¨\Uô]Õ Utßm ¡° JÚ T\ûY, 
  (ii) ÑúWx ‘Ck§Vu Gdv©Wv’ ApXÕ ‘§ ¶iÓ’T¥d¡\ôu, 
  (iii) UômTZeLs C²ûUVôÙs[] GuTÕ RYß, 

  (iv) 3 + 2 = 5 Utßm LeûL JÚ Bß, 

  (v) Yô]m ¿Xm ApX GuTÕ RYß, 
 (24) p Gu¡\ átß “ºRôÜdÏ T¥lTÕ ©¥dÏm” Utßm q Gu¡\ 

átß “ºRôÜdÏ ®û[VôÓYÕ ©¥dÏm” G²p ∼p ∧ ∼ q GuTÕ 

GRû]d Ï±dÏm? 

 (25) ©uYÚm JqùYôußdÏm UßlûT GÝÕL : 

  (i) 5 JÚ ®¡RØ\ô Gi, 
  (ii) U¦ JÝeLô]Yo Utßm LÓûUVôL EûZlTYo, 
  (iii) ClTPm Su\ôL ApXÕ AZLôL Es[Õ, 

9,1,2, ùUn AhPYûQ (Truth table) : 
 áhÓd átß Utßm Es átßLÞdÏ CûPúVVô] 

ùRôPo©û] ùY°lTÓjÕm AhPYûQûV ùUn AhPYûQ 

GuTo, CÕ ¨ûWLû[Ùm ¨WpLû[Ùm ùTt±ÚdÏm, Es átßL°u 

ùUnU§l×Ls BWmT ¨WpL°p CPmùTßm, AYtû\ 

A¥lTûPVôLd ùLôiÓ LôQlùTt\ áhÓdátßL°u 

ùUnU§l×Ls LûP£ ¨W−p CPmùTßm, JÚ áhÓd át±p n 

EsátßLs CPmùT±u. ùUn AhPYûQVô]Õ 2n ¨ûWLs 

ùLôi¥ÚdÏm, 

GÓjÕdLôhÓ 9.1 : ∼pdÏ ùUn AhPYûQ AûUdL, 

¾oÜ : ∼p Gu\ át±p JÚ JÚ R²dátß p UhÓm Es[Õ, G]úY 

ARtÏ¬V ùUn AhPYûQ«p 21(= 2) ¨ûWLs CÚdÏm. 
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 úUÛm p-Cu ùUn U§l× T G²p ∼p-Cu ùUnU§l× F Utßm  

p-Cu ùUnU§l× F G²p. ∼p-Cu ùUnU§l× T GuTûR A±úYôm, 
CqYô\ôL ∼p-Cu ùUn AhPYûQ ¸úZ RWlThÓs[Õ: 

∼ pdÏ¬V ùUn AhPYûQ 

p ∼p 
T F 
F T 

GÓjÕdLôhÓ 9.2 : p ∨ (∼p)-dÏ¬V ùUn AhPYûQûV AûUdL, 
¾oÜ : p ∨ (∼p) Gu¡\ áhÓdát±p JúW JÚ R²dátß CPm 

ùTtßs[Õ, G]úY ARu ùUn AhPYûQ«p 21(= 2) ¨ûWLs 

CÚdÏm, 
 ØRp ¨W−p p-Cu GpXô ùUnU§l×Lû[Ùm ¨Wl×L, 
 CWiPôm ¨W−p p -Cu ùUnU§l×LÞdÏ HtT  ∼pCu 

ùUnU§l×Lû[ ¨Wl×L, LûP£ ¨W−p. (A4) –Il TVuTÓj§  

p∨ (∼p) –Cu ùUnU§l×Lû[ ¨Wl×L, 

p∨(∼p)-Cu ùUn AhPYûQ 

p ∼p p∨(∼p) 

T F T 

F T T 

GÓjÕdLôhÓ 9.3 : p ∧ q-Cu ùUn AhPYûQûV AûUdL, 

¾oÜ : p ∧ q Gu¡\ áhÓdátß CWiÓ R²dátßLû[l 

ùTtßs[Õ, AûY p Utßm q BÏm, G]úY. p ∧ q-Cu ùUn 

AhPYûQ«p 22(= 4) ¨ûWLs CÚdÏm, ØRp CWiÓ ¨WpL°p  

p Utßm q-Cu GpXô Nôj§V ùUnU§l×L[ô] TT, TF, FT Utßm FF 
B¡VYtû\ ¨Wl×L. 

 (A1) Utßm (A2)-I TVuTÓj§ p ∧ q-Cu ùUnU§l×Lû[ ØRp 

CÚ ¨WpL°u ùUnU§l×Lû[ A¥lTûPVôLd ùLôiÓ. LûP£ 

¨W−p ¨Wl×L, 

p ∧ q-Cu ùUn AhPYûQ 

p q p ∧ q 

T T T 

T F F 

F T F 

F F F 
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Ï±l× : CúR úTôp (A3) Utßm (A4)I TVuTÓj§ p ∨ q-Cu ùUn 

AhPYûQûVl ©uYÚUôß AûUdLXôm, 

p ∨ q-Cu ùUn AhPYûQ 

p q p ∨ q 

T T T 

T F T 

F T T 

F F F 

GÓjÕdLôhÓ 9.4 :  

 ©uYÚm átßLÞdÏ ùUn AhPYûQLû[ AûUdL : 

 (i)   ((∼p) ∨ (∼ q)) (ii)  ∼ ((∼ p) ∧ q) 
 (iii) (p ∨ q) ∧ (∼ q) (iv)  ∼ ((∼ p) ∧ (∼ q)) 
¾oÜ :  

 (i)  ((∼p) ∨ (∼ q))-dÏ¬V ùUn AhPYûQ 

p q ∼ p ∼ q ((∼p) ∨ (∼ q)) 

T T F F F 

T F F T T 

F T T F T 

F F T T T 

  (ii)  ∼ ((∼ p) ∧ q)-dÏ¬V ùUn AhPYûQ 

p q ∼ p (∼ p) ∧ q ∼ ((∼ p) ∧ q) 

T T F F T 

T F F F T 

F T T T F 

F F T F T 

 (iii)  (p ∨ q) ∧ (∼ q)-dÏ¬V ùUn AhPYûQ 

p q p ∨ q ∼ q (p ∨ q) ∧ (∼q) 

T T T F F 

T F T T T 

F T T F F 

F F F T F 
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 (iv)  ∼ ((∼ p) ∧ (∼ q))-dÏ¬V ùUn AhPYûQ 

p q ∼ p ∼ q (∼ p) ∧ (∼ q) ∼ ((∼ p) ∧ (∼ q)) 
T T F F F T 
T F F T F T 
F T T F F T 
F F T T T F 

GÓjÕdLôhÓ 9.5 : (p ∧ q) ∨ (∼ r)-dÏ¬V ùUn AhPYûQûV 

AûUdL,  

¾oÜ : (p ∧ q) ∨ (∼ r) Gu\ áhÓdát±p êuß R²dátßLs p, q, r 

Es[], G]úY  (p ∧ q) ∨ (∼r)-Cu ùUn AhPYûQ«p 23(= 8) 
¨ûWLs CÚdÏm, p-Cu ùUn U§l× SôuÏ AÓjRÓjR 

JÕd¸ÓLÞdÏ T ApXÕ FBL CÚdÏm, qCu ùUn U§l× CWiÓ 

AÓjRÓjR JÕd¸ÓLÞdÏ T ApXÕ F-BL CÚdÏm, r-Cu ùUn 

U§l× JÚ JÕd¸h¥tÏ T ApXÕ FBL CÚdÏm, 

p q r p ∧ q ∼ r (p ∧ q) ∨ (∼r) 

T T T T F T 

T T F T T T 

T F T F F F 

T F F F T T 

F T T F F F 

F T F F T T 

F F T F F F 

F F F F T T 

GÓjÕdLôhÓ 9.6 : (p ∨ q) ∧ r-Cu ùUn AhPYûQûV AûUdL, 

¾oÜ :  

p q r p ∨ q (p ∨ q) ∧ r 

T T T T T 

T T F T F 

T F T T T 

T F F T F 

F T T T T 

F T F T F 

F F T F F 

F F F F F 
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T«t£  9.2 
©uYÚm átßLÞdÏ ùUn AhPYûQLs AûUdL : 

 (1) p ∨ (∼ q) (2) (∼ p) ∧ (∼ q) 

 (3) ∼ (p ∨ q) (4) (p ∨ q) ∨ (∼ p) 

 (5) (p ∧ q) ∨ (∼ q) (6) ∼ (p ∨ (∼ q)) 

 (7) (p ∧ q) ∨ [∼ (p ∧ q)] (8) (p ∧ q) ∧ (∼ q) 

 (9) (p ∨ q) ∨ r (10) (p ∧ q) ∨ r 

RodL NUô]jRuûU (Logical equivalence) : 
 A Utßm B Gu¡\ CWiÓ áhÓd átßL°u ùUn 

AhPYûQL°u LûP£ ¨WpLs JúW Uô§¬Vô] ùUn 

U§l×Lû[l ùTt±Úl©u AûY RodL NUô]Uô]ûY G]lTÓm, 

CRû] A ≡ B G] GÝÕYo, 

GÓjÕdLôhÓ 9.7 : ∼ (p ∨ q) ≡ (∼ p) ∧ (∼ q)  G]d LôhÓL, 

¾oÜ :  

∼ (p ∨ q)-Cu ùUn AhPYûQ 

p q p ∨ q ∼ (p ∨ q) 
T T T F 
T F T F 
F T T F 
F F F T 

((∼ p) ∧ (∼ q))-Cu ùUn AhPYûQ 

p q ∼p ∼ q ((∼ p) ∧ (∼ q)) 
T T F F F 
T F F T F 
F T T F F 
F F T T T 

 LûP£ ¨WpLs JúW Uô§¬Vô]ûY, ∴ ∼ (p ∨ q) ≡ ((∼ p) ∧ (∼ q)) 
Ußl©u Ußl×  (Negation of a negation) : 
 JÚ át±u Ußl©u Ußl× Adátú\VôÏm, CRû]úV  

 ∼ (∼ p) ≡ p G] GÝÕYo, 

p ∼p ∼ (∼ p) 
T F T 
F T F 

 ùUn AhPYûQ«p p Utßm ∼ (∼ p)-dÏ¬V ¨WpLs JúW 

Uô§¬Ùs[Rôp p-m ∼ (∼ p)-m RodL NUô]Uô]ûYVôÏm, 
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GÓjÕdLôhÓ 9.8 : ‘Yô]j§u ¨\m ¿Xm’ Gu\ át±tÏ ∼ (∼ p) ≡ p 
GuTRû]f N¬TôodL, 

¾oÜ :  
 p : Yô]j§u ¨\m ¿Xm 

 ∼ p : Yô]j§u ¨\m ¿Xm ApX 

 ∼ (∼ p) : Yô]j§u ¨\m ¿Xm ApX GuTÕ N¬ ApX 
   Yô]j§u ¨\m ¿Xm, 
¨TkRû] Utßm CÚ-¨TkRû]d átßLs 
(Conditional and biconditional statements) : 
 L¦Rj§p Sôm A¥dL¥ “p G²p q” Gu¡\ átßLû[f 

Nk§d¡uú\ôm, CûY ¨TkRû]d átßLs ApXÕ ®û[ÜLs 

G]lTÓm, CYtû\ p → q G]d Ï±l©ÓYo, CRû] ‘p-Cu ®û[Ü q’ 
Guß T¥dLXôm, p-Cu ùUnU§l× EiûUVôL CÚkÕ q-Cu ùUn 

U§l× RY\ôL CÚl©u  p → q-Cu ùUnU§l× RY\ôÏm, CRtÏ 

Ht\ôt úTôp p-Cu ùUnU§l× RY\ôL CÚkÕ q-Cu ùUnU§l× 

GÕYô«àm p → q-Cu ùUnU§l× EiûUVôÏm, 

p → q-Cu ùUn AhPYûQ 

p q p → q 

T T T 

T F F 

F T T 

F F T 

 p Utßm q HúRàm CÚ átßLs GuL, p → q Utßm q → p-Cu 

áhÓd átß CÚ ¨TkRû]d átß G] AûZdLlTÓm, CRû]  

p ↔ q G]d Ï±l©ÓYo, CRû] ‘p CÚkÕ úUÛm CÚkRôp UhÓúU 

q’ G] T¥lTo, p Utßm q-dÏ JúW Uô§¬Vô] ùUn U§l×Ls 

CÚkRôp UhÓúU p ↔ q-Cu ùUnU§l× EiûU BÏm, 

AqYô±pûXVô«u AÕ RYß BÏm, 

p ↔ q-Cu ùUn AhPYûQ 

p q p ↔ q 

T T T 

T F F 

F T F 

F F T 
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9,1,3, ùUnûULs (Tautologies) : 
 JÚ átßdÏ¬V ùUn AhPYûQ«p Cß§ ¨Wp ØÝYÕm  

T BL CÚl©u Adátß JÚ ùUnûUVôÏm, AjRûLV átß 

GpXô®R RodL Yônl×LÞdÏm EiûUûVúV RWdá¥VRôÏm,, 

 JÚ átßdÏ¬V ùUn AhPYûQ«p Cß§ ¨Wp ØÝYÕm 

FBL CÚl©u Adátß JÚ ØWiTôPôÏm (Contradiction), AjRûLV 

átß GpXô®R RodL Yônl×LÞdLm RYû\úV RWdá¥VRôÏm, 

GÓjÕdLôhÓ 9.9 : (i) p ∨ (∼ p) JÚ ùUnûU.   (ii) p ∧ (∼ p) JÚ 

ØWiTôÓ, 
¾oÜ :  

 (i)  p ∨ (∼ p)-Cu ùUn AhPYûQ 

p ∼ p p ∨ (∼ p) 

T F T 

F T T 

 LûP£ ¨W−p T UhÓúU Es[Rôp p ∨ (∼p) JÚ ùUnûUVôÏm, 

 (ii)  p ∧ (∼ p)-Cu ùUn AhPYûQ 

p ∼ p p ∧ (∼ p) 

T F F 

F T F 

 LûP£ ¨W−p F UhÓúU Es[Rôp. p ∧ (∼p) JÚ ØWiTôPôÏm, 

GÓjÕdLôhÓ 9.10 :  

 (i) ((∼ p) ∨ (∼ q)) ∨ p JÚ ùUnûU G]d LôhÓL, 

 (ii) ((∼ q) ∧ p) ∧ q JÚ ØWiTôÓ G]dLôhÓL, 

¾oÜ :  

(i)   ((∼ p) ∨ (∼ q)) ∨ p-u ùUn AhPYûQ 

p q ∼ p ∼ q (∼ p) ∨ (∼ q) ((∼ p) ∨ (∼ q))∨ p 

T T F F F T 

T F F T T T 

F T T F T T 

F F T T T T 

 LûP£ ¨Wp ØÝYÕm T BRXôp ((∼ p) ∨ (∼ q)) ∨ p JÚ 

ùUnûUVôÏm, 
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 (ii)   ((∼ q) ∧ p) ∧ q-Cu ùUn AhPYûQ 

p q ∼ q (∼ q) ∧ p ((∼ q) ∧ p) ∧ q 

T T F F F 

T F T T F 

F T F F F 

F F T F F 

 LûP£ ¨Wp ØÝYÕm F BRXôp ((∼ q) ∧ p) ∧ q JÚ 

ØWiTôPôÏm, 

GÓjÕdLôhÓ 9.11 : ((∼ p) ∨ q) ∨ (p ∧ (∼ q)) JÚ ùUnûUVô GuTRû] 

ùUn AhPYûQûVd ùLôiÓ ¾oUô²dL, 

¾oÜ :  

   ((∼ p) ∨ q) ∨ (p ∧ (∼ q))-Cu ùUn AhPYûQ 

p q ∼ p ∼ q (∼ p) ∨ q p ∧ (∼ q) ((∼ p) ∨ q) ∨ (p ∧ (∼ q) 

T T F F T F T 

T F F T F T T 

F T T F T F T 

F F T T T F T 
 LûP£ ¨Wp ØÝYÕm T BRXôp RWlThP átß JÚ 

ùUnûUVôÏm, 

T«t£  9.3 
 (1) ©uYÚm átßL°p GûY ùUnûULs Utßm GûY 

ØWiTôÓLs GuTRû] ùUn AhPYûQûVd ùLôiÓ 

¾oUô²dL, 

  (i) ((∼ p) ∧ q) ∧ p (ii) (p ∨ q) ∨ (∼ (p ∨ q)) 

  (iii) (p ∧ (∼ q)) ∨ ((∼ p) ∨ q) (iv) q ∨ (p ∨ (∼ q)) 

  (v) (p ∧ (∼ p)) ∧ ((∼ q) ∧ p) 

 (2) p → q ≡ (∼ p) ∨ q G]d LôhÓL, 

 (3) p ↔ q ≡ (p → q) ∧ (q → p) G]d LôhÓL, 

 (4) p ↔ q ≡ ((∼ p) ∨ q) ∧ ((∼ q) ∨ p) G]d LôhÓL, 

  (5) ∼(p ∧ q) ≡  ((∼ p) ∨ (∼ q)) G]d LôhÓL, 

 (6) p → q Utßm q → p NUô]Ut\ûY G]d LôhÓL, 

 (7) (p ∧ q) → (p ∨ q) GuTÕ JÚ ùUnûU G]d LôhÓL, 
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9,2 ÏXeLs (Groups) : 
9,2,1, DÚßl×f ùNV−  (Binary operation) : 
 CWiÓ CVp GiL°u áÓRp JÚ CVp Gi Gußm AYt±u 

ùTÚdLÛm JÚ CVp Gi Gußm A±úYôm, CfùNVp 

JqùYôußm CWiÓ GiLÞPu. êu\ôYÕ Gi Juû\ ùRôPo× 

TÓjÕYûRd Lôi¡uú\ôm, Cl×§V Gi Aq®Ú GiL°u 

áÓRXôLúYô ApXÕ ùTÚdLXôLúYô Es[Õ, Gi ùRôÏl×L°u 

YZdLUôL YûWVßdLlTÓm áÓRp Utßm ùTÚdLp B¡V 

ùNnØû\L°u ùTôÕûUVôL ®[eÏ¡\ ùNVpØû\L[ô] 

DÚßl×f ùNV−Lû[lTt± CeÏ Sôm LôiúTôm, 
YûWVû\ : 
 S GuTÕ ùYt\t\ LQm GuL, S-Cu ÁÕ YûWVßdLlTÓm * 
Gu\ DÚßl×f ùNVXô]Õ S-Cp Es[ Eßl×L°u JqùYôÚ 

Y¬ûN«hP úNô¥ (a, b)-ÙPàm S-Cp a * b Gu\ EßlûT 

ùRôPo×TÓjÕm JÚ ®§VôÏm, CRû] JÚ NôoTôLÜm ©uYÚUôß 

YûWVßdLXôm, 

 * : S × S → S  i.e.,  (a, b) → a * b. 
 CeÏ a * b B]Õ *Cu ¸r (a, b)-Cu ©mTUôÏm, 

 úUtLiP YûWVû\«−ÚkÕ S-Cu ÁÕ * JÚ DÚßl×f 

ùNVXô«u. a, b ∈ S ⇒ a * b ∈ S. 
 Ck¨ûX«p S B]Õ *-Cu ¸r AûPÜ ùTtßs[Õ G]lTÓm, 

ClTi× “AûPl× ®§” ApXÕ “AûPl× Ti×” G]lTÓm, 
CjRûXl©p TVuTÓjRlThÓs[ Ï±ÂÓL°u Th¥Vp : 
 N - CVp GiL°u LQm, 
 Z - ØÝ GiL°u LQm 
 W - Ïû\Vt\ ØÝ GiL°u LQm 
 E - CWhûPlTûP GiL°u LQm 
 O - Jtû\lTûP GiL°u LQm 
 Q - ®¡RØß GiL°u LQm 
 R - ùUnùViL°u LQm 
 C - LXlùTiL°u LQm 
 Q − {0} - éf£VUt\ ®¡RØß GiL°u LQm 
 R – {0} - éf£VUt\ ùUnùViL°u LQm 
 C - {0} - éf£VUt\ LXlùTiL°u LQm 
 ∀ - JqùYôÚ 
 ∃ - AeúL ¡ûPdLlùTßm 
 ∋ - GàUôß 
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®[dL GÓjÕdLôhÓ  : 

    YZdLUô] áhPp +B]Õ N-Cu ÁÕ JÚ DÚßl×f ùNVp BÏm,  

 Hù]²p a, b ∈ N ⇒ a + b ∈ N. i.e., N B]Õ +Cu ¸r AûPÜ 

ùTtßs[Õ, 

 B]ôp YZdLUô] L¯jRp B]Õ N-Cu ÁÕ JÚ DÚßl×f 

ùNVp BLôÕ, Hù]²p 2, 5 ∈ N. B]ôp 2 − 5 = − 3 ∉ N. 

∴ N B]Õ L¯jR−u ¸r AûPÜ ùT\®pûX, 

 AúR NUVj§p − B]Õ Z-Cu ÁÕ JÚ DÚßl×f ùNVp GuTÕ 

ùR°Ü. JÚ ùNV− DÚßl×f ùNV−VôL CÚlTúRô ApXÕ 

CpXôU−ÚlTúRô. AÕ YûWVßdLlTÓm LQjûRl 

ùTôßjRRôÏm, ©uYÚm Th¥Vp. Gi ùRôÏl©p GûYùVpXôm 

áhPp. L¯jRp. ùTÚdLp Utßm YÏjRp. Øû\úV +, −,  . ,  ÷Cu ¸r 

AûPÜ ùTtßs[] GuTûRd LôhÓ¡\Õ, 

Number Systems

    Operations 
N Z Q R C Q − {0} R − {0} C − {0} 

+ binary binary binary binary binary not 
binary 

not 
binary 

not 
binary 

− not 
binary binary binary binary binary not 

binary 
not 

binary 
not 

binary 

. binary binary binary binary binary binary binary binary 

÷ not 
binary 

not 
binary 

not 
binary 

not 
binary 

not 
binary binary binary binary 

 Gi ùRôÏl×L°u ÁÕ. NôRôWQ CVtL¦Rf ùNV−Ls 

UhÓªu±. £X ×§V ùNV−Lû[Ùm YûWVßdL Ø¥Ùm, 

GÓjÕdLôhPôL. N-Cu ÁÕ * Gu\ ùNV−ûV a * b = ab
 G] 

YûWVßlúTôm, 

 a, b ∈ N ⇒  a * b = ab ∈ N   ∴ * B]Õ N-Cu ÁÕ JÚ DÚßl×f 

ùNV− BÏm, 

DÚßl×f ùNV−LÞdÏ¬V áÓRp ®YWeLs : 

(1) S = R ApXÕ  R-Cu EhLQm GuL, S-Cu ÁÕ *-I ©uYÚUôß 

YûWVßlúTôm, 
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  (i) a * b = {a, b}-Cp £±VÕ 
  (ii) a * b = {a, b}-Cp ùT¬VÕ 
  (iii) a * b = a 
  (iv) a * b = b 
 úUtLiP ùNV−Ls VôÜm DÚßl×f ùNV−Ls BÏm, 

 (2) (N, *), a * b = ab + 5 ; ab-m 5-m CVp GiLs, ∴ ab + 5-m JÚ CVp 

Gi, G]úY *-B]Õ N-Cu ÁÕ DÚßl×f ùNV−VôÏm,  

B]ôp. a * b = ab − 5 GàUôß YûWVßdLlThPôp. * JÚ 

DÚßl×f ùNVp BLôÕ,  ‡ 2 * 1 = (2)(1) − 5 = − 3 ∉ N. 

(3) (Z, *), a * b = ab GuL, *B]Õ Z-Cu ÁÕ JÚ DÚßl×f ùNV− 

ApX, ∴ a = 2, b = − 1 G²p  ab = 2−1 = 
1
2 ∉ Z.   

 R − {0}-Ûm CÕ JÚ DÚßl×f ùNV− ApX GuTRû]d 

LôQXôm,  ‡ a = − 1, b = 
1
2       ab = (− 1)1/2 ∉ R − {0} 

(4) (R, *) ; a * b =  a + b + ab. * JÚ DÚßl×f ùNV− BÏm, ‡ a + b 

Utßm ab ùUnùViLs, AYt±u áÓRÛm JÚ ùUnùVi, 
(5) (O, +) ; + B]Õ Jtû\lTûP Gi LQj§u ÁÕ JÚ DÚßl×f 

ùNVp ApX, Hù]²p CWiÓ Jtû\ GiL°u áÓRp JÚ 

Jtû\ Gi ApX, 
 (6) (O, .) ; . B]Õ Jtû\lTûP Gi LQj§u ÁÕ JÚ DÚßl×f 

ùNVp BÏm, Hù]²p CWiÓ Jtû\ GiL°u ùTÚdLp JÚ 

Jtû\ Gi BÏm, 

 (7) A¦dáhPp B]Õ. m × n Y¬ûN A¦L°u LQj§u ÁÕ JÚ 

DÚßl×f ùNV− BÏm, Hù]²p. CWiÓ m × n A¦L°u 

áÓRÛm JÚ m × n A¦VôÏm, 
(8) n × n Y¬ûN éf£Vd úLôûY A¦L°u LQm Utßm n × n Y¬ûN 

éf£VUt\d úLôûY A¦L°u LQj§u ÁÕ A¦L°u 

áhPp JÚ DÚßl×f ùNVp BLôÕ, Hù]²p. CWiÓ éf£Vd 

úLôûY A¦L°u áÓRp éf£Vd úLôûY A¦VôL CÚdLj 

úRûY«pûX, AúR úTôp éf£VUt\d úLôûY A¦L°u 

áÓRp éf£VUt\d úLôûY A¦VôL CÚdLj úRûY«pûX, 

 (9) A¦l ùTÚdLp B]Õ éf£Vd úLôûY A¦ LQm Utßm 

éf£VUt\ úLôûY A¦LQj§u ÁÕ JÚ DÚßl×f ùNVp 

BÏm, 

 (10) ùYdPoL°u LQj§u ÁÕ ùYdPo ùTÚdLXô]Õ DÚßl×f 

ùNVp BÏm, B]ôp AdLQj§u ÁÕ §ûN«−l ùTÚdLp JÚ 

DÚßl×f ùNVp BLôÕ, 
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JÚ DÚßl×f ùNV−dÏ¬V ùTÚdLp AhPYûQ  
(Multiplication table for a binary operation) : 
      S = {a1, a2 ... an} GuTÕ JÚ Ø¥Yô] LQm GuL, S-Cu ÁÕ 

YûWVßdLlThP GkR JÚ DÚßl×f ùNVp *-IÙm JÚ ùTÚdLp 

AhPYûQûVd ùLôiÓ ®[dLXôm, CkR AhPYûQ«p ‘n’ 
¨ûWLs Utßm ‘n’ ¨WpLs CÚdÏm, S-Cu JqùYôÚ EßlûTÙm 

JÚ ¨ûW«u BWmTj§Ûm. JÚ ¨W−u BWmTj§Ûm ûYj§ÓL, 

CeÏ ¨ûWL°p ©uTt\lTÓm Y¬ûN«úXúV ¨WpL°Ûm S-Cu 

Eßl×Lû[ GÝ§ÓYÕ YZdLm, Th¥V−u CPl×\ úUp êûX«p 

ùNV− *-I ûYj§ÓL, i-YÕ ¨ûWdÏm j-YÕ ¨WÛdÏm ùTôÕYô] 

TÏ§«p ai * aj-I ¨Wl×YRu êXm Th¥V−p Es[n × n = n2 
ùYt±PeLû[Ùm ¨Wl© ®ÓL, 

* a1 a2 .................................. aj ... 
a1      
. 
. 
. 
. 

     

ai    ai * aj  
. 
. 
. 

     

 CkR AhPYûQûV úLn−«u (Cayley’s) AhPYûQ ApXÕ 

ùTÚdLp AhPYûQ GuTo, AÓjR ©¬®p Ø¥Yô] ÏXeLû[ 

GqYôß ùTÚdLp AhPYûQLû[l TVuTÓj§ ùR°YôL ®[dL 

Ø¥Ùm GuTûRl Tt± TôolúTôm, 

9,2,2, ÏXeLs : 
 JÚ ùYt\t\ LQm S RWlThPôp. ARu HúRàªÚ Eßl×Lû[ 

Juß úNojÕ S-Cu Utù\ôÚ EßlûT AûP¡\ TiTô]Õ SdÏ 

JÚ CVtL¦Rj ùRôÏl× AûUl©û]j RÚ¡\Õ, JÚ ùYt\t\ 

LQØm. JÚ DÚßl×f ùNVÛm úNokÕ AûUdÏm AûUl× 

CVtL¦Rj ùRôÏl× BÏm, GpXô CVtL¦Rj ùRôÏl×L°p 

ªLÜm G°ûUVô]Õ ÏXUôÏm, ÏXeLû[l Tt±V BnYô]Õ 

19Bm èt\ôi¥p BWm©dLlThPÕ, NUuTôÓL°u ¾oÜLû[d 

LôiTRtÏ NôRLUôL ÏXdùLôsûL AûUkRÕ, ÏXd 

ùLôsûLVô]Õ L¦Rj§p UhÓªu±. CVt©Vp. úY§«Vp. 

E«¬Vp B¡V ©¬ÜL°Ûm TVuTÓjRlTÓ¡\Õ, 
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YûWVû\ : 
 G JÚ ùYt\t\ LQm GuL, * JÚ DÚßl×f ùNV−, (G, *)B]Õ 

ÏXUôL«ÚdL ©uYÚm ¨TkRû]Ls EiûUVôL úYiÓm, 

 (1) AûPl× ®§ : a, b ∈ G ⇒ a * b ∈ G 
  (Closure axiom) 
 (2) úNol× ®§ : ∀a, b, c ∈ G, (a * b) * c = a * (b * c) 
  (Associative axiom) 
 (3) NU² ®§ : e ∈ G-I a * e = e * a = a, ∀a ∈ G GàUôß  

  (Identity axiom)  LôQXôm, 

 (4) G§oUû\ ®§ : JqùYôÚ a ∈ G-dÏm. a−1∈G-I  

  (Inverse axiom)  a−1 * a = a * a−1 = e  GàUôß 

LôQØ¥Ùm,  

 e B]Õ G-Cu NU² Eßl× G]lTÓm, a−1
B]Õ a-Cu 

G§oUû\ G]lTÓm, 

YûWVû\  (T¬Uôtßl Ti×) (Commutative axiom) : 
 S-Cu ÁRô] DÚßl×f ùNVp * B]Õ T¬Uôtß RuûUÙûPV 

Rô«u JqùYôÚ a, b ∈ S-dÏm  a * b = b * a GuTÕ EiûUVôL 

úYiÓm,  
YûWVû\ : T¬Uôtßl TiûTl éoj§ ùNnÙm ÏXm GÀ−Vu ÏXm 

(abelian group) ApXÕ T¬Uôtßd ÏXm G]lTÓm, AqYôß 

CpûXVô«u AÕ GÀ−Vu ApXôR ÏXUôÏm (non-abelian group). 
Ï±l× (1) : * DÚßl×f ùNV−Vô«u. AûPl× ®§ Rô]ôLúY 

EiûUVôYûRd Lôi¡ú\ôm, 

Ï±l× (2) : G Gu\ JúW Ï±ÂhûP ÏXjûRd Ï±l©ÓYRtÏm. 

ÏXj§tÏ¬V LQjûRd Ï±l©ÓYRtÏm TVuTÓjÕúYôm, 

JÚ ÏXj§u Y¬ûN (Order of a group) : 
 JÚ ÏXj§u Y¬ûN GuTÕ AdÏXj§tÏ¬V LQj§p Es[ 

ùYqúY\ô] Eßl×L°u Gi¦dûLVôÏm, 

 JÚ ÏXUô]Õ Ø¥Yô] Gi¦dûLÙs[ Eßl×Lû[l 

ùTt±Úl©u Ø¥Yô] ÏXm (finite group) Gußm. Ø¥Yt\ 

Gi¦dûLÙs[ Eßl×Ls CÚl©u Ø¥Yt\ ÏXm (infinite group) 
Gußm AûZdLlTÓm, JÚ ÏXm G-Cu Y¬ûNûV o(G)  G]d 

Ï±l©ÓYo, 
YûWVû\ : 
 S-ùYt\t\ LQm Utßm * DÚßl×f ùNV− GuL, (S, *) GuTÕ 

JÚ AûWdÏXUô«u (semi group) ©uYÚm ¨TkRû]Ls EiûUVôL 

úYiÓm, 
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 (1) AûPl× ®§ : a, b ∈ S ⇒ a * b ∈ S 
 (2) úNol× ®§ : (a * b) * c = a * (b * c), ∀ a, b, c ∈ S. 
YûWVû\ : 
 M-ùYt\t\ LQm Utßm * DÚßl×f ùNV− GuL, (M, *) GuTÕ 

NU²ÙûPV AûWdÏXUô«u (monoid) ©uYÚm ¨TkRû]Ls 

EiûUVôL úYiÓm, 

 (1) AûPl× ®§ : a, b ∈ M ⇒ a * b ∈ M 
 (2) úNol× ®§ : (a * b) * c = a * (b * c) ∀a, b, c ∈ M 
 (3) NU² ®§ : e ∈ M-I JqùYôÚ a ∈ MdÏm 
    a * e = e * a = a GàUôß LôQ Ø¥Rp 

úYiÓm, 
 GÓjÕdLôhÓ : (N, +) JÚ AûWdÏXm, B]ôp NU²ÙûPV 

AûWdÏXm ApX. Hù]²p NU²Ùßl× O ∉ N. 

 GÓjÕdLôhÓ : a * b = ab
 GàUôß YûWVßdLlThP *dÏ  

(N, *)B]Õ JÚ AûWdÏXm ApX, Hù]²p. 

   (2 * 3) * 4 = 23 * 4 = 84 = 212 Utßm 

   2 * (3 * 4) = 2 * 34 = 2 * 81 = 281 
 ∴  (2 * 3) * 4 ≠ 2 * (3 * 4) ∴úNol× ®§ EiûUVôL®pûX, 
 GÓjÕdLôhÓ : (Z, .) JÚ NU²ÙûPV AûWdÏXm BÏm, B]ôp 

CÕ ÏXm ApX, Hù]²p. (5 ∈ Z,  
1
5 ∉ Z).  

 (Z, +) Utßm  (Z, .) B¡V CWiÓm AûWdÏXeLs Utßm 

NU²ÙûPV AûWdÏXeLs, YûWVû\L°−ÚkÕ JqùYôÚ ÏXØm 

NU²ÙûPV AûWdÏXm GuTÕ ùR°Ü, 

GÓjÕdLôhÓ 9.12 : (Z, +) JÚ Ø¥Yt\ GÀ−Vu ÏXm G] ¨ßÜL, 

¾oÜ :  

 (i) AûPl× ®§ : CWiÓ ØÝ GiL°u áÓRÛm JÚ 

ØÝ Gi,i.e., a, b ∈ Z ⇒ a + b ∈ Z 
 (ii) úNol× ®§ : Z-p áhPp GlùTôÝÕm úNol× 

®§dÏhTÓm,   

    i.e., ∀a, b, c ∈ Z,  (a + b) + c = a + (b + c)  

 (iii) NU² ®§ : NU² Eßl× 0 ∈ Z Utßm AÕ 

    0 + a = a + 0 = a, ∀ a ∈ ZI éoj§ 

ùNn¡\Õ, G]úY NU² ®§ 

EiûUVôÏm, 
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 (iv) G§oUû\ ®§ : JqùYôÚ a ∈ Z-dÏm. − a  ∈ ZI  

    − a + a = a + (− a) = 0 GàUôß LôQXôm, 
    G]úY G§oUû\ ®§ EiûUVôÏm,  

∴ (Z, +) JÚ ÏXUôÏm, 

 (v) ∀ a, b ∈ Z,  a + b = b + a 

  ∴ áhPp T¬Uôtß ®§dÏhTÓm,  

  ∴ (Z, +) JÚ GÀ−Vu ÏXUôÏm, 

 (vi)  Z Ø¥Yt\ LQm BRXôp. (Z, +) JÚ Ø¥Yt\ GÀ−Vu 

ÏXUôÏm, 

GÓjÕdLôhÓ 9.13 : (R − {0}, .) Ø¥Yt\ GÀ−Vu ÏXm G]d LôhÓL, 

CeÏ ‘.’ GuTÕ YZdLUô] ùTÚdLûXd Ï±dÏm, 

¾oÜ :  
 (i) AûPl× ®§ : CWiÓ éf£VUt\ ùUnùViL°u 

ùTÚdLÛm JÚ éf£VUt\ ùUnùVi 

BÏm,   

    i.e., ∀ a, b ∈ R, a . b ∈ R.  

 (ii) úNol× ®§ : R− {0}-Cp ùTÚdLp GlùTôÝÕm 

úNol× ®§dÏhTÓm, 

    i.e., a . (b . c) = (a . b) . c  ∀ a, b, c ∈ R − {0} 

    ∴ úNol× ®§ EiûUVô¡\Õ, 

 (iii) NU² ®§ : NU² Eßl× 1 ∈ R − {0} Utßm 

    1 . a = a . 1 = a, ∀ a ∈ R − {0} 

    ∴ NU² ®§ EiûUVô¡\Õ, 

 (iv) G§oUû\ ®§ : JqùYôÚ a ∈ R − {0}dÏ 
1
a  ∈ R − {0}I  

a . 
1
a = 

1
a . a = 1 (NU² Eßl×). ∴ 

G§oUû\ ®§ EiûUVô¡\Õ,  

    ∴ (R − {0}, .) JÚ ÏXUôÏm, 

 (v) ∀ a, b ∈ R − {0},    a . b = b . a 

  ∴ T¬Uôtß ®§ EiûUVô¡\Õ, ∴ (R − {0}, .) JÚ GÀ−Vu 

ÏXUôÏm. 

 (vi) úUÛm R − {0} JÚ Ø¥Yt\ LQm BRXôp.  

  (R − {0}, .) JÚ Ø¥Yt\ GÀ−Vu ÏXUôÏm, 
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GÓjÕdLôhÓ 9.14 : 1Cu 3Bm T¥ êXeLs (cube root of unity) JÚ 

Ø¥Yô] GÀ−Vu ÏXjûR ùTÚdL−u ¸r AûUdÏm G]d LôhÓL, 

¾oÜ : G = {1, ω, ω2}. úLn− AhPYûQVô]Õ. 

. 1 ω ω2 

1 1 ω ω2 

 ω ω ω2 1 

ω2 ω2 1 ω 

CkR AhPYûQ«−ÚkÕ. Sôm 

©uYÚY]Ytû\ A±¡ú\ôm, 
(i) AhPYûQ«p Es[ GpXô 

Eßl×LÞm. G-Cu Eßl×L[ôÏm, 

G]úY AûPl× ®§ EiûUVô¡\Õ, 

 (ii) ùTÚdLp GlùTôÝÕm úNol× ®§dÏhTÓm, 
 (iii) NU²Ùßl× 1.  AÕ NU² ®§ûVl éoj§ ùNnÙm, 
 (iv) 1-Cu G§oUû\ 1 

  ω-Cu G§oUû\ ω2 

  ω2
-Cu G§oUû\ ω 

  Utßm CÕ G§oUû\ ®§ûVl éoj§ ùNnÙm, 

  ∴ (G, .) JÚ ÏXUôÏm, 

 (v) T¬Uôtß ®§Ùm EiûUVôÏm,  
  ∴ (G, .) JÚ GÀ−Vu ÏXUôÏm, 
 (vi) G JÚ Ø¥Yô] LQm BRXôp. (G, .) JÚ Ø¥Yô] GÀ−Vu 

ÏXUôÏm, 

GÓjÕdLôhÓ 9.15 : 1-Cu 4-Bm T¥ êXeLs (fourth roots of unity) 
ùTÚdL−u ¸r GÀ−Vu ÏXjûR AûUdÏm G] ¨ßÜL, 

¾oÜ : 1-Cu 4Bm T¥ êXeLs 1, i, − 1, − i. 
G = {1, i, − 1, − i}. úLn− AhPYûQVô]Õ 

. 1 − 1 i − i 
1 1 − 1 i − i 

− 1 − 1 1 − i i 
i i − i − 1 1 

− i − i i 1 − 1 

CkR AhPYûQ«−ÚkÕ. Sôm 

©uYÚY]Ytû\ A±¡ú\ôm, 
(i) AûPl× ®§ EiûUVôÏm, 
(ii) C-Cp ùTÚdLXô]Õ úNol× 

®§dÏhTÓUôRXôp. G-«Ûm AÕ 

EiûUVôÏm, 
 (iii) NU² Eßl× 1 ∈ G Utßm AÕ NU² ®§ûVl éoj§ 

ùNn¡\Õ, 

 (iv) 1-Cu G§oUû\ 1 ; i-Cu G§oUû\ − i ; − 1-Cu G§oUû\ − 1 ; 
Utßm − i-Cu G§oUû\  i. G§oUû\ ®§ûVÙm éoj§ 

B¡\Õ, ∴(G, .) JÚ ÏXUôÏm. 
 (v) AhPYûQ«−ÚkÕ. T¬Uôtß ®§Ùm EiûU GuTûR 

A±VXôm, ∴ (G, .) JÚ GÀ−Vu ÏXUôÏm, 
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GÓjÕdLôhÓ 9.16 : (C, +) B]Õ JÚ Ø¥Yt\ GÀ−Vu ÏXm G] 

¨ßÜL, 

¾oÜ :  
(i) AûPl× ®§ : CWiÓ LXlùTiL°u áÓRp GlùTôÝÕm JÚ 

LXlùTi BÏm, 

   i.e.,  z1, z2 ∈ C ⇒ z1 + z2 ∈ C 

 AûPl× ®§ EiûUVôÏm, 

(ii) úNol× ®§ : C-Cp áhPXô]Õ GlùTôÝÕm úNol× ®§ûV 

EiûUVôdÏm, 

 i.e., (z1 + z2) + z3 = z1 + (z2 + z3) ∀ z1, z2, z3 ∈ C 

 ∴ úNol× ®§ EiûUVôÏm, 

(iii) NU² ®§ :  

 NU² Eßl× o = o + io ∈ C Utßm o + z = z + o = z ∀ z ∈ C 

 ∴ NU² ®§ EiûUVôÏm, 

(iv) G§oUû\ ®§ : JqùYôÚ z ∈ C-dÏm − z ∈ C-I  

 z + (− z) = − z + z = 0 GàUôß LôQXôm, G]úY G§oUû\ ®§ 

EiûUVôÏm, ∴ (C, +) JÚ ÏXUôÏm, 

(v) T¬Uôtßl Ti×  :  

 ∀ z1, z2 ∈ C ,  z1 + z2 = z2 + z1 

 G]úY T¬Uôtß ®§ EiûUVô¡\Õ, ∴ (C , +) JÚ GÀ−Vu 

ÏXUôÏm, C JÚ Ø¥Yt\ LQUôRXôp. (C, +) JÚ Ø¥Yt\ GÀ−Vu 

ÏXUôÏm, 

GÓjÕdLôhÓ 9.17 : éf£VUt\ LXlùTiL°u LQm. 

LXlùTiL°u YZdLUô] ùTÚdL−u ¸r JÚ GÀ−Vu ÏXm G]d 

LôhÓL, 

¾oÜ :  

(i) AûPl× ®§ :  G = C − {0} GuL, 

 éf£VUt\ CÚ LXlùTiL°u ùTÚdLp GlúTôÕm éf£VUt\ 

LXlùTiQôL CÚdÏm, 

 ∴ AûPl× ®§ EiûUVôÏm. 

(ii) úNol× ®§ : 
 LXlùTiL°p ùTÚdLp úNol× ®§ GlúTôÕm EiûUVôÏm, 
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 (iii) NU² ®§ : 

 1 = 1 + io ∈ G,  1 NU² EßlTôÏm, úUÛm 1.z = z . 1 = z ∀ z ∈ G. 

 ∴ NU² ®§ EiûU. 

(iv) G§oUû\ ®§ : 

 z = x + iy ∈ G. CeÏ  z ≠ 0 GuL,   x Utßm y CWiÓúU 

éf£VUt\ûY ApXÕ HúRàm Ju\ôYÕ éf£VUt\Õ, 

 ∴ x2 + y2 ≠ 0 

 
1
z  =  

1
x + iy  =  

x − iy
(x + iy) (x − iy)

  =  
x − iy

x2 + y2  =  
x

x2 + y2  +  i 




− y

x2 + y2  ∈ G 

 úUÛm z . 
1
z  =  

1
z . z = 1 ∴ z B]Õ 

1
z Gu\ G§oUû\ûV G-Cp 

ùTtßs[Õ, CqYô\ôL G§oUû\ ®§ EiûUVô¡\Õ, 

 ∴ (G, .) JÚ ÏXUôÏm, 

(v) T¬Uôtßl Ti× : 

  z1 z2 = (a + ib) (c + id) = (ac − bd) + i (ad + bc) 

   = (ca − db) + i (da + cb) = z2 z1 

 ∴ T¬Uôtßl TiûTÙm AÕ éoj§ ùNn¡\Õ, 

 ∴ G-B]Õ LXlùTiL°u YZdLUô] ùTÚdL−u ¸r JÚ 

GÀ−Vu ÏXUôÏm, 

Ï±l× :  
 0-dÏ ùTÚdL−u ¸r G§oUû\ CpXôRRôp. CeÏ AÕ 

¿dLlThÓ ®hPÕ, CúR úTôp. Q − {0}, R − {0} B¡VûYÙm 

ùTÚdL−u ¸r GÀ−Vu ÏXeLs G]dLôhPXôm, B]ôp  
Z − {0} B]Õ ùTÚdL−u ¸r JÚ ÏXUôLôÕ,  

 ‡ 7 ∈ Z − {0} G²àm ARu ùTÚdLp G§oUû\  
1
7  ∉ Z − {0} 

Ï±l× :  ®§Lû[f N¬TôodûL«p. YûWVû\«p RkÕs[ 

Y¬ûN«úXúV AYtû\ N¬TôodL úYiÓm, HúRàm JÚ ®§ 

EiûUVôLôÕ úTô]ôp AkR ¨ûX«úXúV RWlThP LQm 

ÏXUôLôÕ G] Ø¥Ü ùNnÕ ®PXôm, úUtùLôiÓ ®§Lû[f 

N¬TôodL úYi¥VÕ AY£VªpûX, 

 ©uYÚm Th¥VXô]Õ GkR Gi ùRôÏl×Ls JÚ Ï±l©hP 

ùNV−«u ¸r ÏXjûR AûUd¡u\] GuTûRd LôhÓ¡\Õ, 
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* N E Z Q R C Q − {0} R − {0} C − {0} 

+ AûWd 

ÏXm 
ÏXm ÏXm ÏXm ÏXm ÏXm 

AûPÜ 

At\Õ 
AûPÜ 

At\Õ 
AûPÜ 

At\Õ 

. NU² EûPV 

AûWdÏXm 
AûWd ÏXm 

NU² EûPV 

AûWdÏXm 
NU² EûPV 

AûWdÏXm 
NU² EûPV 

AûWdÏXm 
NU² EûPV 

AûWdÏXm 
ÏXm ÏXm ÏXm 

− AûPÜ 

At\Õ 
úNol× 

At\Õ 

úNol× 

At\Õ 
úNol× 

At\Õ 
úNol× 

At\Õ 
úNol× 

At\Õ 
AûPÜ 

At\Õ 
AûPÜ 

At\Õ 
AûPÜ 

At\Õ 

÷ AûPÜ 

At\Õ 
AûPÜ 

At\Õ 
AûPÜ 

At\Õ 
AûPÜ 

At\Õ 
AûPÜ 

At\Õ 
AûPÜ 

At\Õ 
úNol× 

At\Õ 
úNol× 

At\Õ 
úNol× 

At\Õ 

GÓjÕdLôhÓ 9.18 : (Z, *) JÚ Ø¥Yt\ GÀ−Vu ÏXm G]d LôhÓL, 

CeÏ * B]Õ a * b = a + b + 2 GàUôß YûWVßdLlThÓs[Õ, 

¾oÜ :   (i) AûPl× ®§ :  a, b Utßm 2 ØÝ GiLs BRXôp a + b + 2-

m JÚ ØÝ Gi, ∴ a * b ∈ Z   ∀ a, b ∈ Z  

 (ii) úNol× ®§ : 
 a, b, c ∈ G GuL, 

  (a * b) * c = (a + b + 2) * c = (a + b + 2) + c + 2 = a + b + c + 4 
  a * (b * c) = a * (b + c + 2) = a + (b + c + 2) + 2 = a + b + c + 4 
  ⇒   (a * b) * c = a * (b * c) 
 ∴ úNol× ®§ EiûUVôÏm, 
(iii) NU² ®§ : 
 e NU² Eßl× GuL, 

 eCu YûWVû\«−ÚkÕ  a * e = a 
 *Cu YûWVû\«−ÚkÕ  a * e = a + e + 2 

  ⇒  a + e + 2 = a 
  ⇒ e = − 2 
 − 2 ∈ Z. ∴ NU² ®§ EiûUVôÏm, 
(iv) G§oUû\ ®§ : 

 a ∈ G GuL, a -Cu G§oUû\ a−1
G]d ùLôiPôp 

 a−1
-Cu YûWVû\lT¥  a * a−1 = e = − 2 

 *-Cu YûWVû\lT¥ a * a−1 = a + a−1 + 2 

  ⇒  a + a−1 + 2 = − 2 

  ⇒  a−1 = − a − 4 ∈ Z 

 ∴ G§oUû\ ®§ EiûUVôÏm.  ∴ (Z, *) JÚ ÏXUôÏm. 
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(v) T¬Uôtßl Ti× : 

 a, b ∈ G GuL, 

 a * b = a + b + 2 = b + a + 2 = b * a     ∴ * T¬Uôtß ®§dÏhThPÕ. 

 ∴ (Z, *) JÚ GÀ−Vu ÏXUôÏm, úUÛm. Z JÚ Ø¥Yt\ 

LQUôRXôp CdÏXm Ø¥Yt\ GÀ−Vu ÏXUôÏm, 

GÓjÕdLôhÓ 9.19 : 2 × 2  Y¬ûN ùLôiP éf£VUt\ úLôûY 

A¦Ls VôÜm Ø¥Yt\ GÀ−Vu ApXôR ÏXjûR A¦ 

ùTÚdL−u ¸r AûUdÏm G]d LôhÓL, (CeÏ A¦«u Eßl×Ls 

VôÜm RIf úNokRûY) 

¾oÜ :  G GuTÕ 2 × 2 Y¬ûN ùLôiP éf£VUt\ úLôûY A¦Ls 

VôÜm APe¡V LQm GuL, Eßl×Ls VôÜm R-If úNokRûY. 

(i) AûPl× ®§ :  CWiÓ 2 × 2 Y¬ûN ùLôiP éf£VUt\ úLôûY 

A¦L°u ùTÚdLtTXu JÚ 2 × 2 Y¬ûN éf£VUt\ úLôûY 

A¦VôÏm, G]úY AûPl× ®§ EiûUVôÏm, 

 i.e., A, B ∈ G ⇒ AB ∈ G. 
(ii) úNol× ®§ : A¦ ùTÚdLp GlùTôÝÕm úNol× ®§dÏhTÓm, 

G]úY úNol× ®§ EiûUVôÏm, i.e., A(BC)=(AB)C ∀ A, B, C ∈ G. 

(iii) NU² ®§ : NU² Eßl× I2 = 



1   0

0   1
 ∈ G. CÕ NU²l TiûT 

éoj§ ùNn¡\Õ, 

 (iv) G§oUû\ ®§ : A ∈ G-Cu G§oUû\ A−1
-I G-Cp LôQ Ø¥Ùm, 

úUÛm AÕ 2 × 2 Y¬ûN ùLôiPÕ, Utßm AA−1 = A−1A = I. 
G]úY. G§oUû\ ®§ EiûUVôÏm, G]úY. G JÚ ÏXUôÏm, 

ùTôÕYôL A¦ ùTÚdLp T¬Uôtß ®§dÏhTPôÕ, BRXôp G 

JÚ GÀ−Vu ApXôR ÏXUôÏm, G-Cp Gi¦dûLVt\ 

Eßl×Ls Es[Rôp. AÕ Ø¥Yt\ GÀ−Vu ApXôR ÏXUôÏm, 

GÓjÕdLôhÓ 9.20 :  



1   0

0   1
 , 







− 1   0

0    1
 , 







1    0

0   − 1
 , 







− 1    0

0    − 1
 B¡V SôuÏ 

A¦LÞm APe¡V LQm A¦lùTÚdL−u ¸r JÚ GÀ−Vu 

ÏXjûR AûUdÏm G]d LôhÓL, 

¾oÜ :  

 I = 



1   0

0   1
, A = 







− 1   0

0    1
, B = 







1    0

0   − 1
, C = 







− 1    0

0    − 1
 GuL, 

  G = {I, A, B, C} GuL, 
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 CqY¦Lû[ CWiÓ CWiPôLl ùTÚd¡ ùTÚdLp 

AhPYûQûVl ©uYÚUôß AûUdLXôm : 

. I A B C 

I I A B C 

A A I C B 

B B C I A 

C C B A I 
(i) AûPl× ®§ : ùTÚdLp AhPYûQ«u GpXô Eßl×LÞm.  

G-Cu Eßl×Ls, GB]Õ .Cu ¸r AûPÜ ùTtßs[Õ, G]úY 

AûPl× ®§ EiûU, 

 (ii) úNol× ®§ : A¦ ùTÚdLp ùTôÕYôL úNol× ®§dÏhTÓm,  

 (iii) NU² ®§ : I-I ØuûYjÕ GÝRlThÓs[ ¨ûW«u Eßl×Ls 

GpXôYt±tÏm úUúXÙs[ ¨ûWÙPàm I-I úUúX ûYjÕ 

GÝRlThÓs[ ¨W−p Es[ Eßl×Ls CPl×\ Cß§«p 

AûUkR ¨WÛPu Ju± ®ÓRXôp. I B]Õ NU² EßlTôÏm, 

 (iv)  I . I = I  ⇒ I-Cu G§oUû\ I 

  A . A = I ⇒ A-Cu G§oUû\ A 

  B . B = I ⇒ B-Cu G§oUû\ B 

  C . C = I ⇒ C-Cu G§oUû\ C 

 AhPYûQ«−ÚkÕ . T¬Uôtß ®§dÏhTÓYÕ ùR°Ü, G]úY 

G B]Õ A¦lùTÚdL−u ¸r JÚ GÀ−Vu ÏXUôÏm, 

GÓjÕdLôhÓ 9.21 : 

  



x   x

x   x
 ; x ∈ R − {0} Gu\ AûUl©p Es[ A¦Ls VôÜm 

APe¡V LQm G B]Õ A¦lùTÚdL−u ¸r JÚ ÏXm G]d 

LôhÓL, 

¾oÜ :  

 G =  












x   x

x   x
 / x ∈ R − {0}  GuL, A¦lùTÚdL−u ¸r G JÚ ÏXm 

G]d LôhÓúYôm, 

(i) AûPl× ®§ :  

  A = 



x   x

x   x
 ∈ G, B = 



y   y

y   y
 ∈ G 
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  AB= 



2xy   2xy

2xy   2xy
 ∈ G ,  ( ‡ x  ≠ 0,  y ≠ 0  ⇒  2xy ≠ 0) 

 i.e., G B]Õ A¦lùTÚdL−u ¸r AûPÜ ùTtßs[Õ, 

 (ii) A¦lùTÚdLp GlùTôÝÕúU úNol× ®§dÏhTÓm, 

(iii)  E = 



e   e

e   e
 ∈ G GuTÕ AE = A, ∀ A ∈ G GuL, 

  AE = A ⇒  



x   x

x   x
  



e   e

e   e
  =  



x   x

x   x
 

    ⇒  



2xe   2xe

2xe   2xe
  =  



x   x

x   x
  ⇒  2xe = x ⇒ e = 

1
2  (‡ x ≠ 0) 

 G]úY. E = 



1/2   1/2

1/2   1/2
 ∈ G GuTÕ AE = A,  ∀ A ∈ G GàUôß 

Es[Õ 

 CúR úTôp EA = A, ∀ A ∈ G G]d LôhPXôm, 

 ∴ G-Cu NU² Eßl× E BÏm, G]úY NU² ®§ EiûUVôÏm, 

 (iv) A−1 = 



y   y

y   y
 ∈ G GuTÕ A−1A  = E GàUôß Es[Õ GuL, 

 CqYô\ô«u  



2xy   2xy

2xy   2xy
 = 



1/2   1/2

1/2   1/2
  ⇒  2xy = 

1
2 ⇒ y = 

1
4x 

 ∴ A−1 = 



1/4 x   1/4 x

1/4 x   1/4 x
 ∈ G GuTÕ A−1A = E GàUôß Es[Õ, 

 CúR úTôp A A−1 = E G]d LôhPXôm,  ∴  A-Cu G§oUû\ A−1
 BÏm,  

 ∴ A¦l ùTÚdL−u ¸r G JÚ ÏXUôÏm, 

Ï±l× : AB = BA GuTRôp úUtLiP ÏXm GÀ−Vu ÏXUôÏm, 

B]ôp. ùTôÕYôL A¦lùTÚdLp T¬Uôtß ®§dÏhTÓY§pûX, 

GÓjÕdLôhÓ 9.22 : G = { }a + b 2  /  a, b ∈ Q  GuTÕ áhPûXl 

ùTôßjÕ JÚ Ø¥Yt\ GÀ−Vu ÏXm G]d LôhÓL, 

¾oÜ :  
 (i) AûPl× ®§ :   
 x, y ∈ G GuL,  ∴ x = a + b 2,  y = c + d 2 ;  a, b, c, d ∈ Q.  

 x + y = ( )a + b 2  + ( )c + d 2  = (a + c) + (b + d) 2 ∈ G,  
 Hù]²p (a + c) Utßm (b + d) ®¡RØß GiLs, 

 ∴ áhPûXl ùTôßjÕ G B]Õ AûPÜ ùTtßs[Õ, 
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(ii) úNol× ®§ : G-Cu Eßl×Ls ùUnùViLs BRXôp. áhPp 

úNol× ®§dÏhTÓm, 

(iii) NU² ®§  :  
 0 = 0 + 0 2 ∈ GI GpXô x = a + b 2 ∈ GdÏm  

   x + 0 = ( )a + b 2  + ( )0 + 0 2  
    = a + b 2 = x GàUôß LôQXôm, 
 CúR úTôp. 0 + x = x.    ∴ G-Cu NU² Eßl× 0 BÏm, úUÛm 

CÕ NU² ®§ûV EiûUVôdÏm, 

(iv) G§oUû\ ®§ :  
 JqùYôÚ x = a + b 2 ∈ G-dÏm − x = (− a) + (− b) 2 ∈ G-I 

   x + (− x) = ( )a + b 2  + ( )(− a) + (− b) 2  
    = ( )a + (− a)  + ( )b + (− b)  2 = 0 
 CúR úTôp. (− x) + x = 0 G]Üm LôhPXôm, 
 ∴ a + b 2-Cu G§oUû\ (− a) + (− b) 2 BÏm, úUÛm CÕ 

G§oUû\ ®§ûVl éoj§ ùNnÙm, ∴ áhPûXl ùTôßjÕ G JÚ 

ÏXUôÏm, 

 (v) T¬Uôtß ®§  :  
  x + y = (a + c) + (b + d) 2 = (c + a) + (d + b) 2  
   = ( )c + d 2  + ( )a + b 2  
   = y + x,  ∀ x, y ∈ G.    
 ∴ T¬Uôtß ®§ EiûUVôYûRd Lôi¡uú\ôm, 
 ∴ (G, +) JÚ GÀ−Vu ÏXUôÏm, G JÚ Ø¥Yt\ LQm BRXôp. 

(G, +) B]Õ JÚ Ø¥Yt\ GÀ−Vu ÏXUôÏm, 

GÓjÕdLôhÓ 9.23 : 1Ij R®W Ut\ GpXô ®¡RØß GiLÞm 

APe¡V LQm G GuL, Gp *I a * b = a + b − ab,  ∀a, b ∈ G GàUôß 

YûWVßlúTôm, (G, *) JÚ Ø¥Yt\ GÀ−Vu ÏXm G]dLôhÓL, 

¾oÜ : G = Q − {1}GuL, 

 a, b ∈ G. a Utßm b ®¡RØß GiLs, a ≠ 1,  b ≠ 1. 

(i) AûPl× ®§ :  a * b = a + b − ab JÚ ®¡RØß Gi BÏm,  

 a * b ∈ G G]dLôhÓYRtÏ a * b ≠ 1 G] ¨ì©dL úYiÓm, 

Uô\ôL. a * b = 1 G]d ùLôiPôp. 

   a + b − ab = 1 
   ⇒  b − ab = 1 − a 
   ⇒ b(1 − a) = 1 − a 
   ⇒ b = 1   (‡ a ≠ 1,  1− a ≠ 0) 
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 CÕ Nôj§VªpûX. Hù]²p b ≠ 1. ∴ SUÕ RtúLôs RY\ô]Õ 

BÏm,  ∴ a * b ≠ 1 G]úY a * b ∈ G. 

 ∴ AûPl× ®§ EiûUVôÏm, 
(ii) úNol× ®§ :  

   a * (b * c) = a * (b + c − bc) 

    = a + (b + c − bc) − a (b + c − bc) 

    = a + b + c − bc − ab − ac + abc 

   (a * b) * c = (a + b − ab) * c 

    = (a + b − ab) + c − (a + b − ab) c 

    = a + b + c − ab − ac − bc + abc 

   ∴ a * (b * c) = (a * b) * c ∀ a, b, c ∈ G 

  ∴ úNol× ®§ EiûUVôÏm, 
(iii) NU² ®§ : e  GuTÕ NU² Eßl× GuL, 

 e-Cu YûWVû\lT¥.   a * e = a 

 *-Cu YûWVû\lT¥.   a * e = a + e − ae 

   ⇒  a + e − ae = a 

   ⇒ e(1 − a) = 0 

   ⇒  e = 0  Hù]²p  a ≠ 1 

   e = 0 ∈ G 

  ∴ NU² ®§ éoj§Vô¡\Õ. 

(iv) G§oUû\ ®§ :  

 a ∈ G-Cu G§oUû\ a−1
 GuL, 

 G§oUû\«u YûWVû\lT¥  a * a−1 = e = 0 

  *Cu YûWVû\lT¥,  a * a−1 = a + a−1 − aa − 1 

    ⇒  a + a−1 − aa−1 = 0 

    ⇒ a−1 (1 − a) = − a 

    ⇒  a−1 = 
a

a − 1
  ∈  G Hù]²p a ≠ 1 

 ∴ G§oUû\ ®§ éoj§VôÏm ∴ (G, *) JÚ ÏXUôÏm, 

 (v) T¬Uôtß ®§ :  

 a, b ∈ GdÏ a * b = a + b − ab 
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   = b + a − ba 
   = b * a 
 ∴ GCp * T¬Uôtß ®§dÏhTÓ¡\Õ, G]úY. (G, *) JÚ GÀ−Vu 

ÏXUôÏm, G Ø¥Yt\RôRXôp (G, *) Ø¥Yt\ GÀ−Vu ÏXUôÏm, 

GÓjÕdLôhÓ 9.24 : éf£VUt\ LXlùTiL°u LQUô] C − {0}Cp 

YûWVßdLlThP f1(z) = z, f2(z) = − z, f3(z) = 
1
z , f4(z) = − 

1
z ∀  z ∈ C − {0} 

Gu\ Nôo×Ls VôÜm APe¡V LQm {f1, f2, f3, f4} B]Õ Nôo×L°u 

úNol©u ¸r JÚ GÀ−Vu ÏXm AûUdÏm G] ¨ßÜL, 

¾oÜ :       G = {f1, f2, f3, f4} GuL, 

   (f1° f1) (z) = f1(f1(z)) = f1(z) 

   ∴ f1°f1 = f1 

   f2° f1 = f2 ,  f3°f1 = f3,  f4°f1 = f4 

  úUÛm    (f2°f2) (z) = f2(f2(z))  =  f2(− z) = − (− z)  = z = f1(z) 

   ∴  f2°f2 = f1 

  CúRúTôp. f2°f3 = f4,  f2°f4 = f3 

   (f3°f2) (z) = f3 (f2 (z)) = f3(− z) = − 
1
z = f4(z) 

   ∴  f3°f2 = f4 

  CúRúTôp f3°f3 = f1,  f3°f4 = f2 

   (f4°f2) (z) = f4(f2(z)) = f4(− z) = − 
1
−z

  = 
1
z = f3(z) 

   ∴ f4°f2 = f3 

  CúR úTôp f4°f3 = f2,  f4°f4 = f1  

 úUtLiPYtû\ TVuTÓj§ ©uYÚm ùTÚdLp AhPYûQûV 

AûP¡ú\ôm: 

° f1 f2 f3 f4 

f1 f1 f2 f3 f4 

f2 f2 f1 f4 f3 

f3 f3 f4 f1 f2 

f4 f4 f3 f2 f1 

 ùTÚdLp AhPYûQ«−ÚkÕ. 
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 (i) AhPYûQ«u GpXô Eßl×LÞm G-Cu 

Eßl×L[ôRXôp. AûPl× ®§ EiûUVôÏm, 

 (ii) Nôo×L°u úNol× ùTôÕYôL úNol× ®§dÏhTÓm,  

 (iii) G-Cu NU² Eßl× f1 BÏm, G]úY. NU² ®§ 

EiûUVô¡\Õ, 

 (iv)  f1-Cu G§oUû\ f1 ; f2-Cu G§oUû\ f2 

   f3-Cu G§oUû\ f3 ; f4-Cu G§oUû\  f4 

  G§oUû\ ®§ EiûUVô¡\Õ, (G, o) JÚ ÏXUôÏm, 

 (v) T¬Uôtß ®§ EiûUVôYûR AhPYûQ«−ÚkÕ 

A±¡ú\ôm, 

  ∴ (G, o) JÚ GÀ−Vu ÏXUôÏm, 

9,2,3, UhÓf ùNV− (Modulo operation) : 
 n JÚ ªûL ØÝ Gi GuL, “n-Cu UhÓdÏ áhPp” Utßm  
“n-Cu UhÓdÏ ùTÚdLp”, B¡V ×§V CWiÓ ùNV−Lû[ 

YûWVßlúTôm, CfùNV−Lû[ YûWVßdL. “YÏjRp úLôhTôÓ 

Gu\ ùLôsûL úRûYlTÓ¡\Õ”.  

 a, b ∈ Z, b ≠ 0 GuL, aI b-Bp YÏdL ¡ûPdÏm DÜ q Utßm 

Ïû\Vt\ Á§ r GuL i.e., a = qb + r, 0 ≤ r <  | b |. CRû] “YÏjRp 

úLôhTôÓ” (Division Algorithm) Gu¡ú\ôm, 

 GÓjÕdLôhPôL. a = 17, b = 5 G²p 17 = (3 × 5) + 2. CeÏ  q = 3 
Utßm r = 2. 
nCu UhÓdÏ áhPp (+ n) (Addition modulo n) : 

 a, b ∈ Z ; n JÚ ¨ûXVô] ªûL ØÝ Gi GuL,  a + bI  nBp 

YÏdL. ¡ûPdÏm Á§ r GuL, n-Cu UhÓdÏ áhPûXl ©uYÚUôß 

YûWVßlúTôm, a +n b = r ; 0 ≤ r < n. 

 a = 25, b = 8 Utßm n = 7,  25 +78 = 5   

 (‡ 25 + 8 = 33 = (4 × 7) + 5)  

n-Cu UhÓdÏ ùTÚdLp (. n) (Multiplication modulo n) : 

 a .n b = r  ;  0 ≤ r < n, CeÏ r GuTÕ a.bI n-Bp YÏdL ¡ûPdÏm 

Á§VôÏm, GÓjÕdLôhPôL.   2 .54 = 3 ;  7 .98 = 2 

n-Cu UhÓdÏ NoYNUjRuûU  (Congruence modulo n) : 

 a, b ∈ Z ; n JÚ ¨ûXVô] ªûL ØÝ Gi GuL, 
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  “n-Cu UhÓdÏ aB]Õ bÙPu NoYNUm”  BL CÚdLj 

úRûYVô]Õm úTôÕUô]ÕUô] ¨V§VôùR²p a − bB]Õ n-Bp 

YÏTÓRúX BÏm, CRû]d Ï±Âh¥u Yô«XôL. 

 a ≡ b (n-Cu UhÓ) ⇔ (a − b)B]Õ n-Bp YÏTÓRp. G] 

GÝRXôm, 
 15 − 3 B]Õ 4Bp YÏTÓUôRXôp. 15 ≡ 3 (4-Cu UhÓ) 
 17 − 4B]Õ 3Bp YÏTPôÕ BRXôp 17 ≡ 4 (3-Cu UhÓ) GuTÕ 

EiûUVôLôÕ, 

n-Cu UhÓdLô] NoY NU ùRôÏl×Ls  (Congruence classes modulo n) : 

 a ∈ Z Utßm n JÚ ¨ûXVô] ªûL ØÝ Gi GuL, n-Cu 

UhÓdÏ a-ÙPu NoYNUjRuûUÙûPV GpXô GiLû[Ùm GÓjÕd 

ùLôsúYôm, CdLQjûR [a] G]d Ï±l©ÓYo, CÕ nCu UhÓdÏ 

aBp ¾oUô²dLlTÓm NoY NUjùRôÏl× G]lTÓm, 

CqYô\ôL. [a] = {x ∈ Z / x ≡ a (n-Cu UhÓ)} 

    = {x ∈ Z / (x − a)B]Õ n-Bp YÏTÓm} 

    = {x ∈ Z / (x − a)B]Õ n-Cu UPeÏ} 

    = {x ∈ Z / (x − a) = kn}, k ∈ Z 

    = {x ∈ Z / x = a + kn}, k ∈ Z 
 5Cu UhÓdÏ¬V NoYNU ùRôÏl×Lû[ GÓjÕd ùLôsúYôm, 

   [a] = {x ∈ Z / x = a + kn} 

   [0] = {x ∈ Z / x = 5k, k ∈ Z} = {... − 10, − 5, 0, 5, 10...} 

   [1] = {x ∈ Z / x = 5k + 1, k ∈ Z} = {... − 9, − 4, 1, 6, 11, ...} 

   [2] = {x ∈ Z / x = 5k + 2, k ∈ Z} = {... − 8, − 3, 2, 7, 12, ...} 

   [3] = {x ∈ Z / x = 5k + 3, k ∈ Z} = {... − 7, − 2, 3, 8, 13, ...} 

   [4] = {x ∈ Z / x = 5k + 4, k ∈ Z} = {... − 6, − 1, 4, 9, 14 ...} 

   [5] = {x ∈ Z / x = 5k + 5, k ∈ Z} = {... − 5, 0, 5, 10, ...} = [0] 
 CúRúTôp.    [6] = [1]  ;  [7] = [2]  ;   

 CqYô\ôL. 5 ùYqúY\ô] ùRôÏl×Ls UhÓúU 5Cu 

UhÓdÏ¬V ùRôÏl×L[ôLl ùT\lTÓm GuTûR A±¡ú\ôm, úUÛm 

CYt±u úNol× LQm  Z GuTÕ ùR°Ü, 5Cu UhÓdÏ¬V NoY NU 

ùRôÏl×L[ôY]. 

 Z5 = { }[0],  [1],  [2],  [3],  [4]  

 CúRl úTôp. 6-Cu UhÓdÏ. Z6 = { }[0], [1] .... [5]  GuTûR 

AûP¡ú\ôm, 
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     CqYô\ôL. GkR JÚ ØÝ Gi ndÏm Zn = { }[0], [1] ... [n − 1] BÏm, 

 CeÏ [n] = [0]. úUÛm Cj ùRôÏl×L°u úNol×d LQm Z BÏm, 

NoY NU ùRôÏl×L°u ÁRô] ùNV−Ls : 

(1) áhPp : 

  [a], [b] ∈ Zn GuL, 

  [a] + n [b] = [a + b]  ;  a + b < n G²p 

    = [r]  ; a + b ≥ n G²p 
 CeÏ r GuTÕ a + b-I n-Bp YÏlTRôp ùT\lTÓm Áf£ß 

Ïû\Vt\ Á§VôÏm, 
GÓjÕdLôhPôL. 
 Z10Cp.  [5] +10 [7] = [2] 

 Z8Cp.  [3] +8 [5] = [0] 

(ii) ùTÚdLp  : 

   [a] .n [b] = 


[ab]  ;   ab < n G²p

[r]    ;   ab ≥ n G²p
 

 CeÏ r GuTÕ abI nBp YÏlTRôp ¡ûPdLlùTßm Áf£ß 

Ïû\Vt\ Á§VôÏm, 

 Z5-Cp [2] .5[2] = [4] 

   [3] .5 [4] = 2 

 Z7-Cp [3] .7 [3] = [2] 

 Z8-Cp [5] .8 [3] = [7] 

GÓjÕdLôhÓ 9.25 : (Zn, +n) JÚ ÏXm G]dLôhÓL, 

¾oÜ : Zn = { }[0],  [1],  [2], ... [n − 1]  GuTÕ n-Cu UhÓdÏ 

LôQlùTt\ NoYNUj ùRôÏl×Ls GuL, 

 [l], [m],  ∈ Zn    0 ≤ l, m, < n GuL, 

(i) AûPl× ®§ :  YûWVû\lT¥. 

   [l] + n [m] = 


[l + m]    l + m < n G²p

[r]      l + m ≥ n G²p
    

CeÏ l + m = q . n + r   0 ≤ r < n 

 CÚ ¨ûXL°Ûm [l + m] ∈ Zn Utßm [r] ∈ Zn 

 ∴ AûPl× ®§ EiûUVôÏm, 
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(ii) n-Cu UhÓdÏ¬V áhPp GlùTôÝÕm úNol× ®§dÏhTÓm 

BRXôp úNol× ®§ EiûUVôÏm, 

 (iii) NU² Eßl× [0] ∈ Zn. AÕ NU² ®§ûVl éoj§ ùNn¡\Õ, 

 (iv) [l] ∈ Zn-Cu G§oUû\ [n − l] ∈ Zn Utßm 

   [l] + n [n − l] = [0] 

   [n − l] + n [l] = [0] 

 ∴ G§oUû\ ®§ EiûUVôÏm, ∴(Zn, +n) JÚ ÏXUôÏm, 

Ï±l× : (Zn, +n) B]Õ n Y¬ûN ùLôiP Ø¥Yô] GÀ−Vu 

ÏXUôÏm, 

GÓjÕdLôhÓ 9.26 : (Z7 − {[0]}, .7) JÚ ÏXjûR AûUdÏm G]d 

LôhÓL, 

¾oÜ :  G = [ ][1], [2], ... [6]  GuL, 
úLn− AhPYûQVô]Õ 

.7 [1] [2] [3] [4] [5] [6] 

[1] [1] [2] [3] [4] [5] [6] 

[2] [2] [4] [6] [1] [3] [5] 

[3] [3] [6] [2] [5] [1] [4] 

[4] [4] [1] [5] [2] [6] [3] 

[5] [5] [3] [1] [6] [4] [2] 

[6] [6] [5] [4] [3] [2] [1] 

AhPYûQ«−ÚkÕ : 

 (i) ùTÚdLp AhPYûQ«u GpXô Eßl×LÞm G-Cu 

Eßl×L[ôÏm, ∴ AûPl× ®§ EiûUVôÏm, 

 (ii) 7-Cu UhÓdLô] ùTÚdLp. úNol× ®§dÏhTÓm, 

 (iii) NU²Ùßl× [1] ∈ G Utßm CÕ NU² ®§ûVl éoj§ 

ùNnÙm, 

 (iv) [1]-Cu G§oUû\ [1] ; [2]-Cu G§oUû\ [4] ; [3]-Cu 

G§oUû\ [5] ; [4]-Cu G§oUû\ [2] ; [5]-Cu G§oUû\ [3] 
Utßm [6]-Cu G§oUû\ [6] G]úY G§oUû\ ®§ 

éoj§Vô¡\Õ, 

 ùTôÕYôL GkR JÚ TLô Gi p-dÏm (Zp − {(0)}, . p) JÚ ÏXm 

G]dLôhPXôm, CRu ¨ìTQm Cl×jRLj§u TôPj§hPj§tÏ 

AlTôtThPÕ, 
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Ï±l× : n JÚ ªûL ØÝ Gi GuL, n-Cu UhÓdÏ LôQlùTt\ 

éf£VUt\ NoYNUj ùRôÏl×Ls. n-Cu UhÓdLô] ùTÚdL−u ¸r 

JÚ ÏXjûR AûUdÏUô? 

GÓjÕdLôhÓ 9.27 : YZdLUô] ùTÚdL−u ¸r 1-Cu n-Bm T¥ 

êXeLs Ø¥Yô] ÏXjûR AûUdÏm G]dLôhÓL, 

¾oÜ :  1-Cu nBm T¥ êXeL[ôY] 1,  ω, ω2...... ωn − 1
,  

 G = {1, ω, ω2 ... ωn − 1} GuL, CeÏ ω = cis 
2π
n  

(i) AûPl× ®§ :  ω l, ωm ∈ G,   0 ≤ l, m ≤ (n − 1) 

 ωl ωm = ωl + m ∈ G G] ¨ì©dL úYiÓm, 

 ¨ûX (i) l + m < n GuL, 

 l + m < n G²p. ωl + m ∈ G 

 ¨ûX (ii) l + m ≥ n GuL,   YÏjRp úLôhTôh¥uT¥, 

 l + m = (q . n) + r,   0 ≤ r < n,  q ªûL ØÝ Gi, 

 ωl + m = ωqn + r = (ωn)
q
 . ωr = (1)qωr = ωr ∈ G   ‡ 0 ≤ r < n 

 AûPl× ®§ EiûUVôÏm. 
(ii) úNol× ®§ : LXlùTiL°u LQj§p ùTÚdLXô]Õ 

GlùTôÝÕm úNol× ®§ûV EiûUVôdÏm, 

 i.e., ωl .(ωp.ωm) = ωl . ω(p + m) = ωl + (p + m) = ω( l + p) + m = (ωl + p) . ωm 

   = (ωl . ωp) . ωm = ∀ ω l, ωm, ωp ∈ G 
 (iii) NU² ®§ : NU² Eßl× 1 ∈ G Utßm AÕ 

 1.ωl = ωl .1 = ωl ∀ ωl ∈ G GuTûR éoj§ ùNn¡\Õ, 
 (iv) G§oUû\ ®§ :  

 ωl ∈ GdÏ  ωn − l ∈ G Utßm ωl . ωn − l = ωn − l .ωl = ωn = 1 
 CqYô\ôL G§oUû\ ®§ EiûUVô¡\Õ, 

 ∴ (G, .) JÚ ÏXUôÏm, 
(v) T¬Uôtß ®§ :  

 ωl . ωm = ωl + m = ωm + l = ωm . ωl    ∀ ωl , ωm ∈ G 
 ∴ (G, .) JÚ GÀ−Vu ÏXUôÏm, G-Cp n Eßl×Ls UhÓúU 

Es[Rôp. (G, .) B]Õ n Y¬ûN ùLôiP Ø¥Yô] GÀ−Vu 

ÏXUôÏm, 
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9,2,4, JÚ Eßl©u Y¬ûN (Order of an element) : 
 G JÚ ÏXm Utßm a ∈ G GuL, G-Cu NU² Eßl× e GuL,  an = e 

GàUôß LôQlùTt\ Áf£ß ªûL ØÝ Gi  n-I  a-Cu Y¬ûNVôL 

YûWVßlTo, AjRûLV ªûL ØÝ Gi LôQ Ø¥Vô®¥p. aB]Õ 

Ø¥Yt\ Y¬ûN ùLôiPÕ GuTo, a-Cu Y¬ûNûV o(a)  G]d 

Ï±l©ÓYo, 

Ï±l× : CeÏ an = a * a * a ... *a (n RPûYLs). * B]Õ YZdLUô] 

ùTÚdLp ‘.’ G²p. an GuTÕ a . a .a... (n RPûYLs).  

     *B]Õ YZdLUô] áhPp G²p. an
 GuTÕ  a + a +…+ a ...(n RPûYLs). 

C§−ÚkÕ an
I a-Cu AÓdÏ n Gu\ AojRj§p ùLôsYÕ N¬VpX 

Gußm. DÚßl×f ùNV−ûVl ùTôßjÕ ARu AojRm Uôßm 

GuTûR A±¡ú\ôm, a ∈ G G²p an ∈ G (AûPl× ®§ûVj 

ùRôPokÕ TVuTÓjR), 

úRt\m : 
 G JÚ ÏXm GuL, G-Cu NU² Eßl× UhÓúU Y¬ûN 1 ùLôiP 

EßlTôÏm, 

¨ìTQm : a (≠ e) GuTÕ Y¬ûN 1 ùLôiP Utù\ôÚ Eßl× GuL, 

Y¬ûN«u YûWVû\lT¥. (a)1 = e ⇒ a = e, CÕ JÚ ØWiTôPôÏm, 

G]úY e UhÓmRôu Y¬ûN 1 ùLôiP EßlTôÏm, 

GÓjÕdLôhÓ 9.28 : G = {1, − 1, i, − i} GuL, (G, .)-ÏXj§p Es[ 

JqùYôÚ Eßl×dÏm Y¬ûNûVd LôiL, 
¾oÜ :  RWlThÓs[ ÏXj§u NU² Eßl× 1.  ∴ o(1) = 1. 
 o(− 1) = 2  [‡− 1I Ïû\kRThNm 2 RPûYLs ùTÚdÏYRôp 1 
AûP¡ú\ôm, i.e., (− 1) (− 1) = 1] 
 o(i) = 4   [‡i I 4 RPûYLs ùTÚdÏYRôp 1 AûP¡ú\ôm,  
 i.e., (i) (i) (i) (i) = 1] 
 o (− i) = 4    [‡− i-I 4 RPûY ùTÚdÏYRôp 1 AûP¡ú\ôm]. 

GÓjÕdLôhÓ 9.29 : YZdLUô] ùTÚdL−u ¸r G = {1, ω, ω2}B]Õ 

JÚ ÏXm G]l TôojúRôm, C§Ûs[ JqùYôÚ Eßl©u 

Y¬ûNûVd LôiL, CeÏ ω GuTÕ 1-Cu 3Bm T¥ êXUôÏm, 

¾oÜ :  NU² Eßl× 1 BÏm.  ∴ o(1) = 1.   

   o(ω) = 3.   ‡  ω . ω . ω = ω3 = 1 

   o(ω2) = 3  ‡ (ω2) (ω2) (ω2) = ω6 = 1 
GÓjÕdLôhÓ 9.30 : (Z4, +4) Gu\ ÏXj§Ûs[ JqùYôÚ Eßl×dÏm 

Y¬ûNûVd LôiL, 
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¾oÜ :  Z4 = { }[0], [1], [2], [3]   ; 4Cu UhÓdÏ CÕ JÚ GÀ−Vu 

ÏXUôÏm, NU² Eßl× [0] Utßm [4] = [8] = [12] = [0] 
∴ o ([0]) = 1 
 o ([1]) = 4  [‡[1]I Ïû\kRThNm 4 RPûYLs áh¥]ôp [4] ApXÕ 
[0] ¡ûPdÏm] 
 o ([2]) = 2   [‡ [2]I Ïû\kRThNm 2 RPûYLs áh¥]ôp [4] ApXÕ 
[0] ¡ûPdÏm]  

 o ([3]) = 4  [‡[3]I Ïû\kRThNm 4 RPûYLs áh¥]ôp [12] ApXÕ 
[0]  ¡ûPdÏm] 

9,2,5, ÏXeL°u Ti×Ls (Properties of Groups) : 
úRt\m : JÚ ÏXj§u NU² Eßl× JÚûUj RuûU YônkRÕ, 

¨ìTQm : G JÚ ÏXm GuL, G-Cu NU² Eßl×Ls e1, e2 G] 

CÚlTRôLd ùLôsúYôm, 

 e1I NU² EßlTôLd ùLôsúYôUô«u. e1 * e2 = e2  … (1) 

 e2I NU² EßlTôLd ùLôsúYôUô«u. e1 * e2 = e1 … (2) 

 (1) Utßm (2)-C−ÚkÕ e1 = e2 G] ùTß¡ú\ôm, G]úY. JÚ 

ÏXj§u NU² Eßl× JÚûUjRuûU YônkRRôÏm, 

úRt\m : 
 JÚ ÏXj§p JqùYôÚ Eßl×m JúW JÚ G§oUû\ûVl 

ùTt±ÚdÏm, 

¨ìTQm : 

 G JÚ ÏXm GuL, a ∈ G GuL, 

 a-Cu G§oUû\ Eßl×Ls a1, a2 GuTRôLd ùLôsúYôm, 

 a1I a-Cu G§oUû\VôLd ùLôsúYôUô«u. a * a1 = a1 * a = e. 

 a2I a-Cu G§oUû\VôLd ùLôsúYôUô«u. a * a2 = a2 * a  =  e 

   a1 = a1 * e = a1 * (a * a2) = (a1 * a) * a2 = e * a2 = a2 

 G]úY JÚ Eßl©u G§oUû\ JÚûUjRuûU YônkRRôÏm, 

úRt\m : (¿dLp ®§) (Cancellation law) 

 G JÚ ÏXm GuL, a, b, c ∈ G GuL, 

 (i) a * b = a * c ⇒ b = c (CPÕ ¿dLp ®§) 

 (ii) b * a = c * a ⇒ b = c (YXÕ ¿dLp ®§) 
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¨ìTQm : (i) a * b = a * c ⇒ a−1 * (a * b) = a−1 * (a * c) 

    ⇒ (a−1 * a) * b = (a−1 * a) * c 
    ⇒ e * b = e * c 
    ⇒ b = c 

  (ii) b * a = c * a ⇒ (b * a) * a−1 = (c * a) * a−1 

    ⇒ b * (a * a −1) = c * (a * a−1) 
    ⇒ b * e = c * e 
    ⇒ b = c 

úRt\m : JÚ ÏXm G-Cp (a−1)
−1

 = a ∀ a ∈ G. 
¨ìTQm :  

     a−1 ∈ G GuTRôp (a−1)
−1

 ∈ G.  a * a−1 = a−1 * a = e 

   a−1 * (a−1)
−1 

= (a−1)
−1

* a−1 = e 

   ⇒  a * a−1 = (a−1)
−1

 * a−1 

   ⇒  a = (a−1)
−1

  (YXÕ ¿dLp ®§lT¥) 

úRt\m : (Reversal law) 
 G JÚ ÏXm GuL, a, b ∈ G GuL, AqYô\ô«u.  

 (a * b)− 1 = b−1 * a−1.  

¨ìTQm :  b−1 * a−1 B]Õ (a * b)-Cu G§oUû\ G]d Lôh¥]ôp 

úTôÕUô]Õ, 

 ∴ (i)  (a * b) * (b−1 * a−1) = e Utßm 

     (ii)  (b−1 * a−1) * (a * b) = e G] ¨ì©dL úYiÓm, 

 (i)  (a * b) * (b−1 * a−1) = a * (b * b−1) * a−1 

    = a * (e) * a−1 

    = a * a−1 = e 

 (ii)  (b−1 * a−1) * (a * b) = b−1 * (a−1 * a) * b 

    = b−1 * (e) * b 

    = b−1 * b = e 

 ∴ a * b-Cu G§oUû\ b−1 * a−1 ; i.e.,  (a * b)−1 = b−1 * a−1 
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T«t£  9.4 
  (1) S GuTÕ ùYt\t\ LQm GuL, o Gu¡\ DÚßl×f ùNV−ûV  

xoy = x ; x, y ∈ S GàUôß S-Cu ÁÕ YûWVßlúTôm, o  B]Õ 

T¬Uôtß Utßm úNol× ®§dÏhTÓUô GuTûRj ¾oUô²dL, 

 (2) x * y = max {x, y} Gu\Yôß YûWVßdLlThP ùNV−«u ¸r 

CVp Gi LQm N B]Õ JÚ AûWdÏXm G]dLôhÓL, AÕ 

NU²ÙûPV AûWdÏXUô? 

 (3) CWhûP ªûL ØÝ GiLs YZdLUô] áhPp Utßm 

ùTÚdL−u ¸r JÚ AûWdÏXm G]d LôhÓL, úUtLiP 

JqùYôÚ ùNV−u ¸Ým AÕ NU²ÙûPV AûWdÏXUôÏUô? 

 (4) 



1   0

0   1
 , 



0   1

1   0
 Gu¡\ A¦Ls. A¦L°u ùTÚdL−u ¸r JÚ 

ÏXjûR AûUdÏm G] ¨ßÜL, 

 (5) G GuTÕ ªûL ®¡RØß Gi LQm GuL,  a * b = 
ab
3  GàUôß 

YûWVßdLlThP ùNV− *-Cu ¸r G JÚ ÏXjûR AûUdÏm 

G]dLôhÓL, 

 (6) 












1   0

0   1
 , 







ω    0

0   ω2  ,  






ω2   0

0    ω
 , 



0   1

1   0
 , 







0   ω2

ω    0
 , 







0    ω

ω2   0
 Gu¡\ LQm 

A¦lùTÚdL−u ¸r JÚ ÏXjûR AûUdÏm G]dLôhÓL, ( ω3=1) 
 (7) | z | = 1 GàUôß Es[ LXlùTiLs VôÜm APe¡V LQm  

M B]Õ LXlùTiL°u ùTÚdL−u ¸r JÚ ÏXjûR 

AûUdÏm G]d LôhÓL, 

 (8) −1-I R®W Ut\ GpXô ®¡RØß GiLÞm Es[Pd¡V LQm  

G B]Õ a * b = a + b + ab GàUôß YûWVßdLlThP ùNV−   
*-Cu ¸r JÚ GÀ−Vu ÏXjûR AûUdÏm G]dLôhÓL, 

 (9) 11-Cu UhÓdÏ LôQlùTt\ ùTÚdL−u¸r 

{ }[1],  [3],  [4],  [5],  [9]  Gu\ LQm JÚ GÀ−Vu ÏXjûR 

AûUdÏm G]d LôhÓL, 

 (10) ( )Z5 − {[0]}, .5  Gu\ ÏXj§p Es[ JqùYôÚ Eßl×dÏm 

Y¬ûNûVd LôiL, 

 (11) 



a   o

o   o
 , a ∈ R − {0} AûUl©p Es[ GpXô A¦LÞm APe¡V 

LQm A¦lùTÚdL−u ¸r JÚ GÀ−Vu ÏXjûR AûUdÏm 

G]dLôhÓL, 

 (12) G = {2n / n ∈ Z} Gu\ LQUô]Õ ùTÚdL−u ¸r JÚ GÀ−Vu 

ÏXjûR AûUdÏm G]d LôhÓL, 
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10, ¨Lr RLÜl TWYp 
(PROBABILITY DISTRIBUTIONS) 

10,1 A±ØLm : 
 Ø¥Üt\ ApXÕ Gi¦PjRdL U§l×Lû[l ùTßm 

áßùY°ûVd ùLôiP NUYônl× úNôRû]Lû[l Tt± 

T§ù]ôu\ôm YÏl©p T¥júRôm. ¨Lrf£L°u ¨LrRLÜLû[ 

JÕd¸Ó ùNnYÕ Tt±Ùm. AYtû\d LQd¡PÜm ùNnúRôm, 

A±®V−p Uô± GuTÕ. ‘U§l×L°u LQj§p HúRàm JÚ 

U§lûT GÓjÕd ùLôs[dá¥V JÚ L¦VUôL’LÚRlTÓ¡\Õ, 

×s°V−p ûLVô[lTÓm NUYônl× Uô±Ls. Yônl©]ôp 

AûUVdá¥V U§l×Lû[d ùLôiP Uô±L[ôÏm, 

10,2 NUYônl× Uô±Ls (Random Variables) : 
 úNôRû]«u ®û[ÜLs úSW¥VôL ùUn GiLú[ôÓ 

ùRôPo×ûPVûRúVô ApXÕ ùUn GiLú[ôÓ ùRôPo× 

ùLôsÞUôß ®û[ÜLû[ AûUdLl ùTßYûRúVô JÚ NUYônl× 

Uô±Vôp Ï±dLlTÓYÕ YZdLm, 

 GÓjÕdLôhPôL. JÚ TLûPûV EÚhÓm úNôRû]«p JjR 

NUYônl× Uô±«u ®û[ÜLs {1, 2, 3, 4, 5, 6} Guß úSW¥VôL 

GiQôp AûUkR LQj§]ôp Ï±dLlTÓm, SôQVjûRf Ñi¥ 

®Óm úNôRû]«p ®û[ÜL[ô] RûX (H) ApXÕ é (T) 
GuT]Ytû\ JÚ NUYônl× Uô±Vôp é®tÏ 0 G]Üm RûXdÏ 1 
G]Üm GiL[ôp ùRôPo× HtTÓj§d ùLôs[lTÓ¡\Õ, CRu 

A¥lTûP«p NUYônl× Uô± GuTÕ. NUYônl×f úNôRû]«u 

áßùY°«u ÁÕ YûWVßdLlThÓs[ ùUnU§l×ûPV JÚ 

NôoTôLd LÚRXôm, 

 CÚ SôQVeLû[ JÚØû\ ÅÑYûR úNôRû]VôLd ùLôsúYôm, 

úNôRû]«u ®û[ÜLs {HH, TH, HT, TT}BÏm, ºWô] CÚ 

SôQVeLû[f ÑiÓmúTôÕ  ‘¡ûPdÏm RûXL°u Gi¦dûL’ûV 

X Gu\ NUYônl× Uô±Vôp Ï±lúTôm, RûXúV ®ZôUp CÚdÏm 

®û[ûY  X = 0 G]Üm. JÚ RûX ®Ým ®û[ûY  X = 1  G]Üm. 2 

RûXLs ®Ým ®û[ûY X = 2 G]Üm Ï±dLXôm, 

 ARôYÕ X (TT)  = 0,  X(TH) = 1,  X (HT)  = 1  úUÛmX (HH)  = 2.  
ARôYÕ X B]Õ 0,1,2 Gu\ U§l×Lû[ ùTß¡\Õ, G]úY. 

áßùY°  S-u JqùYôÚ Eßl×  s-dÏm ùUnùVi X(s)I ùRôPo× 

TÓjRXôm, 
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YûWVû\ : ¨Lr RLÜ A[ûYLû[d ùLôiP áßùY°ûV S GuL, X 

Gàm JÚ ùUn U§l×f Nôo©û] S-u Eßl×L°u ÁÕ YûWVßdL 

Ø¥ÙUô]ôp. AÕ JÚ NUYônl× Uô±VôÏm, 

 JÚ NUYônl× Uô±ûV Yônl× Uô± ApXÕ Yônl× NôokR Uô± 

(stochastic) G]Üm AûZdLXôm, 

NUYônl× Uô±«u YûLLs : 
 (1) R²¨ûX NUYônl× Uô±  (2) ùRôPo NUYônl× Uô± 

10,2,1 R²¨ûX NUYônl× Uô± (Discrete Random Variable)  : 
YûWVû\ : JÚ NUYônl× Uô± Ø¥Üt\ ApXÕ Gi¦PjRdL 

U§l×Lû[ UhÓúU Ht¡\Õ G²p. AÕ R²¨ûX NUYônl× 

Uô±VôÏm, 
 Ï±l× : ºWt\ (©\rf£Vô]) SôQVm GuTÕ. SôQVj§u 

CÚTdLeLÞúU RûXVôLl ùTô±dLlTh¥ÚkRôúXô ApXÕ CÚ 

TdLeLÞúU éYôLl ùTô±dLlTh¥ÚkRôúXô ApXÕ SôQVm JÚ 

TdLUôLj úRndLlTh¥ÚkRôúXô SôQVm JúW TdLUôL GlúTôÕm 

®ÝYRtLô] Yônl×Ls A§Lm, ºWô] SôQVm GuTÕ RûX ®ÝYRtÏm 

é ®ÝYRtÏm NUUô] Yônl×Ls CÚdL úYiÓm, CÕ úTôX ºWt\ 

(©\rf£Vô]) TLûP«p JúW Gi TX TdLeL°p ùTô±dLlTh¥ÚdLXôm 

£X GiLs ®ÓTh¥ÚdLXôm, JÚ ºWô] TLûP«p GkR JÚ GiÔm  

(1 C−ÚkÕ 6 YûW) ®ÝYRtLô] ¨Lr RLÜ 1/6 G] CÚdL úYiÓm, 

GÓjÕdLôhÓ :  
 1. CWiÓ SôQVeLû[f Ñi¥ ®ÓmùTôÝÕ ¡ûPdÏm 

RûXL°u Gi¦dûL JÚ NUYônl× Uô±VôÏm, CeÏ  

X B]Õ 0, 1 ApXÕ 2 B¡V JÚ Ø¥Üt\ LQj§u 

U§l×Lû[l ùTß¡\Õ, 

 2. SuÏ LûXdLlThP 52 ºhÓL[Pe¡V ºhÓd Lh¥−ÚkÕ 10 
ºhÓdLs GÓdÏm úTôÕ ¡ûPdÏm Hv ºhÓdL°u 

Gi¦dûL. 
    CeÏ NUYônl× Uô± X B]Õ 0, 1, 2, 3 úUÛm 4 Gu\ Ø¥Üt\ 

LQj§u U§l×Lû[l ùTß¡\Õ, 

 ARôYÕ  X (JÚ Hv ºhÓm CpûX) = 0,  X (1 Hv ºhÓ) = 1,   
X (2 Hv ºhÓdLs) = 2,  X (3 Hv ºhÓdLs ) = 3,  
 X (4 Hv ºhÓdLs) = 4 
¨Lr RLÜ ¨û\f Nôo× (Probability Mass Function) : 
 JÚ R²¨ûX ¨LrRLÜl TWYp p(x)-Cu L¦R YûWVû\ 

©uYÚm Ti×Lû[ ¨û\Ü ùNnÙm NôoTôÏm : 
 (1) NUYônl× Uô± X-Cu JÚ Ï±l©hP U§l× xdÏ ¨Lr RLÜ 

p(x)  ARôYÕ P(X = x)  = p(x) = px BÏm, 
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 (2) x-Cu GpXô U§l×LÞdÏm p(x) Ïû\ GiQôL CÚdLôÕ, 

 (3) x-Cu GpXô U§l×LÞdÏm p(x)L°u áÓRp Ju\ôÏm, 

ARôYÕ ∑pi  = 1.  CeÏ i GuTÕ X GÓjÕd ùLôsÞm 

GpXô U§l×Lû[Ùm Ï±dÏm, úUÛm pi GuTÕ X = xi-Cu 

¨Lr RLYôÏm, 
 X Gàm R²¨ûX NUYônl× Uô±«u U§l×L[ôL Hßm 

Y¬ûN«p a1, a2, . . . am,  a, b1, b2,  . .  bn, b G]d ùLôiPôp. 

 (i) P(X ≥ a)   =  1 − P(X < a) 
 (ii) P(X ≤ a)  =  1 − P(X > a) 
 (iii) P(a ≤ X ≤ b)  =  P(X  = a)  + P(X = b1) + P(X = b2) + . . .  

 . . . + P(X = bn) + P(X = b). 
TWYp Nôo× (Cumulative Distribution function)  
ApXÕ úNol× TWYp Nôo× : 
 NUYônl× Uô± X-Cu TWYp Nôo×  

 F(x) = P(X ≤ x) = ∑
xi ≤ x

 p(xi) :  (−∞ <  x  <  ∞) G] YûWVßdLlTÓ¡\Õ, 

TWYp Nôo©u Ti×Ls : 
 1) F(x)  JÚ Ïû\Vô Nôo×  

 2)  0 ≤ F(x)  ≤  1,  − ∞ < x < ∞ 

 3) F(− ∞)  =  
Lt

x → − ∞   F(x)  =  0 

 4) F(∞)  =  
Lt

x  → + ∞  F(x)  =1 

 5) P(X = xn) = F(xn) − F(xn −1) 

®[dL GÓjÕdLôhÓ : 
 êuß SôQVeLû[ JÚØû\ ÑiÓmùTôÝÕ ¡ûPdÏm 

RûXL°u Gi¦dûL«u ¨LrRLÜl TWYp. úNol× TWYp Nôo× 

CYtû\d LôiL, 

¾oÜ : “RûXLs ®Ým Gi¦dûLûV” NUYônl× Uô± X G]d 

ùLôsúYôm, 3 SôQVeLû[f ÑiÓmùTôÝÕ ¡ûPdÏm áßùY° 

S = HHH HHT HTH THH HTT THT TTH TTT 
↓  ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ 

         R 
(RûXL°u 

Gi¦dûL)
: 3 2 2 2 1 1 1 0 
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 ¡ûPdÏm RûXL°u Gi¦dûLûV X Gu\ NUYônl× 

Uô±Vôp Ï±lTRôp. X = 0, 1,2  úUÛm 3 B¡V U§l×Lû[d 

ùLôs¡\Õ, (X :  S → R). 

 P (JÚ RûXÙm CpXôU−ÚdL) = P (X = 0) = 
1
8 

 P (1 RûX ¡ûPdL) = P (X = 1) = 
3
8 

 P (2 RûXLs ¡ûPdL) = P (X = 2) = 
3
8 

 P (3 RûXLs ¡ûPdL) = P (X = 3) = 
1
8 

 ∴  ¡ûPdÏm ¨LrRLÜl TWYp 

 P (X= x) = 



 1/8  x = 0 G²p

3/8   x = 1 G²p

3/8  x = 2 G²p

1/8    x = 3 G²p

        OR 

X 0 1 2 3 

P(X = x) 1/8 3/8 3/8 1/8 

úNol× TWYp NôoûTd LôQ :  

 

 
 
 
 
 
 
 

 
TPm 10.1 

   F(x) = ∑
xi = − ∞

x
 P(X =  xi)  

 X  = 0  G²p.  F(0) = P(X = 0)  =  
1
8 

 X  = 1 G²p.   F(1) = ∑
i = − ∞

1
 P(X =  xi)  

  = P(X = 0)  + P(X = 1) = 
1
8  +  

3
8  =  

4
8   = 

1
2 

 X  = 2 G²p.   F(2) = ∑
i = − ∞

2
 P(X =  xi)  

  = P (X = 0)  + P(X = 1) + P(X = 2) 

  = 
1
8  +  

3
8  +   

3
8   = 

7
8 

0 2 31

1/8

1

x

P(x)

0 2 31

1/8

1

x

P(x)
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 X  = 3 G²p.   F(3) = ∑
i = − ∞

3
 P(X =  xi)  

  = P (X = 0)  + P(X = 1) + P(X = 2) + P(X = 3) 

  = 
1
8  +  

3
8  +  

3
8  +  

1
8  =  1 

úNol×l TWYp Nôo×  

 F(x)  =   



    0  − ∞ < x < 0 G²p

1/8    0 ≤ x  < 1 G²p

1/2  1 ≤ x < 2 G²p

7/8   2 ≤ x  < 3 G²p

1      3 ≤ x < ∞ G²p

     

 

 
 
 
 
 
 
 
 

TPm 10.2 

GÓjÕdLôhÓ 10.1 :  
 CÚ TLûPLû[ ÅÑm úTôÕ ‘3’Ls ¡ûPlTRtLô] ¨LrRLÜ 

¨û\f Nôo× Utßm úNol×l TWYp Nôo× LôiL, 

¾oÜ :  CÚ TLûPLs EÚhPl TÓ¡u\], ¡ûPdÏm ‘3’L°u 

Gi¦dûLûV NUYônl× Uô± X GuL, ∴ X GuTÕ 0, 1, 2 B¡V 

U§l×Lû[l ùTß¡\Õ, 

 P(‘3’ ApXôUp ¡ûPdL) = P(X = 0) = 
25
36 

 P(JÚ ‘3’ ¡ûPdL) = P(X = 1) = 
10
36 

 P(CÚ ‘3’¡ûPdL) = P(X = 2) = 
1

36 

áßùY° 

 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6) 

(2,1) (2,2) (2,3) (2,4) (2,5) (2,6) 

(3,1) (3,2) (3,3)   (3,4) (3,5) (3,6) 

(4,1) (4,2) (4,3) (4,4) (4,5) (4,6) 

(5,1) (5,2) (5,3) (5,4) (5,5) (5,6) 

(6,1) (6,2) (6,3) (6,4) (6,5) (6,6) 

0

1/8

1/2

7/8

1

1 2 3 x

F(x)

0

1/8

1/2

7/8

1

1 2 3 x

F(x)
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¸rdLiP ¨LrRLÜ ¨û\fNôo× ¡ûPd¡\Õ, 

x 0 1 2 
P(X = x) 25/36 10/36 1/36 

úNol×l TWYp Nôo×  : 

 F(x) = ∑
xi = − ∞

x
 P(X =  xi)  

 F(0) = P(X  = 0) = 
25
36 

 F(1) = P(X = 0) + P(X = 1) = 
25
36  +  

10
36   =  

35
36 

 F(2) = P(X  = 0 ) + P(X = 1) + P(X  =2) = 
25
36 + 

10
36 + 

1
36 = 

36
36 = 1 

x 0 1 2 
F(x) 25/36 35/36 1 

GÓjÕdLôhÓ 10.2 JÚ NUYônl× Uô± X-Cu ¨LrRLÜ ¨û\fNôo× 

TWYp ©uYÚUôß Es[Õ : 

x 0 1 2 3 4 5 6 

P(X = x) k 3k 5k 7k 9k 11k 13k 
 (1) k-Cu U§l× LôiL, 
 (2) P(X < 4),  P(X ≥ 5)  úUÛm P(3< X ≤ 6)CYt±u U§l× LôiL, 

 (3) P (X ≤ x) > 
1
2 BL CÚdL xCu Áf£ß U§l× LôiL, 

¾oÜ :  

 (1) P(X = x) JÚ ¨LrRLÜ ¨û\f Nôo× GuTRôp ∑
x = 0

6
 P(X =  x) = 1 

ie.,P(X=0) + P(X = 1) +P(X = 2) +P(X = 3) +P(X = 4) +P(X = 5)+P(X = 6) = 1. 

⇒ k + 3k  + 5k  + 7k  + 9k  + 11k  + 13k  = 1   ⇒    49 k  = 1  ⇒   k  =  
1
49 

 (2) P(X < 4) = P(X = 0)  +  P(X  = 1 )  +   P(X  =  2)  + P(X = 3) 

   = 
1

49   + 
3

49  + 
5

49 + 
7
49  =   

16
49 

   P(X ≥ 5) =  P(X = 5) + P(X = 6) = 
11
49 + 

13
49  = 

24
49  

   P(3 < X ≤ 6) = P(X = 4) + P(X  = 5)  + P(X = 6) = 
9
49 + 

11
49 + 

13
49 = 

33
49  
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 (3) xCu Áf£ß U§lûT úNôRû] Øû\«p LôQXôm, 

    P(X ≤ 0) =  
1

49  <  
1
2  ;  P(X ≤ 1) = 

4
49 < 

1
2   

    P(X ≤ 2) =  
9

49  <  
1
2  ;  P(X ≤ 3) = 

16
49 < 

1
2 

    P(X ≤ 4) =  
25
49  >  

1
2 

  P(X ≤ x)  > 12 BL CÚdL xCu Áf£ß U§l×  4 BÏm, 

GÓjÕdLôhÓ 10.3 : JÚ ùLôsLXj§p 4 ùYsû[ Utßm 3 £Yl×l 

TkÕLÞm Es[], 3 TkÕLû[ JqùYôu\ôL GÓdÏm úTôÕ. £Yl× 

¨\l TkÕL°u Gi¦dûL«u ¨LrRLÜl TWYp (¨û\fNôo×) 

LôiL, 

 (i) §Úl© ûYdÏm Øû\«p  (ii) §Úl© ûYdLô Øû\«p 
¾oÜ : (i)  §Úl© ûYdÏm Øû\«p 

 3 Øû\ TkÕLû[ GÓdÏm úTôÕ ¡ûPdÏm £Yl×l TkÕL°u 

Gi¦dûLûV NUYônl× Uô± X G]d ùLôsúYôm,  

 ∴  X GuTÕ 0,1,2,3 úUÛm 3 Gu\ U§l×Lû[l ùTß¡\Õ, 

 P(£Yl×l TkÕ GÓdL) = 
3
7   =  P(R) 

P(£Yl×l Tk§pXôUp CÚdL)= 
4
7   = P(W) 

 ∴ P(X  = 0) = P(www) = 
4
7 × 

4
7 × 

4
7 = 

64
343 

 P(X = 1) = P(Rww)  + P(wRw) + P(wwR) 

   =  



3

7  ×  
4
7  × 

4
7  + 



4

7  ×  
3
7  × 

4
7   + 



4

7  ×  
4
7  × 

3
7   

  = 3  × 
48
343   =   

144
343 

 P(X = 2) = P(RRw)  + P(RwR) + P(wRR) 

   =  



3

7  ×  
3
7  × 

4
7  + 



3

7  ×  
4
7  × 

3
7   + 



4

7  ×  
3
7  × 

3
7   

  = 3  × 
3
7  ×  

3
7  ×  

4
7  = 3 × 

36
343 = 

108
343 

 P(X = 3) = P(RRR) =  
3
7 × 

3
7 × 

3
7   = 

27
343 
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 úRûYVô] ¨LrRLÜl TWYp ©uYÚUôß : 

X 0 1 2 3 
P(X = x) 64/343 144/343 108/343 27/343 

 CeÏ GpXô pi LÞm ≥ 0  Utßm ∑pi  = 1 BÏm, 

2)   §Úl© ûYdLô Øû\«p :  (JúW úSWj§p 3 TkÕLû[Ùm GÓdÏm 

¨Lrf£VôLÜm ùLôs[Xôm), 

Øû\ 1 : 
(úNoÜLû[l TVuTÓj§) 

Øû\ 2 : 
(¨TkRû] ¨LrRL®û]l 

TVuTÓj§) 

(i) P(£Yl×l TkÕ CpXôU−ÚdL) 

  P(X = 0) = 
4c3

 × 3c0
 7c3

  

   = 
4 × 1

35   =  
4
35 

(i)  P(www) = 
4
7  ×  

3
6  ×  

2
5 

   = 
4

35 

(ii) P(1 £Yl×l TkÕ) 

  P(X = 1) = 
4c2

 × 3c1
 7c3

  

   = 
6 × 3

35   =  
18
35 

(ii) P(Rww)  + P(wRw) + P(wwR) 

= 



 

3
7  ×  

4
6  ×  

3
5   + 



 

4
7  ×  

3
6  ×  

3
5   

                       + 



 

4
7  ×  

3
6  ×  

3
5   

=  3  × 
36
210 = 

36
70 = 

18
35 

(iii) P(2 £Yl×l TkÕLs) 

  P(X = 2) = 
4c1

 × 3c2
 7c3

  

   = 
4 × 3

35   =  
12
35 

(iii) P(RRw)  + P(RwR) + P(wRR) 

= 



 

3
7  ×  

2
6  ×  

4
5   + 



 

3
7  ×  

4
6  ×  

2
5   

                      + 



 

4
7  ×  

3
6  ×  

2
5   

= 3  × 
24
210     =  

12
35 

(iv) P(3 £Yl×l TkÕLs) 

  P(X = 3) = 
4c0

 × 3c3
 7c3

  

   = 
1 × 1

35   =  
1
35 

(iv) P(RRR) = 
3
7  ×  

2
6  ×  

1
5 

   = 
1

35 
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∴ úRûYVô] ¨LrRLÜl TWYp ©uYÚUôß : 

X 0 1 2 3 

P(X = x) 
4

35 
18
35 

12
35 

1
35 

GpXô pi LÞm ≥ 0 Utßm ∑pi  = 1 

10,2,2 ùRôPo NUYônl× Uô± (Continuous Random Variable) : 
YûWVû\ : Ï±l©hP JÚ CûPùY°«Ûs[ GpXô U§l×Lû[Ùm 

ùT\YpX JÚ Uô±úV ùRôPo NUYônl× Uô±VôÏm, (A,Õ,) X-Cu 

U§l×Lû[ CVp GiLs  NEPu  1dÏ 1 ùRôPo× ùNnV Ø¥VôUp 

CÚkRôp X ùRôPo Uô±VôÏm, 

 ùRôPo NUYônl× Uô±«u £X GÓjÕdLôhÓLs : 
  JÚ ªu ®[d¡u BÙh LôXm (U¦ úSWeL°p) 
  NUYônl× Øû\«p (at random) úRokùRÓdLlTÓm JÚ 

WNôV]d LXûY«u ph U§lûT X G]d ùLôsúYôm,, ph U§l× 
0 ØRp 14 YûW«Ûs[ CûPùY°«p GkR JÚ U§lTôLÜm 

CÚdLXôm, G]úY X JÚ ùRôPo NUYônl× Uô±VôÏm, 

  H¬ûVl Tt±V Bn®p. NUYônl× Øû\«p 

úRokùRÓdLlThP CPeL°p BZeLs A[dLlTÓ¡u\], 

JÚ CPj§u BZm = X, JÚ ùRôPo NUYônl× Uô±VôÏm, 

úRoÜ ùNnVlThP TÏ§«u Áf£ß. ÁlùTÚ BZeL°u 

®j§VôNúU  X-u GpûXL[ôÏm, 

¨Lr RLÜ APoj§f Nôo×  (Probability Density Function) : 
 JÚ ùRôPo ¨Lr RLÜl TWYp Nôo× f(x) GuTÕ  
 (i)CÚ ×s°Ls a  Utßm bdÏm CûP«p X AûUdÏm ¨LrRLÜ 

  (A,Õ,) P(a ≤ x ≤ b) = ⌡⌠
a

b

f(x) dx  

 (ii) X-u GpXô U§l×LÞdÏm f(x) Ïû\Vt\ Gi, 

 (iii) ¨LrRLÜl TWY−u ùRôûLÂhÓ U§l× 1 (A,Õ,) ⌡⌠
− ∞

∞
f(x) dx  = 1 

    B¡V Ti×Lû[ ¨û\Ü ùNnÙm Nôo× BÏm, AÕ. ùRôPof£Vô] 

¨LrRLÜ Nôo©u ¨LrRLÜ APoj§f Nôo× G]lTÓm, CûRf 

ÑÚdLUôL p.d.f. G]d Ï±dLXôm, JÚ CûPùY°«u GiQt\ 

U§l×LÞdÏ ùRôPo ¨Lr RLÜl TWYp YûWVßdLlTÓYRôp. JÚ 

×s°«p ¨Lr RL®u U§l× GlúTôÕm éf£VUôÏm, 
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 (A,Õ,).  P(X = a) =  ⌡⌠
a

a
f(x) dx  = 0. 

 ùRôPo NUYônl× Uô±«u ¨Lr RLÜLs CûPùY°L°p 

UhÓúU LQd¡PlTÓ¡u\], JÚ ×s°dÏ ApX, CÚ ùYqúYß 

×s°LÞdÏ CûPlThP JÚ Yû[YûW«u TWl×. AkR 

CûPùY°«p ¨LrRLûYd Ï±d¡u\Õ, 

 ∴ P(a ≤ x ≤ b) = P(a ≤ X < b) = P(a < x ≤ b) = P(a < x < b) 
 R² ¨ûX ¨LrRLÜl TWYûX ¨LrRLÜ ¨û\f Nôo× Gußm. 

ùRôPo ¨Lr RLÜl TWYûX ¨LrRLÜ APoj§f Nôo× Gußm 

Ï±dLlTÓ¡u\]. ¨LrRLÜf Nôo× GuTÕ R²¨ûX Utßm ùRôPo 

¨LrRLÜl TWYp CWiûPÙúU Ï±dÏm, 
úNol×l TWYp Nôo× (Cumulative Distribution Function) : 
 ¨LrRLÜ APoj§f Nôo× f(x)I EûPV JÚ ùRôPof£Vô] 

NUYônl× X-u TWYp NôoTô]Õ. 

 F(x) = P(X ≤ x) = 
⌡⌠

− ∞

x
 f(t)dt       − ∞ < x < ∞ BÏm,  

 CeÏ f(t) GuTÕ  ‘t’-p AûUkR x-u ¨LrRLÜ APoj§ Nôo× BÏm, 

TWYp Nôo©u Ti×Ls (Properties of Distribution function) : 
 (i) F(x)  JÚ Ïû\Vô Nôo× 
 (ii) 0 ≤ F(x) ≤ 1,  − ∞  < x < ∞. 

 (iii) F(− ∞) = 
lt

x → − ∞   ⌡⌠
− ∞

x
f(x) dx   = ⌡⌠

− ∞

− ∞
f(x) dx   =  0 

 (iv) F(∞) = 
lt

x → ∞   ⌡⌠
− ∞

x
f(x) dx   = ⌡⌠

−∞

∞
f(x) dx  = 1 

 (v) Gq®Ú ùUnU§l×Ls a, b (a ≤  b)dÏm  
  P(a ≤ x ≤ b) = F(b) − F(a) 

 (vi)  f(x) =  
d
dx   F(x)     i.e., F′(x) = f(x) 

GÓjÕdLôhÓ 10.4 : JÚ ùRôPo NUYônl× Uô± X-u ¨LrRLÜ 

APoj§f NôoTô]Õ,  

f(x)   =   



 k x (1 − x )10

 0
   

0 < x < 1 

Utù\e¡Ûm 
 

G²p. kCuU§l× LôiL, 
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¾oÜ :    f(x) JÚ ¨LrRLÜ APoj§f NôoTô]Rôp   ⌡⌠
−∞

∞
f(x) dx  = 1 

i.e.,  ⌡⌠
0

1

kx(1 −x)10 dx  = 1   

i.e.,      ⌡⌠
0

1
 k(1 − x) [ ]1 − (1 − x) 10dx = 1 

i.e.,    k ⌡⌠
0

1
 (1 − x)x10dx = 1 











‡⌡⌠
0

a
 f(x) dx = 

⌡⌠
0

a
 f(a − x)dx  

i.e.,  k 
⌡⌠
0

1
 (x10 − x11)dx = 1 ⇒ k 



x11

11   −  
x12

12

1

0
= 1 ⇒  k 



1

11 − 
1

12  = 1 ⇒  k = 132 

GÓjÕdLôhÓ 10.5 : JÚ ùRôPo NUYônl× Uô± X-u ¨LrRLÜ 

APoj§f Nôo× f(x)  =  3x2,  0 ≤ x ≤ 1 
                = 0 Utù\e¡Ûm 

 (i)  P(X ≤ a) = P(X > a)    (ii)  P(X > b)  = 0.05  G²p a, b-u U§l× 

LôiL, 
¾oÜ :     (i) ¨LrRL®u áÓRp 1 BÏm,   
  P(X ≤ a) = P (X > a) G]d ùLôÓdLlThÓs[Õ 

 P(X ≤ a) + P(X > a) = 1 
 i.e.,  P(X ≤ a) + P(X ≤ a) = 1 

 ⇒  P(X ≤ a) = 
1
2 

 ⇒  ⌡⌠
0

a

f(x) dx  =  
1
2      ⇒     ⌡⌠

0

a

3x2 dx  = 
1
2 

 i.e.,  



3x3

3   
a

0
 = 

1
2  ⇒  a3 = 

1
2  i.e.,  a = 



1

2

1
3 

 (ii) P(X > b)  = 0.05 

 ∴  ⌡⌠
b

1
f(x) dx  = 0.05     ∴     ⌡⌠

b

1

3x2 dx   = 0.05 
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3x3

3   
1

b
 = 0.05  ⇒ 1 −  b3 = 0.05 

 b3 = 1 − 0.05  =  0.95 =  
95
100   ⇒  b = 



19

20

1
3 

GÓjÕdLôhÓ 10.6 : JÚ NUYônl× Uô±«u ¨LrRLÜ APoj§f 

Nôo×  

f(x)   =   



 k (1 − x2)
0              

  
0 < x < 1 

Utù\e¡Ûm 

 

 G²p.  (i) kCu U§lûTd LôiL,  

               (ii) NUYônl× Uô±«u TWYp NôoûTd LôiL, 

¾oÜ:   (i) f(x) JÚ ¨Lr RLÜ APoj§f Nôo× BRXôp ⌡⌠
− ∞

∞
f(x) dx  = 1 

     ⌡⌠
0

1

k(1 − x2) dx  =  1       ⇒   k  





x − 
x3

3   
1

0
 = 1  ⇒  k 



1 −  

1
3    = 1  

   ⇒   



2

3  k = 1  ApXÕ  k =  
3
2   

  (ii) TWYp Nôo× F(x) =  ⌡⌠
−∞

x
 f(t) dt   

 (a) x ∈ (− ∞, 0] G²p. 

   F(x) = ⌡⌠
− ∞

x
 f(t) dt = 0 

 (b) x ∈ (0, 1) G²p 

   F(x) = ⌡⌠
− ∞

x
 f(t) dt  

    = ⌡⌠
− ∞

0
 f(t) dt + ⌡⌠

0

x
 f(t) dt = 0 + ⌡⌠

0

x
 
3
2 (1 − t2) dt = 

3
2  





x − 
x3

3  
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(c) x ∈ [1, ∞) G²p 

 F(x) = ⌡⌠
− ∞

x
 f(t) dt = ⌡⌠

− ∞

0
 f(t) dt + ⌡⌠

0

1
 f(t) dt + 

⌡⌠
1

x
 f(t) dt = 0 + 

⌡⌠
0

1
 
3
2 (1 − t2) dt + 0 

  =   
3
2 





t − 
t3

3

1

0
 = 1               ∴F(x) =  



0

3/2 (x − x3/3)
1

   
− ∞ < x ≤ 0
0 < x < 1
1 ≤ x < ∞

 

GÓjÕdLôhÓ 10.7 : F(x) = 
1
π  



 

π
2  + tan−1 x    − ∞ < x < ∞ GuTÕ JÚ 

NUYônl× Uô± XCu TWYp Nôo× G²p P(0 ≤  x ≤ 1)I LôiL, 

¾oÜ:     F(x) = 
1
π  



 

π
2  + tan−1 x   

   P(0 ≤  x ≤ 1) =  F(1) − F(0) 

    =  
1
π  



 

π
2  + tan−1 1   − 

1
π 



 

π
2  + tan−1 0   

    = 
1
π  



π

2  +  
π
4    − 

1
π 



 

π
2 + 0  =   

1
π  



π

2  +  
π
4 − 

π
2  = 

1
4  

GÓjÕdLôhÓ 10.8 :  

f(x) = 


 
A/x
0      1 < x < e3

 

Utù\e¡Ûm 

GuTÕ JÚ NUYônl× X-u ¨LrRLÜ APoj§f Nôo× G²p P(x > e) 
LôiL, 

¾oÜ :  f(x)  JÚ ¨LrRLÜ APoj§f Nôo× B]Rôp.  ⌡⌠
− ∞

∞
f(x) dx   =  1 

  ⌡
⌠

1

e
3

A
x  dx  =  1   ⇒  A[log x] e

3

1
  = 1 

 ⇒  A[log e3 − log 1] = 1  ⇒  A[3]  = 1  ⇒  A = 1/3 

                            f(x)= 


 
1/3x
0       1 < x < e3

 

Utù\e¡Ûm 
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 P(x > e) = 
1
3  ⌡

⌠

e

e3

 
1
x dx   =

1
3  [ ]log x  

e3

e
 

  = 
1
3  [log e3 − log e]  =   

1
3  [3 − 1]  =  

2
3 

GÓjÕdLôhÓ 10.9 :  f(x)=



 2e−2x,  x  > 0
0        , x ≤ 0

    

   GuTÕ JÚ ¨LrRLÜ APoj§f Nôo× G²p F(2)Cu U§l× LôiL, 

¾oÜ :   F(2) = P(X ≤ 2) = ⌡⌠
− ∞

2
f(x) dx   

   = ⌡⌠
0

2

 2 e−2x  dx  =  2 . 





e−2x

−2
  

2

0
 = − [e−4 − 1] = 1 − e−4 = 

e4 − 1

e4   

GÓjÕdLôhÓ 10.10 : IkÕ YVÕûPV JÚ EVokR YûL Sô«u ØÝ 

BÙhLôXm JÚ NUYônl× Uô±VôÏm, ARu TWYp Nôo× (úNol×) 

 F(x) = 




 
0         ,   x ≤ 5

1 − 
25

x2  ,  x > 5        

 G²p 5 YVÕûPV Sôn (i) 10 BiÓLÞdÏd Ïû\YôL  
 (ii) 8 BiÓLÞdÏd Ïû\YôL (iii) 12C−ÚkÕ 15 BiÓLs YûW 

E«o YôrYRtLô] ¨LrRLÜ LôiL. 
¾oÜ :  (i)  P(Sôn 10 BiÓLÞdÏ úUp E«o YôZ) 
  P(X > 10) = 1 − P(X ≤ 10) 

   = 1 − 




1 − 

25

x2       x = 10 

   = 1 − 



1 − 

25
100    =  1 − 

3
4  =  

1
4 

(ii) P(Sôn 8 BiÓLÞdÏd Ïû\YôL E«o YôZ) 
 P(X < 8) = F(8) [Hù]²p JÚ ùRôPo ¨LrRLÜl TWY−p  
P(X < 8) = P(X ≤ 8)] 

  = 




1 − 

25

82   = 



1 − 

25
64   = 

39
64 

(iii) P(Sôn 12C−ÚkÕ 15 BiÓLs YûW E«o YôZ) = P(12 < x < 15) 

   = F(15)  − F(12)  = 



1 − 

25
152   − 



1 − 

25
122   =  

1
16 
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T«t£ 10.1 
 (1) êuß TLûPLû[ JÚØû\ ÅÑmùTôÝÕ 6-Ls 

¡ûPlTRtLô] ¨LrRLÜl TWYûXd LôiL, 
 (2) SuÏ LûXdLlThP 52  ºhÓL°−ÚkÕ CÚ ºhÓLs 

Ju\u©u Ju\ôLj §Úl© ûYdLôUp GÓdLlTÓ¡\Õ, Wô¦f 

ºhÓL°u Gi¦dûL«u ¨LrRLÜl TWYûXd LôiL, 

 (3) CÚ AÝ¡V BWgÑl TZeLs RtùNVXôL TjÕ SpX BWgÑl 

TZeLÞPu LXkÕ ®hP], C§−ÚkÕ êuß TZeLs 

NUYônl× Øû\«p §ÚmT ûYdLôUp GÓdLlTÓ¡u\], 

AÝ¡V BWgÑl TZeL°u Gi¦dûL«u ¨LrRLÜl 

TWYûXd LôiL, 

 (4)  JÚ R²jR NUYônl× Uô± X-u ¨LrRLÜl TWYp (¨û\fNôo×) 

¸úZ ùLôÓdLlThÓs[Õ, 

X 0 1 2 3 4 5 6 7 8 

P(x) a 
3
a 

5 a 7 a 9 a 11 a 13 a 15 a 17 a 

      (i) aCu U§l× LôiL (ii) P(x < 3) (iii) P(3 < x < 7) CYtû\d LôiL, 

 (5) ©uYÚTY] ¨LrRLÜ APoj§f Nôo×L[ô G] N¬TôodLÜm, 

  (a) f(x) = 


 
2x/9
0    

0 ≤ x ≤ 3  
Utù\e¡Ûm 

(b)  f(x) = 
1
π 

1

(1 + x2)
 , −∞ < x < ∞ 

 (6)  
f(x) = 




 cx (1 − x)3

0
  

0 < x < 1 
Utù\e¡Ûm 

  Gu\ Nôo× JÚ ¨LrRLÜ APoj§ Nôo× G²p 

   (i) c        (ii)  P 



x < 

1
2   LôiL, 

 (7) JÚ NUYônl× Uô± xCu ¨LrRLÜ APoj§f Nôo× 

f(x) = 




kx
α − 1

  e
−β x

α

0
  

x, α, β > 0  
Utù\e¡Ûm 

G²p (i) kCu U§l× LôiL  (ii)  P(X > 10) LôiL, 

 (8) JÚ TWYp Nôo× ©uYÚUôß YûWVßdLlTÓ¡\Õ 

  F(x) = 


0          x < 0

x2   0 ≤ x ≤ 1
1          x > 1

  

  G²p APoj§f Nôo× f(x)Id LôiL, úUÛm 
 (i) P(0.5 < X < 0.75)  (ii) P(X ≤ 0.5) (iii) P(X > 0.75) B¡VYtû\d LôiL, 
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 (9) JÚ ùRôPo Uô± TWY−u ¨LrRLÜ APoj§f Nôo× 

©uYÚUôß YûWVßdLlTÓ¡\Õ, 

        f(x) =  


 ce−ax

0
  

0 < x < ∞    a > 0  

Utù\e¡Ûm 

 

 G²p cCu U§l× LôiL, 
 (10) JÚ NUYônl× Uô± X-u ¨LrRLÜ APoj§f Nôo× ©uYÚUôß 

Es[Õ, 

  f(x) = 

k
0     

0 < x < 2π   
Utù\e¡Ûm     

(i)  kCu U§l× LôiL (ii) P 



0 < X < 

π
2       (iii) P 



π

2 <  X < 
3π
2   LôiL, 

10,3 L¦R G§oTôol× (Mathematical Expectation) : 

JÚ R²¨ûX NUYônl× Uô±«u G§oTôol× : 

YûWVû\ : x1, x2, . . . . . .  xn Gu\ U§l×Lû[ HtÏm X Gu\ R²¨ûX 

NUYônl× Uô±«u ¨LrRLÜLs Øû\úV p1, p2, . . . pn G] CÚl©u 

L¦R G§oTôol×.  

 E(X) = p1 x1  +  p2 x2 + . . . . .  +  pnxn   =  ∑
i=1

n
 pi xi  CeÏ  ∑

i=1

n
 pi = 1 

 G]úY E(X)  GuTÕ xiL°u ¨û\«hP NWôN¬ BÏm,  

 p(xi) ¨û\L[ôL AûUÙm,  ∴  X
 

  = E(X) 

 G]úY NUYônl× Uô±«u L¦R G§oTôol× GuTÕ 

áhÓfNWôN¬ GuTúRVôÏm, 

Ø¥Ü : NUYônl× Uô±«u Nôo× ϕ(X)  G²p  

 E[ϕ (X)] = ∑ P(X = x) ϕ (x). 

Ti×Ls : 

Ø¥Ü (1) : E(c) = c  CeÏ c Uô±− 

¨ìTQm : E(X) = ∑ pi  xi 

 ∴ E(c) = ∑ pi
 c  = c ∑ pi = c  as  ∑ pi  =  1 

 ∴ E(c) = c 
Ø¥Ü (2) : E(cX) = c E(X) 
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¨ìTQm : E(cX) = ∑ (cxi)pi  = (c x1) p1 +  (c x2) p2  + . . . (c xn) pn    
  = c( p1 x1  +  p2x2  +. . . .  pn xn) 
  = c E(X) 
Ø¥Ü  (3) : E(aX  + b) = a E(X)  + b. 
¨ìTQm : E(aX  + b) = ∑ (a xi+ b) pi 
  = (a x1+ b) p1 + (a x2 + b)p2 + (a xn + b) pn    

  = a( p1 x1  +  p2x2  +. . . .  pn xn) + b∑ pi   

  = a E(X)  + b. CÕ úTôXúY E(aX − b)=aE(X)− b 
®XdLl ùTÚdLj ùRôûL (Moments) : JÚ NUYônl× Uô± X-u 

®XdLl ùTÚdÏj ùRôûLûVd LQd¡P L¦R G§oTôol× 

TVuTÓ¡\Õ, CeÏ CWiÓ YûLVô] ®XdLl ùTÚdÏj 

ùRôûLLû[l Tt±d LôiúTôm, 

 (i) B§ûVl ùTôßjÕ ®XdLl ùTÚdÏj ùRôûL. 

 (ii) NWôN¬ûVl ùTôßjÕ ®XdLl ùTÚdÏj ùRôûL, 
B§ûVl ùTôßjÕ ®XdLl ùTÚdÏj ùRôûL  

(Moments  about the origin) : 
 X JÚ R² ¨ûX NUYônl× Uô± G²p JqùYôÚ ùUnùVi  
r (r = 1, ...)dÏm rYÕ ®XdLl ùTÚdLj ùRôûL  

  µr′ = E(Xr) =  ∑ pi xi
r  

ØRp ®XdLl ùTÚdÏj ùRôûL : µ1′ = E(X)  = ∑ pi xi 

2YÕ ®XdLl ùTÚdÏj ùRôûL :  µ2′ = E(X2) = ∑ pi xi
2 

NWôN¬ûVl ùTôßjR ®XdLl ùTÚdÏj ùRôûL 

(Moments about the Mean) : (Central Moments) 
 X JÚ NUYônl× Uô± G²p JqùYôÚ ùUn Gi  n, (n = 1, 2, ...) dÏm 

nYÕ NWôN¬ûVl ùTôßjR ®XdLl ùTÚdÏj ùRôûL 

 µn = E(X − X
 

 )n = ∑(xi  −x− )n pi  

 ØRp ®XdLl ùTÚdÏj ùRôûL NWôN¬ûVl ùTôßjÕ 

 µ1 = E(X − X
 

 )1 =  ∑(xi  −x− )1 pi 

 µ1 = ∑ xi pi − x− ∑ pi = ∑ xi pi − x− (1)   as    ∑ pi = 1 

  = E(X) − E(X) = 0 
áhÓf NWôN¬ûVl ùTôßjR ®XdLeL°u áÓRp éf£VUôÏm, 

 2YÕ ®XdLl ùTÚdÏj ùRôûL NWôN¬ûVl ùTôßjÕ  

 µ2 = E(X − X
 

 )2 
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  = E(X2 + X
 2

− 2 X X
 

) = E(X2) + X
 2

−2 X
 

 E(X) (‡ X
 

JÚ Uô±−) 

  = E(X2) + [E(X)]2 − 2E(X) E(X) 

 µ2 = E(X2) −[E(X)]2    = µ2′ − ( )µ1′ 2 

NWôN¬ûVl ùTôßjR ®XdLl ùTÚdÏj ùRôûL NUYônl× Uô±  

X-u TWYtT¥VôÏm  

  µ2 = Var (X) = E(X − X
 

 )2 = E(X2) − [E(X)]2  

Ø¥Ü  (4) : Var (X  ± c) = Var (X)     CeÏ c Uô±− 

¨ìTQm :   Var (X) = E(X − X
 

 )2
 GuTÕ ùR¬kRúR, 

 Var (X + c) = E[(X + c)  − E (X + c)]2 

  = E[X + c  − E(X)  − c]2   

  = E[X − X


 ]2   =   Var (X) 

 CÕúTôXúY. Var (X − c) = Var  (X) 

 ∴ TWYtT¥ B§ûVf NôokRRpX GuTÕ ùR°Yô¡\Õ, 

Ø¥Ü (5) : Var (aX) = a2 Var (X) 

¨ìTQm : Var (aX) = E[aX − E(aX)]2  =   E[aX − aE(X)]2 

    = E[a {X  − E(X)}]2 

    = a2 E[X  − E(X)]2   =    a2 Var (X) 

 ∴ A[ûY Uôt\m TWYtT¥ûVl Tô§dÏm, 

Ø¥Ü (6) : Var (c) = 0  CeÏ c Uô±−, 

¨ìTQm : Var (c) = E[c − E(c)]2 = E[c − c]2  =  E(0) = 0 

GÓjÕdLôhÓ 10.11 : CÚ ºWô] TLûPLs EÚhPlTÓ¡u\], 

TLûPL°u úUp Es[ GiL°u áhÓj ùRôûL«u 

G§oTôol©û]d LôiL, 

¾oÜ  :  CÚ TLûPL°u úUp Es[ GiL°u áhÓj ùRôûLûV 

NUYônl× Uô± X GuL, CÚ TLûPL°u úUp Es[ GiLs 1 G] 

AûUkRôp áÓRp 2 BÏm, CÚ TLûPL°u úUp Es[ GiLs 6 

G] AûUkRôp. áÓRp 12 BÏm,  

 ∴ NUYônl× Uô± 2C−ÚkÕ 12 YûW U§l×Lû[l ùTßm, 
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 (1, 1) 

 (1, 2) (2, 1) 

 (1, 3) (2, 2) (3, 1) 

 (1, 4) (2, 3) (3, 2) (4, 1) 

 (1, 5) (2, 4) (3, 3) (4, 2) (5, 1) 

 (1, 6) (2, 5) (3, 4) (4, 3) (5, 2) (6, 1) 

 (2, 6) (3, 5) (4, 4) (5, 3) (6, 2) 

 (3, 6) (4, 5) (5, 4) (6, 3) 

 (4, 6) (5, 5) (6, 4) 

 (5, 6) (6, 5) 

 (6, 6) 

 ∴ ¨LrRLÜl TWYp ©uYÚUôß :  

X 2 3 4 5 6 7 8 9 10 11 12 

P(X = x) 
1

36  
2

36  
3

36  
4
36  

5
36  

6
36  

5
36  

4
36  

3
36  

2
36  

1
36  

 E(X) = ∑ pi  xi = ∑ xi pi 

  = 



2 × 

1
36   + 



3 × 

2
26  + 



4 × 

3
36   +  . . . .+  



12 × 

1
36   = 

252
36  = 7 

GÓjÕdLôhÓ 10.12 : JÚ ¨Lrf£«u ùYt±«u ¨LrRLÜ p úUÛm 

úRôp®«u ¨LrRLÜ q G²p ØRp ùYt± ùT\ úNôRû]L°u 

Gi¦dûL«u G§oTôojRûXd LôiL, 

¾oÜ: ØRp ùYt± ùT\ úNôRû]L°u Gi¦dûLûV X Gu\ 

NUYônl× Uô±Vôp Ï±dLXôm, ØRp úNôRû]«úXúV ùYt± 

¡ûPdLXôm, ∴ ØRp úNôRû]«p ùYt±«u ¨LrRLÜ p. 2YÕ 

úNôRû]«p ùYt±ùV²p. ØRp úNôRû]«p úRôp®VôL CÚdL 

úYiÓm, ∴ ¨LrRLÜ qp, 3YÕ úNôRû]«p ùYt±ùV²p. ØRp CÚ 

úNôRû]L°p úRôp®VôL CÚdL úYiÓm, ∴ ¨LrRLÜ =  q2p. 
CRuT¥ nYÕ úNôRû]«p ùYt±ùV²p ØRp (n −1) úNôRû]Ls 

úRôp®VôL úYiÓm, ∴ ¨Lr RLÜ = qn−1p. 
 ∴  ¨LrRLÜl TWYp ©uYÚUôß : 

X 1 2 3 ... n ... 

P(x) p qp q2p ... qn−1 p... 

 ∴ E(X) = ∑ pi  xi 

  = 1 . p  + 2qp  + 3q2p  + . . .  + nqn−1 p . .  
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  = p[1 + 2q + 3q2 + . . .+ nqn−1 + ... ] 

  = p[1 − q]−2 = p(p)−2 =  
p

p2   =  
1
p  

GÓjÕdLôhÓ 10.13 : JÚ ùLôsLX²p 4 ùYsû[Ùm 3 £Yl×l 

TkÕLÞm Es[], §ÚmT ûYdÏUôß NUYônl× Øû\«p êuß 

Øû\ TkÕLû[ Ju\u ©u Ju\ôL GÓdÏm úTôÕ ¡ûPdÏm 

£Yl×l TkÕL°u Gi¦dûL«u ¨LrRLÜl TWYûXd LôiL, 

úUÛm NWôN¬. TWYtT¥ B¡VYtû\d LôiL, 

¾oÜ : úRûYVô] ¨LrRLÜl TWYp ©uYÚUôß :  (GÓjÕdLôhÓ 10.3 I  

LôiL) 

X 0 1 2 3 

P(X = x) 
64
343  

144
343  

108
343  

27
343  

  NWôN¬ E(X) = ∑ pi  xi 

  = 0 



64

343  + 1  



144

343  + 2 



108

343   + 3 



27

343  = 
9
7  

 E(X2) = ∑ pi  xi
2

 

  = 0 



64

343  + 12




144

343  + 22




108

343   + 32 



27

343  =  
117
49   

 TWYtT¥ = E(X2)   −  [E(X)]2 

 ∴V(X)  =  
117
49  −  



9

7
2
   =  

36
49  

GÓjÕdLôhÓ 10.14 : JÚ ºWô] TLûPûV ûYjÕ JÚ ®û[VôhÓ 

®û[VôPlTÓ¡\Õ, JÚYÚdÏ TLûP«u úUp 2 ®ÝkRôp ì.20 

CXôTØm. TLûP«u úUp 4 ®ÝkRôp ì.40 CXôTØm. TLûP«u 

úUp 6 ®ÝkRôp ì, 30 CZl×m AûP¡\ôo, úYß GkR Gi 

®ÝkRôÛm CXôTúUô CZlúTô ¡ûPVôÕ, AYo AûPÙm 

G§oTôol× VôÕ? 

¾oÜ : ¡ûPdÏm ùRôûLûV NUYônl× Uô± X GuL,  

 ∴ X ùTßm U§l×Ls 20,40, − 30, 0 BÏm, 

 P[X = 20] = P(TLûP«u úUp 2 ¡ûPdL) =  
1
6  

 P[X = 40] = P(TLûP«u úUp 4 ¡ûPdL) =  
1
6  

 P[X = − 30] = P(TLûP«u úUp 6 ¡ûPdL) =  
1
6  

 Á§ ¨LrRLÜ = 1/2 
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X 20 40 −30 0 

P(x) 1/6 1/6 1/6 1/2 

  NWôN¬ E (X) = ∑ pi  xi 

  = 20 



1

6  + 40  



1

6  + (−30) 



1

6   + 0 



1

2  = 5 

 G§oTôodÏm ùRôûL = ì, 5 

ùRôPof£Vô] NUYônl× Uô±«u G§oTôol× 

(Expectation of a continuous Random Variable) : 
YûWVû\ : f(x) Gàm ¨LrRLÜ APoj§f NôoûTd ùLôiP JÚ 

ùRôPof£Vô] NUYônl× Uô±VôL XId ùLôsL, XCu L¦R 

G§oTôol× E(X) = ⌡⌠
−∞

∞
 xf(x) dx    

Ï±l× : ϕ(X) Gàm NUYônl× Uô± GuTRtúLt\ Nôo× ϕ GuL, 

Utßm E [ϕ (X)] Es[Õ G²p 

 E[ϕ (X)] = ⌡⌠
−∞

∞
ϕ (x) f(x) dx  

 E(X2) = ⌡⌠
−∞

∞
 x2 f(x) dx    

 X-u TWYtT¥ = E(X2) − [E(X)]2 

Ø¥ÜLs :  (1)  E(c) = c CeÏ c JÚ Uô±− 

 E(c) = ⌡⌠
−∞

∞
c f(x) dx   = c ⌡⌠

−∞

∞
f(x) dx  = c        











 ‡ ⌡⌠
−∞

∞
f(x) dx   =  1  

 (2) E(aX ± b) = a E(X)  ± b 

 E(aX ± b) = ⌡⌠
−∞

∞
(ax ± b) f(x) dx  = ⌡⌠

−∞

∞
ax f(x) dx    ±  ⌡⌠

−∞

∞
b f(x) dx  

  = a ⌡⌠
−∞

∞
x f(x) dx   ±   b ⌡⌠

−∞

∞
f(x) dx  = a E(X) ± b 
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GÓjÕdLôhÓ 10.15 : ùRôPof£Vô] NUYônl× Uô± X-u ¨LrRLÜ  

      f(x)= 


3

4 x (2 − x)

0
 

0< x < 2, 
Utù\e¡Ûm  

G²p NWôN¬ûVÙm. TWYtT¥ûVÙm LôiL, 

¾oÜ :  E(X) = ⌡⌠
−∞

∞
 x f(x) dx  =  ⌡

⌠

0

2

 x. 
3
4 x(2 − x) dx  

  = 
3
4 ⌡⌠

0

2

 x2 (2 − x) dx  = 
3
4 ⌡⌠

0

2

(2x2 − x3) dx  

  = 
3
4  





2 
x3

3   −  
x4

4   
2

0
 = 

3
4  



2

3(8) −  
16
4    = 1 

 ∴ NWôN¬ = 1 

 E(X2) = ⌡⌠
−∞

∞
 x2f(x) dx  =   ⌡

⌠

0

2

 x2 
3
4 x(2 − x) dx  

  = 
3
4 ⌡⌠

0

2

 (2 x3 − x4) dx  = 
3
4  





2 
x4

4   −  
x5

5   
2

0
 = 

3
4  



16

2  − 
32
5    = 

6
5 

 TWYtT¥ = E(X2)  − [E(X)]2 = 
6
5  − 1  =  

1
5  

GÓjÕdLôhÓ 10.16 : ©uYÚm ¨LrRLÜ APoj§f Nôo©tÏ 

NWôN¬ûVÙm. TWYtT¥ûVÙm LôiL, 

f(x) = 


3e−3x

0
  

0 < x < ∞ 
Utù\e¡Ûm 

¾oÜ :  E(X) = ⌡⌠
−∞

∞
 x f(x) dx   

= ⌡⌠
0

 ∞
 x (3e−3x)  dx = 3 ⌡⌠

0

 ∞
 x e−3x  dx  = 3.

1

32  = 
1
3 

   ⌡⌠
0

∞
 xn e− αx dx = 

n

αn + 1  

  n JÚ ªûL GiQôL 

CÚdÏm úTôÕ, 

 E(X2) = ⌡⌠
0

 ∞
 x2 (3e−3x)  dx  = 3⌡⌠

0

 ∞
 x2 e−3x  dx  = 3 . 

2

33  = 
2
9 



 234

 V(X) = E[X2] − E[X]2 = 
2
9 − 



1

3
2
= 

1
9 

 ∴NWôN¬ = 
1
3     ;   TWYtT¥ = 

1
9 

T«t£ 10.2 
 (1) JÚ TLûP CÚØû\ EÚhPlTÓ¡\Õ, ARu úUp Es[ Gi 

Jtû\lTûP GiQôL CÚjRp ùYt±VôLd LÚRlTÓ¡\Õ, 

ùYt±«u ¨LrRLÜl TWY−u NWôN¬ Utßm TWYtT¥ûVd LôiL, 

 (2) JÚ TLûPûV EÚhÓm úTôÕ ¡ûPdLdá¥V Gi¦u 

G§oTôodLlTÓm U§lùTu]?  

 (3) JÚ ÖûZÜj úRo®p JÚ UôQYu GpXô 120 úLs®LÞdÏm 

®ûPV°dL úYiÓm, JqùYôÚ úLs®dÏm SôuÏ ®ûPLs 

Es[], JÚ N¬Vô] ®ûPdÏ 1 U§lùTi ùT\Ø¥Ùm, 

RY\ô] ®ûPdÏ 1/2 U§lùTi CZdL úS¬Óm, JqùYôÚ 

úLs®dÏm NUYônl× Øû\«p ®ûPV°jRôp AmUôQYu 

ùTßm U§lùTi¦u G§oTôol× Gu]? 

 (4) Su\ôLd LûXdLlThP 52 ºhÓdL[Pe¡V ºhÓdLh¥−ÚkÕ 

CÚ ºhÓLs §ÚmT ûYdÏm Øû\«p GÓdLlTÓ¡u\], Hv 

(ace) ºhÓL°u Gi¦dûLdÏ NWôN¬Ùm. TWYtT¥Ùm LôiL, 

 (5) JÚ ãRôhP ®û[Vôh¥p 3 SôQVeLû[ JÚØû\ 

Ñi¥®Óm úTôÕ GpXôm ‘RûXL[ôLúYô’ ApXÕ GpXôm 

‘édL[ôLúYô’ ®ÝkRôp ì. 10 CXôTØm. Juß ApXÕ 

CWiÓ RûXLú[ô ®ÝkRôp ì. 5 SxPØm AûPkRôp. AYo 

AûPÙm CXôTj§u G§oTôol× Gu]?  

 (6) JÚ NUYônl× Uô±«u ¨LrRLÜ ¨û\f Nôo× ¸úZ 

ùLôÓdLlThÓs[Õ : 

X 0 1 2 3 
P(X = x) 0.1 0.3 0.5 0.1 

  Y  = X2 + 2X G²p YCu NWôN¬ûVÙm TWYtT¥ûVÙm LôiL, 

 (7) ¸úZ RWlThÓs[ ¨LrRLÜ APoj§f Nôo×LÞdÏ NWôN¬Ùm. 

TWYtT¥Ùm LôiL, 

(i)  f(x) = 

1/24
0  

−12 ≤ x ≤ 12 
Utù\e¡Ûm (ii)  f(x) = 



αe−α x

0
  

x > 0  
Utù\e¡Ûm 

(iii) f(x) = 


xe−x

0
  

x > 0 
Utù\e¡Ûm 
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10,4 A±Øû\ TWYpLs (Theoretical Distributions) : 
 NUYônl× Uô±«u U§l×Ls £X ¨LrRLÜ ®§LhÏ EhThÓ 

LQd¡V−uT¥ ùY°lTÓm úTôÕ ¡ûPdLl ùTßm ¨LrRLÜl 

TWYúX ‘A±Øû\l’ TWYXôÏm, A±Øû\l TWYpLs Øu 

AàTYeLû[ A¥lTûPVôLd ùLôiúP EÚYôdLlThPûY 

BÏm, ×s°«−p ªL Ød¡VUôL TVuTÓjRlTÓm TWYpL[ô]   (1) 
DÚßl×l TWYp (2) Tôn^ôu TWYp (3) CVp ¨ûXl TWYp 
B¡VYtû\ CkRl TÏ§«p T¥lúTôm, CeÏ ØRp CWiÓ 

TWYpLÞm R²¨ûX ¨LrRLÜl TWYpL[ôÏm, úUÛm êu\ôYÕ 

ùRôPo ¨LrRLÜl TWYXôÏm, 

R²¨ûX TWYpLs (Discrete Distributions): 
DÚßl×l TWYpLs (Binomial Distribution) :  
   CRû] vÅPu SôhÓ L¦R úUûR ú_mv ùToú]ô− (James 
Bernoulli) (1654−1705)  GuTYo LiP±kRôo, 

ùToú]ô−«u ØVt£Ls : 
 CWiúP«WiÓ ®û[ÜLÞs[ JÚ NUYônl×f úNôRû]ûV 

GÓjÕd ùLôsúYôm, GÓjÕdLôhPôL. JÚ SôQVjûRf Ñi¥ 

®Óm úTôÕ. RûX ®ÝYûR ùYt±VôLÜm. é ®ÝYûR 

úRôp®VôLÜm ùLôsúYôm, CkR ®û[ÜL°u ¨LrRLÜLs  

p Utßm q G]Üm. p + q =1 G] CÚdÏUôßm GÓjÕd ùLôsúYôm, 

 CWiÓ ®û[ÜLÞPu á¥V úNôRû] ‘n’ RPûYLs 

(NôoTt\ûYVôL CÚdÏUôß) SPdÏUô]ôp AûY ùToú]ô−Vu 

ØVt£Ls G]lTÓm, DÚßl×l TWYp ®§ûV ¸rdLiP ¨ûXL°p 

TVuTÓjR úYiÓm, 

 (i) GkR JÚ ØVt£«Ûm ùYt± ApXÕ úRôp® CWi¥p 

Juß ¨LrkúR BL úYiÓm, 

 (ii) ØVt£Ls NôoTt\]YôÙm Gi¦PjRdL]YôLÜm CÚjRp 

úYiÓm, 

 (iii) ùYt±«u ¨LrRLÜ p, ØVt£dÏ ØVt£ UôßTPôUp 

CÚjRp úYiÓm,  

DÚßl×l TWY−u ¨LrRLÜf Nôo× : 

 n JÚ ªûL Gi GuL, úUÛm p GuTÕ. 0 ≤ p ≤ 1 Guß 

CÚdÏUôß Es[ ùUn Gi, úUÛm q = 1 − p GuL, ¨LrRLÜl TWYp 

¸rdLôÔm Th¥V−p ùLôÓdLlThÓs[Õ, 

xi 0 1 2 . . .  n 

P(xi) qn nc1pqn−1 nc2 p
2qn−2 . . .  pn 
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 úUtLôÔm Th¥Vp DÚßl×l TWYûXd Ï±d¡u\Õ, 

AhPYûQ«u 2YÕ ¨Wp DÚßl×l TWYp (q + p)n
 ®¬®u 

AÓjRÓjR Eßl×L[ôÏm, 
 DÚßl× ¨LrRLÜl TWYp B(n,p,x), ‘n’ ùToú]ô−Vu 

ØVt£L°p N¬VôL x ùYt±LÞdLô] ¨LrRLûYj RÚ¡u\Õ, CeÏ 

‘p’ JqùYôÚ ØVt£«Ûm AûPÙm ùYt±«u ¨LrRLÜ BÏm,   

n, p B¡V Uô±−Ls TWY−u TiT[ûYLs BÏm, 

DÚßl×l TWY−u YûWVû\ : 
 JÚ NUYônl× Uô± X-u ¨LrRLÜ ¨û\f Nôo×  

P(X = x) = p(x) = 


nCx px qn −x

0
 

x = 0, 1, . . .n  

Utù\e¡Ûm 

G²p NUYônl× XB]Õ DÚßl×l TWYûX ©uTtß¡\Õ, 
DÚßl×l TWY−u Uô±−Ls : 
   NWôN¬ = np 
   TWYtT¥ = npq 

   §hP ®XdLm =  TWYtT¥ = npq  

X∼B(n, p) G²p. NUYônl× Uô± X. DÚßl×l TWYûXl ©uTtß¡\Õ 

Guß ùTôÚs, 

Ï±l× : DÚßl×l TWY−u NWôN¬ ARu TWYtT¥ûV ®P 

GlùTôÝÕm ªûLVôL CÚdÏm, 

GÓjÕdLôhÓ 10.17 : JÚ DÚßl×l TWY−u Uô± X-u NWôN¬ 2. 

§hP ®XdLm 
2
3
 G²p. ¨LrRLÜf NôoûTd LôiL, 

¾oÜ : np = 2    ;  npq    =  
2
3

 

 ∴ npq = 4/3 

 ∴  q = 
npq
np     = 4/3

2    =    
4
6  = 

2
3 

 ∴  p = 1 − q  =   1 − 
2
3  =  

1
3 

 np = 2   ∴   n 



1

3  = 2  ⇒  n = 6 

 ∴ TWY−u ¨LrRLÜf Nôo×  

 P[X = x] = 6Cx
 



1

3  
x   





2

3  
6 − x

 , x = 0, 1, 2,     … 6 BÏm, 
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GÓjÕdLôhÓ 10.18 : JÚ ú_ô¥l TLûPLs 10 Øû\ 

EÚhPlTÓ¡u\], CÚ TLûPLÞm JúW Gi LôhÓYûR ùYt± 

G]d ùLôiPôp (i)  4 ùYt±Ls   (ii)  éf£V ùYt± – CYt±u 

¨LrRLÜ LôiL, 
¾oÜ : n = 10 . CÚ TLûPLÞm JúW Gi LôhP úYiÓùU²p 

{(1,1),  (2,2)  (3,3), (4,4),  (5,5)  (6,6)}  (A,Õ,).  6 Y¯Ls. 
 CÚ TLûPLÞm JúW Gi LôhÓYúR ùYt±, 

 ∴  p = 
6

36  =  
1
6   ;   q   =  1 −  p  =  1 −  

1
6  =  

5
6 

NUYônl× Uô± X ùYt±«u Gi¦dûLûVd Ï±dLhÓm, 

   P[X = x] = nCx
  px  qn−x 

(a) P(4 ùYt±Ls) = P[X = 4] = 10C4
 



1

6  
4   





5

6  
6
  

  = 
210 × 56

610   = 
35
216  



5

6  
6
 

(b) P (éf£V ùYt±) = P(X = 0) 

  = 10C0
    



5

6  
10 

= 



5

6  
10

 

GÓjÕdLôhÓ 10.19 :  
 JÚ DÚßl×l TWY−p n = 5 Utßm P(X = 3) = 2P(X = 2) G²p 

pCu U§l× Lôi, 

¾oÜ  : P(X = x) = nCx
  px  qn−x 

 P(X = 3) = 5C3
 p3q2   ;  P(X =  2) = 5C2

 p2q3    

 ∴  5C3
  p3q2 = 2 ( )5C2 

 p2q3      

 ∴  p = 2q 

 p = 2 (1 − p)     ⇒  3p  = 2   ;  p  =  
2
3 

GÓjÕdLôhÓ 10.20 : 5 ØVt£LÞs[. JÚ DÚßl×l TWY−u NWôN¬ 

Utßm TWYtT¥«u áÓRp 4.8 G²p TWYûXd LôiL, 

¾oÜ : np  + npq = 4.8   ⇒   np(1 + q) = 4.8 
 5 p [1 + (1 − p) = 4.8 

 p2 − 2p + 0.96 = 0    ⇒  p  = 1.2 , 0.8 
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 ∴ p = 0.8  ;  q = 0.2    [Hù]²p p > 1BL CÚdL Ø¥VôÕ] 

 ∴  p[X = x] = 5Cx
 (0.8)x (0.2)5−x, x = 0−ÚkÕ 5 YûW, 

GÓjÕdLôhÓ 10.21 : JÚ DÚßl×l TWY−u NWôN¬ Utßm 

TWYtT¥«u ®j§VôNm 1 BÏm, úUÛm AYt±u YodLeL°u 

®j§VôNm 11 G²p nCu U§l× LôiL, 

¾oÜ : DÚßl×l TWY−p. NWôN¬. TWYtT¥ûV ®P ùT¬Õ BRXôp. 

NWôN¬ = m + 1 Gußm TWYtT¥ = m G]Üm ùLôsL, 

 (m +1)2 − m2 = 11 ⇒  m = 5 

 ∴  NWôN¬ = m + 1 = 6  

 ⇒  np  = 6  ;  npq = 5     ∴  q = 
5
6 ,   p  =  

1
6    ⇒  n =  36. 

T«t£ 10.3 
 (1) “JÚ DÚßl×l TWY−u NWôN¬ 6. Utßm §hP ®XdLm 3”, 

Cdátß ùUnVô ApXÕ RY\ô? ®Y¬, 

 (2) JÚ TLûP 120 Øû\ EÚhPlTÓ¡\Õ, TLûP«u úUp  

1 ApXÕ 5 ¡ûPlTÕ ùYt±ùV]d ùLôs[lTÓ¡\Õ, 

¡ûPdÏm ùYt±«u Gi¦dûL«u NWôN¬. TWYtT¥ LôiL, 

 (3) JÚ Õû\ØLj§p NWôN¬VôL 10 LlTpL°p JÚ LlTp 

Tj§WUôLj §Úm×Y§pûX, 500 LlTpL°p. Tj§WUôLj §Úm© 

YÚm LlTpL°u NWôN¬ûVÙm. TWYtT¥ûVÙm LôiL, 

 (4) JúW NUVj§p 4 SôQVeLs ÑiPlTÓ¡u\], (a)  N¬VôL 2 
RûXLs (b)  Ïû\kRThNm 2 RûXLs (c) A§LThNm 2 RûXLs 

¡ûPdL ¨LrRLÜ LôiL, 
 (5) JÚ Ï±l©hP úRo®p. úRof£ ùTt\YoL°u NRÅRm 80 BÏm, 

6 SToLs úRoÜ GÝ§]ôp. Ïû\kRThNm 5 SToLs úRof£ ùT\ 

¨LrRLÜ LôiL, 

 (6) JÚ RûP RôiÓRp TkRVj§p JÚ ®û[VôhÓ ÅWo 10 

RûPLû[j RôiP úYiÓm, JÚYo JqùYôÚ RûPûVj 

RôiÓY§u ¨LrRLÜ 
5
6 G²p. AYo CWi¥tÏm Ïû\Yô] 

RûPLû[ ÅrjÕY§u ¨LrRLÜ LôiL, 

10,4,2 Tôn^ôu TWYp (Poisson Distribution) : 
 CÕ ©ùWgÑ L¦R úUûR û^Uu ùP²v Tôn^ôu (Simeon 
Denis Poisson)(1781 − 1840) GuTYWôp LiÓ©¥dLlThPÕ, Tôn^ôu 

TWYÛm JÚ R²¨ûXl TWYXôÏm, 
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 Tôn^ôu TWYp. DÚßl×l TWY−u GpûXVôL ©uYÚm 

¨TkRû]L°]ôp ùT\lTÓ¡u\Õ, 

 (i) ØVt£L°u Gi¦dûL n ªLÜm A§LUô]Õ, (A,Õ,).  
n → ∞.  

 (ii) JqùYôÚ ØVt£dÏm ùYt±«u ¨ûXVô] ¨LrRLÜ p ªLf 

£±VÕ, (A,Õ,).  p → 0. 

 (iii) np  = λ  Gu\ JÚ Ø¥Üß Gi, CeÏ λ  JÚ ªûL ùUnùVi,  

  A¬RôL SPdÏm ¨Lrf£«u TWYúX. Tôn^ôu TWYûXj 

RÝÜ¡\Õ Gu¡ú\ôm, 

YûWVû\: JÚ NUYônl× Uô± X. Tôn^ôu TWY−p 

AûUÙmùTôÝÕ.  

 P(X = x) = 
e−λ λx

 x
, x = 0,1,2, … 

 úUÛm λ > 0 BÏm, 

 Tôn^ôu TWY−u NWôN¬ λ BÏm, úUÛm TWYtT¥Ùm λ BÏm, 

 Tôn^ôu TWY−u TiT[ûY λ BÏm, 
Tôn^ôu TWY−u GÓjÕdLôhÓLs  : 
 (1) JÚ Ï±l©hP LôX CûPùY°«p JÚ L§¬VdLl 

ùTôÚ°−ÚkÕ EªZlTÓm Bp*Tô ÕLsL°u Gi¦dûL, 

 (2) JÚ Ï±l©hP LôX CûPùY°«p. JÚ ùRôûXúT£ 

ùRôPoTLm ùTßm ùRôûXúT£ AûZl×Ls, 

 (3) JÚ SpX ùRô¯tNôûX«p EÚYôdÏm ùTôÚhL°p. 100 

ùTôÚhLs Es[ Lh¥p CÚdÏm Ïû\Ùs[ ùTôÚhLs, 

 (4) JÚ SpX T§lTLj§p AfNôÏm ×jRLj§u JqùYôÚ 

TdLj§Ûm HtTÓm AfÑl©ûZL°u Gi¦dûL, 

 (5) JÚ Ï±l©hP LôX CûPùY°«p. JÚ Ï±l©hP NôûX 

Nk§l©p HtTÓm NôûX ®TjÕL°u Gi¦dûL, 

GÓjÕdLôhÓ 10.22 :  ¨LrRL®u áÓRp Juß G] ¨ßÜL, 

¾oÜ :  ∑
x=0

 ∞
 p(x) = ∑

x=0

 ∞
  

e−λ λx

 x
 = 

e−λ λ0

 0
  + 

e−λ λ1

 1
 + 

e−λ λ2

 2
 +  . . .  

  = e−λ [1 +  λ +  
λ2

 2
  +   . . . ] = e−λ . eλ    =  e0  =  1 
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GÓjÕdLôhÓ 10.23 : ùRô¯tLp® ApXôR ×jRLeLû[ ùY°«Óm 

T§lTLm. AfÑl©ûZ CpXôRYôß ×jRLeLû[ ùY°«Óm 

ùTôÚhÓ JÚ TdLj§p HtTÓm Ïû\kRThNm JÚ AfÑl ©ûZ«u 

¨LrRLÜ 0.005  G]d ùLôi¥Úd¡\Õ, úUÛm TdLj§tÏl TdLm 

HtTÓm AfÑl©ûZLs NôoTt\ûY G²p (i)  400 TdL SôY−p 

N¬VôL JÚ TdLj§p ©ûZ HtTP (ii) A§LThNm 3 TdLeL°p 

©ûZLs HtTP ¨LrRLÜ LôiL,  

[e−2 = 0.1353  ; e−0.2. = 0.819]. 
¾oÜ :  n = 400  ,  p  =  0.005 
 ∴  np = 2   = λ 
(i) P(1 TdLj§p ©ûZ CÚdL) = P(X = 1) 

  = 
e−λ λ1

 1
 = 

e−221

 1
 = 0.1363 × 2 = 0.2726 

 (ii)P(A§LThNm 3TdLeL°p ©ûZ CÚdL) = P(X ≤ 3) 

 = ∑
x = 0

3
  
e−λ λx

 x
 = ∑

0

3
   

e−2(2)x

 x
   = e−2 









1 + 
2

1
 + 

22

2
 + 

23

3
 

  = e−2 



19

3  = 0.8569 

GÓjÕdLôhÓ 10.24 : JÚ RÓl× F£«u TdL ®û[Yôp 

Tô§dLlTÓYRtLô] ¨LrRLÜ 0.005 BÏm, 1000 SToLÞdÏ RÓl× 

F£ úTôÓm ùTôÝÕ (i)  A§LThNm 1 STo Tô§dLlTP ii) 4, 5 

ApXÕ 6 SToLs Tô§dLlTP ¨LrRLÜ LôiL,    [e−5 = 0.0067] 
¾oÜ :  TdL ®û[Yôp Tô§dLlTÓY§u ¨LrRLûY p GuL, 
   n = 1000  ,  p  =  0.005  ,    λ  =   np =  5. 
(i) P(A§LThNm1STo Tô§dLlTP) = P(X ≤ 1) 
  = P(X  = 0)  + P(X = 1) 

  = 
e−λ λ0

 0
 + 

e−λλ1

 1
  = e−λ [1 + λ] 

  = e−5 (1 + 5) = 6 × e−5 
  = 6 ×  0.0067 = 0.0402  
(ii) P(4, 5 ApXÕ 6 STo Tô§dLlTP) = P(X = 4) + P(X = 5) + P(X = 6) 

  = 
e−λ λ4

 4
 + 

e−λ λ5

 5
 + 

e−λ λ6

 6
 = 

e−λ λ4

 4
  





1 + 
λ
5  +  

λ2

30   
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  = 
e−5 54

24  



1 + 

5
5  +  

25
30  =  

e−5 54

24  



17

6   =  
10625

144  × 0.0067 

 =  0.4944 
GÓjÕdLôhÓ 10.25 :  JÚ Tôn^ôu TWY−p P(X = 2) =  P(X = 3)  

G²p P(X =5)I LôiL,  [e−3 = 0.050]. 
¾oÜ :  P(X = 2) = P(X = 3) ùLôÓdLlThÓs[Õ, 

 ∴  
e−λ λ2

 2
 = 

e−λ λ3

 3
 

 ⇒ 3λ2 = λ3 

 ⇒  λ2 (3 − λ) = 0          ⇒  λ  = 3   Q  λ ≠ 0   

 P(X = 5) = 
e−λ λ5

 5
  =  

e−3 (3)5

 5
 = 

0.050 ×  243
120  = 0.101 

GÓjÕdLôhÓ 10.26 : JÚ úTÚkÕ ¨ûXVj§p. JÚ ¨ªPj§tÏ 

Esú[ YÚm úTÚkÕL°u Gi¦dûL Tôn^ôu TWYûXl 

ùTt±Úd¡\Õ G²p. λ = 0.9 G]d ùLôiÓ. 

 (i) 5 ¨ªP LôX CûPùY°«p N¬VôL 9 úTÚkÕLs Esú[ YW 

 (ii) 8 ¨ªP LôX CûPùY°«p 10dÏm Ïû\YôL úTÚkÕLs 

Esú[ YW 

 (iii) 11 ¨ªP LôX CûPùY°«p Ïû\kRThNm 14 úTÚkÕLs 

Esú[ YW. ¨LrRLÜ LôiL, 

¾oÜ :  

(i) 


JÚ ¨ªPj§p Esú[

YÚm úTÚkÕLÞdLô] λ  = 0.9 

 


∴ 5 ∴¨ªPeL°p Esú[

YÚm úTÚkÕLÞdLô] λ  = 0.9  × 5  =  4.5 

 


 P  N¬VôL 9 úTÚkÕLs

 Esú[ YW  = 
e−λ λ9

 9
 

 (A,Õ,).  P(X = 9) = 
e−4.5 × (4.5)9

 9
  

(ii)               P(8 ¨ªPeL°p 10  

úTÚkÕLÞdÏd  
Ïû\YôL Esú[ YW) 


 

 
 

 = P(X <10) 
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   CeÏ λ = 0.9 × 8  = 7.2 

   ∴  úRûYVô] ¨LrRLÜ = ∑
x=0

9
  

e−7.2 × (7.2)x

 x
 

(iii)                P (11 ¨ªPeL°p  

Ïû\kRThNm 14  
úTÚkÕLs Esú[ YW) 


 

 
 

 = P(X ≥ 14) = 1 − P(X < 14) 

   CeÏ λ = 11 × 0.9 = 9.9 

   ∴  úRûYVô] ¨Lr RLÜ = 1 − ∑
x=0

13
  

e−9.9 × (9.9)x

 x
  

 (CúR ¨ûX«p ®ûPLû[ ¨ßj§ ®PXôm). 

T«t£ 10.4  
 (1) JÚ Tôn^ôu Uô± X-u NWôN¬ 4 BÏm, (i) P(X ≤ 3) 

(ii) P(2 ≤  X < 5) LôiL,  [e−4 =  0.0183]. 
 (2) JÚ ùRô¯tNôûX«p. 200 ªu CûQlTôu Es[ JÚ 

ùTh¥«p 2% Ïû\Ùs[ ªu CûQlTôuLs Es[],  
(i) N¬VôL 4 ªu CûQlTôuLs Ïû\Ùs[ûYVôL CÚdL  
(ii)  3dÏ úUp Ïû\ÙûPVûYVôL CÚdL ¨LrRLÜ LôiL, 

 [e−4 = 0.0183]. 
 (3) JÚ ùRô¯tNôûX«p EtTj§VôÏm RôrlTôsL°p 20% 

Ïû\ÙûPVûYVôL Es[],10 RôrlTôsLs NUYônl× 

Øû\«p GÓdLlTÓm úTôÕ N¬VôL 2 RôrlTôsLs 

Ïû\ÙûPVûYVôL CÚdL (i) DÚl×l TWYp (ii) Tôn^ôu 

TWYp êXUôL ¨LrRLÜ LôiL.  [e−2  = 0.1353]. 
 (4) JÚ L§¬VdLl ùTôÚ°−ÚkÕ Bp*Tô ÕLsLs NWôN¬VôL 20 

¨ªP LôX CûPùY°«p 5 G] EªZlTÓ¡\Õ, Tôn^ôu 

TWYûXl TVuTÓj§ Ï±l©hP 20 ¨ªP CûPùY°«p (i) 2 
EªZpLs (ii) Ïû\kRThNm 2 EªZpLÞdLô] ¨LrRLûYd 

LôiL,  [e−5 = 0.0067]. 
 (5) JÚ SLWj§p YôPûL Yi¥ KhÓ]oL[ôp HtTÓm 

®TjÕL°u Gi¦dûL Tôn^ôu TWYûX Jj§Úd¡\Õ, 

CRu TiT[ûY 3 G²p. 1000 KhÓSoL°p (i) JÚ YÚPj§p 

JÚ ®TjÕm HtTPôUp (ii)  JÚ YÚPj§p êuß 

®TjÕLÞdÏ úUp HtTÓjÕm KhÓ]oL°u Gi¦dûLûVd 

LôiL, [e−3 = 0.0498] 
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10,4,3 CVp¨ûXl TWYp (Normal Distribution) : 

 úUúX ®Y¬dLlThP DÚßl× úUÛm Tôn^ôu TWYpLs. R² 

¨ûX Uô±dLô] A±Øû\l TWYpL°p ªLÜm TVàs[ 

TWYpL[ôÏm, (A,Õ,) CûY R²jR²VôL ¨LÝm ¨Lrf£LÞPu 

ùRôPo× ùLôiÓs[], úUÛm SUdÏ TX úSWeL°p ùRôPokÕ 

Uô±d ùLôi¥ÚdÏm A[ûYLÞdÏm ùTôÚkÕmT¥VôL  JÚ 

ùRôPo ¨LrRLÜl TWYp AY£VUô¡\Õ, CqYûL«p CVp¨ûXl 

TWYp CeÏ A±ØLlTÓjRlTÓ¡\Õ, CVp¨ûXl TWYûX. 

CVp¨ûX ¨LrRLÜl TWYp G]Üm AûZdLXôm, ùRôPokÕ Uô±d 

ùLôi¥ÚdÏm Uô±LÞdÏ CÕ ªLÜm TVàs[ TWYXôÏm, 

Y¦Lm Utßm ùTôÚ[ôRôW LQdÏL°u ×s° ®YWeLs. 

CVp¨ûXl TWYp Yô«XôL ùY°lTÓjRlTÓ¡u\], CVp¨ûXl 

TWYp. SÅ]l ×s°«V−u (SÅ]) ‘Av§YôWd Lp’BÏm,  

 Tôn^ôu TWYûXl úTôXúY. CVp¨ûXl TWYp. DÚßl×l 

TWY−u GpûXVôLd LÚRlTÓ¡\Õ, nCu ªLlùT¬V U§l×LhÏ.  
p ApXÕ q ªLf£±V]YôL CpXôR úTôÕ (A,Õ,). éf£Vj§tÏ 

AÚ¡p CpXôR úTôÕ. JÚ DÚßl×l TWYp CVp¨ûXl TWY−u 

úRôWôVUôL AûU¡\Õ, DÚßl×l TWYp JÚ R²¨ûXl TWYXôLÜm 

CVp¨ûXl TWYp JÚ ùRôPo¨LrRLÜl TWYXôL CÚl©àm CkR 

ùSÚdLm Nôj§VUô¡\Õ, A±®Vp úNôRû]L°p A[dÏm ùTôÝÕ 

HtTÓm ©ûZLs. A¯kÕ úTô] RôYWeL°u BujúWô ùTùUh¬d 

A[ÜLs. A±ÜdáoûU Utßm §\]ônÜ A[ÜLs. TXRWlThP 

úNôRû]L°u U§l×Ls úUÛm GiQt\ ùTôÚ[ôRôW ®û[ÜLs 

CVp¨ûX TWYûXl ùTt±ÚdÏm, 

YûWVû\ :  X Gu\ ùRôPo NUYônl× Uô± µ, σ Gu\ 

TiT[ûYLû[d ùLôiP CVp¨ûXl TWYûX Nôok§ÚdL 

úYiÓUô«u. ARu  ¨LrRLÜ APoj§ Nôo×  

 f(x)  =  
1

σ 2π
  e 

−
1
2  

x − µ
σ

2
 
   ;  −∞  < x  <  ∞,  − ∞  < µ  < ∞,  σ > 0. 

G] CÚjRp úYiÓm, TiT[ûYLû[ µ Utßm σ2
 G]Üm GÓjÕd 

ùLôs[Xôm, 

 X ∼ N(µ, σ) G²p NUYônl× Uô± X, NWôN¬ µ Utßm §hP 

®XdLm σEPu á¥V CVp¨ûXl TWYûX AûUd¡\Õ G]Xôm, 
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Ï±l× :  CVp¨ûXl TWYûX X∼ N(µ, σ2) G]Üm Ï±dLXôm, C§p 

TiT[ûYLs NWôN¬Ùm. TWYtT¥Ùm BÏm,  

 CVp¨ûXl TWYûX Lô³Vu TWYp (Gaussian Distribution) 
Gußm AûZdLXôm, ¥-UônYo (De-Moivre) (1667 − 1754) Gàm L¦R 

úUûR 1733Cp DÚßl×l TWY−u GpûX ¨ûX. CVp¨ûXl TWYp 

Guß LiP±kRôo,  1744Cp XôlXôv (Laplace) CRû]d 

LiP±kRôo, B]ôp JÚ £X YWXôtßl ©ûZL[ôp Lôv (Gauss) 
Gu\ L¦R úUûR 1809Cp CûRlTt± ØRuûUVôL A±®jRRtúL 

Aû]jÕl ùTÚûUÙm AYûWúV úNÚ¡\Õ, 
CVp¨ûXl TWY−u Uô±Ls (Constants of Normal distribution) : 
 NWôN¬ = µ 

 TWYtT¥ = σ2 
 §hP ®XdLm = σ 
     CVp¨ûX TWY−u Yû[YûW 

TPj§p Lôi©dLlThÓs[Õ, 

 
 
 
 
 

TPm 10.3 

CVp¨ûXl TWY−u Ti×Ls (Properties of Normal Distribution) : 
 (1) CVp¨ûXl TWY−u Yû[Ü U¦ Y¥Ym ùLôiPÕ, 

 (2) X = µ Gu\ NWôN¬ úLôh¥tÏ CVp¨ûX Yû[YûW  

NUfºWô]Õ, 

 (3) NWôN¬  = CûP¨ûX A[Ü =  ØLÓ  = µ 

 (4) CVp¨ûXl TWY−u EVWm X = µ Gu\ ×s°«p 

ÁlùTÚU§lûT AûP¡\Õ, (A,Õ,) 
1

σ 2π
   ùTÚU ¨LrRLÜ 

BÏm, 

 (5) CRtÏ JúW JÚ ØLÓRôu EiÓ, CVp¨ûXl TWYp JÚ 

ØLhÓl TWYp BÏm, AÕ X = µp Es[Õ, 

 (6) CVp¨ûX Yû[ÜdÏ A¥dúLôÓ ùRôûXj ùRôÓúLôPôL 

AûU¡\Õ, 

 (7) X = µ ± σ®p CRtÏ Yû[Ü Uôtßl ×s°Ls Es[], 

 (8) X = µ Gu\ úLôh¥tÏ CÚ×\Øm NUfºWôL Es[Rôp. 

úLôhPd ùLÝ éf£VUôÏm, 

 (9) TWl×l Ti×Ls : 

  P(µ −σ < X < µ + σ) = 0.6826 

  P(µ −2σ < X < µ + 2σ) = 0.9544 

  P(µ −3σ < X < µ + 3σ) = 0.9973 

x = µ
z = 0

∞-∞
x = µ
z = 0

∞-∞
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 (10) ØVt£L°u Gi¦dûL n ªLl ùT¬V GiQôLÜm. 

ùYt±«u ¨LrRLÜ p, 1/2dÏ AÚ¡Ûm AûUÙm úTôÕ ((A,Õ,). 

(p, q ªLf£±V]YôL CpXôR úTôÕ) CVp¨ûXl TWYp 

DßÚl× TWY−u úRôWôV U§lûT AûP¡\Õ, 

 (11) λ → ∞ G²p Tôn^ôu TWYp. CVp¨ûXl TWYûX úSôd¡f 

ùNp¡\Õ, 

§hP CVp¨ûXl TWYp (Standard Normal Distribution) : 
 NWôN¬ éf£VUôLÜm. §hP ®XdLj§u U§l× 1 BLÜm 

CÚl©u NUYônl× Uô±. §hP CVp¨ûX Uô± G] 

AûZdLlTÓ¡\Õ, 

 NWôN¬ µ G]Üm §hP ®XdLm σ G]Üm ùLôiP CVp¨ûXl 

TWYûX §hP CVp¨ûXl TWYXôL Uôt\ B§ûVÙm A[ûYûVÙm 

Uôt\ úYiÓm, 

 x  A[ûY«−ÚkÕ z A[ûYdÏ Uôt\ ¸rdLôÔm ãj§Wm 

TVuTÓ¡\Õ, Z  = 
X − µ

σ  

     §hP CVp¨ûX Uô± ZCu ¨LrRLÜ APoj§f Nôo× 

  ϕ(z) = 
1

2π
 e 

− 
1
2 z2

   ;  −∞ < z < ∞ BÏm, 

 CkR TWYÛdÏ TiT[ûYLs ¡ûPVôÕ, §hP CVp¨ûXl 

TWYûX N(0,1) G]d Ï±d¡ú\ôm, 

 CVp¨ûX ¨LrRLÜ Yû[®u ¸r ùUôjRl TWl× Juß, 

 i.e.,  ⌡⌠
−∞

∞
 f(x) dx  = ⌡⌠

−∞

∞
ϕ (z)dz  = 1   ⇒   ⌡⌠

−∞

0

 ϕ (z)dz = ⌡⌠
0

 ∞
ϕ (z)dz   =  0.5 

CVp¨ûXl TWY−u TWlT[Ül Ti× 

(Area  Property  of Normal Distribution) : 

 X Gu\ NUYônl× Uô± (µ − σ, µ + σ) Gu\ CûPùY°«p 

AûUYRtLô] ¨TkRû] 

 P(µ −σ < X < µ + σ) = ⌡⌠
µ −σ

µ +σ
  f(x) dx  

         Z  = 
X − µ

σ   ®p X = µ − σ Utßm X = µ + σ G]l ©W§«P. 
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P(−1< Z< 1)= ⌡⌠
−1

1

 ϕ (z)dz  

  = 2⌡⌠
0

1

 ϕ (z)dz  (‡ NUfºo Ti×) 

 
 
 
 

TPm 10.4 

  = 2 × 0.3413,  (TWl× AhPYûQ«−ÚkÕ) 

  = 0.6826 

úUÛm P(µ −2σ < X < µ + 2σ)  

   = ⌡⌠
µ −2σ

µ +2σ
  f(x) dx  

P(−2 < Z < 2) = ⌡⌠
−2

2

ϕ (z)dz   
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  = 2⌡⌠
0

2

ϕ (z)dz , (NUfºo Ti×) 

  = 2 × 0.4772  = 0.9544 

CÕúTôp  P(µ −3σ < X < µ + 3σ)  

  = ⌡⌠
µ −3σ

µ +3σ
  f(x) dx  = ⌡⌠

−3

3

ϕ (z)dz   

  = 2 × 0.49865 = 0.9973 

 

 

 

 

TPm 10.6 

BRXôp. X Gu\ CVp¨ûX Uô± µ ± 3σ Gu\ CûPùY°dÏ ùY°úV 

AûUV ¨Lr RLÜ 

    P( | X − µ | > 3σ) = P( | Z | >3) = 1 − P(−3 < Z < 3) = 1 − 0.9973 =  0.0027 

Ï±l× :  

 CVp¨ûX Yû[YûWdÏd ¸r AûUÙm TWl×Ls. §hP 

CVp¨ûX Uô± ZIl ùTôßjÕ ùLôÓdLlThÓs[Rôp. GkR JÚ 

LQd¡Ûm X Uô±ûV ØR−p Z Uô±VôL Uôt\ úYiÓm, 

AhPYûQ«p NWôN¬«−ÚkÕ (Z = 0) GkR JÚ Z U§l©tÏm 

CûPlThP TWlT[ûYd LôQ CVÛm. 

-1 1
∞-∞

0-1 1
∞-∞

0

-2 2
∞-∞

0-2 2
∞-∞

0

-3 3
∞-∞

0-3 3
∞-∞

-3 3
∞-∞

0
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 CVp¨ûX Yû[YûW 

NUfºÚûPVÕ, BRXôp zCu 

Ïû\ Gi¦tLôLj R² 

AhPYûQ úRûY«pûX, 

GÓjÕdLôhPôL.  

 P(0 ≤ Z ≤ 1.2) =  P(−1.2 ≤ Z ≤ 0) 

 

 

 

 
TPm 10.7 

GÓjÕdLôhÓ 10.27 : Z JÚ §hP CVp¨ûX Uô± GuL, 

¸rdLiPûYLÞdÏ ¨LrRLÜ LôiL, 

 (i) P(0 ≤ Z ≤ 1.2) (ii) P(−1.2 ≤ Z ≤ 0) 
 (iii) Z = 1.3dÏ YXlTdLl TWl× (iv) Z = 1.5dÏ CPlTdLl TWl× 

 (v)  P(−1.2 ≤  Z ≤ 2.5)   (vi) P(−1.2 ≤  Z ≤ − 0.5)     (vii) P(1.5 ≤  Z ≤ 2.5) 
¾oÜ : 

(i)  P(0 ≤ Z ≤ 1.2) 

 P(0 ≤ Z ≤ 1.2) = (Z = 0C−ÚkÕ  
  Z = 1.2 YûW Es[ TWl×) 

  = 0.3849 

 
 
 
 

TPm 10.8 

 (ii)   P(−1.2 ≤ Z ≤ 0) 
   

 P(−1.2 ≤ Z ≤ 0) =   P(0 ≤ Z ≤ 1.2) 
    =   0.3849 
    (NUfºo Ti×) 

 
 
 
 

TPm 10.9 
(iii) Z = 1.3dÏ YXlTdLØs[ TWl× 

 P(Z > 1.3) = (Z = 0C−ÚkÕ Z = ∞ YûW 

Es[ TWl×)  − (Z = 0C−ÚkÕ  

Z = 1.3 YûW Es[ TWl×) 

  = P(0 < Z < ∞) − P(0 ≤ Z <1.3) 

  = 0.5 − 0.4032 =   0.0968 

 
 
 
 

TPm 10.10 

(iv) Z = 1.5dÏ CPlTdLØs[ TWl× 

 = P(Z < 1.5) 

 = P(−∞ < Z< 0) + P(0 ≤  Z < 1.5) 
 = 0.5 + 0.4332 
 = 0.9332 

 
 
 

 
TPm 10.11 

z0
∞-∞

z0
∞-∞

z = 1.2z = 0
∞-∞ z = 1.2z = 0
∞-∞

z = -1.2 z = 0
∞-∞

z = -1.2 z = 0
∞-∞

z = 1.3z = 0
∞-∞

z = 1.3z = 0
∞-∞

z = 1.5z = 0
∞-∞

z = 1.5z = 0
∞-∞
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(v) P(−1.2 ≤  Z < 2.5)  

 = P(− 1.2 < Z < 0) + P(0 < Z < 2.5) 

       = P(0 ≤  Z < 1.2) + P(0≤  Z ≤ 2.5) 
            [NUfºo Ti×] 

      =  0.3849  + 0.4938 
      =  0.8787  
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(vi) P(−1.2 ≤  Z ≤ −0.5) 

      = P(−1.2 < Z < 0) − P(−0.5 < Z < 0) 

      =  P(0 < Z < 1.2) − P(0 < Z < 0.5) 
[NUfºo Ti×] 

      =  0.3849  − 0.1915  =  0.1934 

 
 
 
 

TPm 10.13 
(vii) P(1.5 ≤  Z ≤ 2.5) 
 úRûYVô] TWl× 
      = P(0 ≤  Z ≤ 2.5) − P(0 ≤  Z ≤ 1.5)  =  0.4938  − 0.4332 =  0.0606 
GÓjÕdLôhÓ 10.28 : Z JÚ §hP CVp¨ûX Uô± GuL, ¸rdLôÔm 

LQdÏL°p cCu U§l× LôiL, 

 (i) P(Z < c)  =  0.05 (ii)  P(−c < Z < c) = 0.94 

 (iii) P(Z > c)   = 0.05 (iv) P(c <  Z < 0) = 0.31 

¾oÜ : 
(i) P(Z < c)  =  0.05 i.e., P (− ∞ < Z < c) = 0.05 
    TWl× < 0.5, BRXôp Z = 0®tÏ 

CPl×\m c AûU¡\Õ, 

    TWl× AhPYûQ«−ÚkÕ. TWl× 

0.45dÏ EiPô] Z U§l× 1.65.   

∴c  = − 1.65 

 
 
 

TPm 10.14 

(ii)   P(−c < Z < c) = 0.94 

 Z = 0dÏ CÚ×\Øm Z = −cÙm Z = +cÙm NUçWj§p 

AûUkÕs[], 

 ∴   P(0 < Z < c) = 
0.94

2  = 0.47. 

 TWl× 0.47dÏ EiPô]  Z U§l× 

TWl× AhPYûQ«− 1.88 BÏm, 

 ∴  c =  1.88  Utßm − c = − 1.88  

 
 
 

 

TPm 10.15 

2.5z = 0-1.2
∞-∞

2.5z = 0-1.2
∞-∞

z = -.5
z = 0

z = -1.2

∞-∞
z = -.5

z = 0
z = -1.2

∞-∞

0c

. 45
∞-∞

0c

. 45
∞-∞

z = cz = 0z = -c

. 47 . 47

. 94

∞-∞
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(iii) P(Z > c) = 0.05  ⇒  P(c < Z < ∞) = 0.05 

      ùLôÓdLlThP ®YWeL°−ÚkÕ. Z = 0dÏ YXl×\m c AûU¡\Õ, 

 Z = 0dÏ YXl×\Øs[ TWl× = 0.5 

 P(0 < Z < ∞) −  P(0 < Z < c) = 0.05 

 0.5 − P(0 < Z < c) = 0.05 

 ∴  0.5  − 0.05 = P(0 < Z < c) 

 0.45 = P(0 < Z < c) 

 

 

 

TPm 10.16 

TWl× AhPYûQ«−ÚkÕ 0.45dÏ EiPô] ZCu U§l× 1.65 

BÏm, ∴  c = 1.65 

(iv) P(c < Z < 0)  = 0.31 

 cCu U§l× éf£VjÕdÏ Ïû\YôL CÚlTRôp. Z = 0dÏ 

CPl×\m AûU¡\Õ, TWl× AhPYûQ«−ÚkÕ. TWl×  0.31dÏ 

EiPô] Z U§l× 0.88 BÏm, Z = 0dÏ CPl×\m AûUYRôp   
c = − 0.88 

GÓjÕdLôhÓ 10.29 :  

 CVp¨ûX Uô± X-u NWôN¬ 6 Utßm §hP ®XdLm 5 BÏm,  

(i)  P(0 ≤ X ≤ 8)    (ii)  P( | X − 6 | < 10) B¡VYtû\d LôiL, 

¾oÜ : µ = 6,   σ  = 5  G]d ùLôÓdLlThÓs[Õ, 

(i)  P(0 ≤ X ≤ 8) 

 Z  = 
X − µ

σ  ùR¬kRúR, 

X = 0 G²p.  Z = 
0 − 6

5   =  
−6
5    =  − 1.2 

X = 8 G²p.   Z = 
8 − 6

5   =  
2
5   =  0.4 

 
 
 
 

TPm 10.17 

 ∴ P(0 ≤ X ≤ 8)  = P(−1.2 < Z < 0.4) 

  = P(0< Z <1.2) + P(0 < Z < .4) (NUfºo Ti×) 

  = 0.3849 + 0.1554 

  = 0.5403 

(ii)  P( | X − 6| < 10)  =  P(−10 < (X − 6)  < 10)   ⇒ P(−4 < X < 16)  

z = cz = 0

. 45
0.05 ∞-∞

z = cz = 0

. 45
0.05 ∞-∞

z = 0z = -1.2 z = .4
∞-∞

z = 0z = -1.2 z = .4
∞-∞
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   X = −4 G²p.  Z = 
−4 − 6

5   =  
−10

5    =  − 2 

 X = 16 G²p.  Z = 
16 − 6

5   =  
10
5    =  2 

 P(− 4 < X < 16) = P(−2 < Z < 2) 

 
 
 

TPm 10.18 

   = 2 P(0 < Z  < 2) (NUfºo Ti×) 
   = 2 (0.4772)  = 0.9544 
GÓjÕdLôhÓ 10.30 : JÚ úRo®p 1000 UôQYoL°u NWôN¬ 

U§lùTi 34 Utßm §hP ®XdLm 16 BÏm, U§lùTi CVp¨ûXl 

TWYûX ùTt±Úl©u (i) 30C−ÚkÕ 60 U§lùTiLÞd¡ûPúV 

U§lùTi ùTt\ UôQYoL°u Gi¦dûL (ii) Uj§V 70%  
UôQYoLs ùTßm U§lùTiL°u GpûXLs CYtû\d LôiL, 

¾oÜ :  µ = 34,    σ  = 16,      N = 1000 

(i)  P(30 < X < 60)  ;  Z  = 
X − µ

σ  

 ∴   X = 30,  Z1  = 
30 − µ

σ    =   
30 − 34

16     

  =  
−4
16  = −0.25 

 Z1 = −0.25 

 Z2 = 
60 − 34

16    =  
26
16   =   1.625 

 Z2 ≈ 1.63   (úRôWôVUôL) 

 

 

 

 
TPm 10.19 

   P(−0.25 < Z < 1.63) =P(0 < Z< 0.25)  + P(0 < Z < 1.63) (NUfºo Ti×) 

  = 0.0987  +  0.4484 = 0.5471 

       


30C−ÚkÕ 60 U§lùTiLs

YûW ùTßm UôQYoL°u

Gi¦dûL
 = 0.5471 × 1000 = 547. 

(ii) Uj§V 70% UôQYoL°u GpûXLs : 



TWl× AhPYûQ«−ÚkÕ

0.35 TWl©tLô]

Z1Cu U§l×
  = − 1.04  

[Z = 0dÏ CPl×\m Z1 AûUYRôp] 

 CÕ úTôXúY  Z2 = 1.04 

 
 
 
 
 

TPm 10.20 

z = 2z = 0z = -2
∞-∞

z = 2z = 0z = -2
∞-∞

x = 60
z2

x = 34x = 30
z1

∞-∞
x = 60

z2

x = 34x = 30
z1

∞-∞

 

z2z = 0z1

. 35 . 35

∞-∞
z2z = 0z1

. 35 . 35

∞-∞
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 Z1 = 
X − 34

16    =  1.04 

 X1 = 16 × 1.04  + 34 

  = 16.64 +  34 
 X1 = 50.64 

 Z2 = 
X − 34

16    =  − 1.04 

 X2 = − 1.04  × 16  + 34 

 X2 = − 16.64 +  34 

 X2 = 17.36 

 ∴  Uj§V 70% UôQYoLs 17.36C−ÚkÕ 50.64dÏ CûPlThP 

U§lùTiLû[l ùTß¡\ôoLs, 

GÓjÕdLôhÓ 10.31 : CVp¨ûXl TWY−u ¨LrRLÜ APoj§f Nôo×  

f(x) = k e−2x2 + 4x , − ∞  <  X < ∞  G²p µ Utßm σ2
Cu U§l× LôiL,   

¾oÜ : GÓjÕd ùLôsL : 

 −2x2 + 4x = −2 (x2 − 2x) = −2 [(x −1)2 − 1] = −2 (x − 1)2 + 2 

 ∴  e−2x2 + 4x  = e2.  e−2(x −1)2    

  
= e2.  e

−
1
2   

(x −1)2

1/4  

   = e2. e
−

1
2  

x −1
1/2  

2
 

  
f(x)EPu Jl©ÓûL«p 

 k e−2x2 + 4x = 
1

σ 2π
   

e
−

1
2 



x −µ

σ  
2

 
  

 ⇒  k e2 e
−

1
2  

x −1
1/2  

2
 

  = 
1

σ 2π
   

e
−

1
2 



x −µ

σ  
2

 
  

 σ = 
1
2 ; µ  = 1  Utßm k = 

1
1
2 2π 

  . e−2  =  
2e−2

2π
 =  

2 e − 2

π
, σ2 = 

1
4

 

GÓjÕdLôhÓ 10.32 : SÅ] £tßkÕL°p ùTôÚjRlTÓm 

NdLWeL°−ÚkÕ NUYônl× Øû\«p úRokùRÓdLlTÓm NdLWj§u 

Lôt\ÝjRm CVp¨ûXl TWYûX Jj§Úd¡\Õ, Lôt\ÝjR NWôN¬  

31 psi. úUÛm §hP ®XdLm 0.2 psi G²p 

 (i) (a) 30.5 psidÏm 31.5 psidÏm CûPlThP Lôt\ÝjRm 

  (b) 30 psidÏm 32 psidÏm CûPlThP Lôt\ÝjRm G] 

CÚdÏmT¥VôL NdLWj§û] úRokùRÓdL ¨LrRLÜ 

LôiL, 

 (ii) NUYônl× Øû\«p úRokùRÓdLlTÓm NdLWj§u 

Lôt\ÝjRm 30.5 psidÏ A§LUôL CÚdL ¨LrRLÜ LôiL, 
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¾oÜ :  ùLôÓdLlThPûY µ = 31 Utßm σ  = 0.2  

(i) (a)   P(30.5 < X < 31.5)  ;  Z  = 
X − µ

σ  

X = 30.5 G²p. Z = 
30.5 − 31

0.2  = 
−0.5
0.2  = −2.5 

X = 31.5 G²p Z = 
31.5 − 31

0.2  = 
0.5
0.2  = 2.5 

 

 

 

TPm 10.21 

∴  úRûYVô] ¨LrRLÜ 
 P(30.5 < X < 31.5)  = P( −2.5 < Z < 2.5) 
  = 2 P(0< Z < 2.5)  
   [NUfºo Ti×] 
  = 2(0.4938)  =  0.9876 
 (b)  P(30 < X < 32) 

X = 30 G²p.     Z = 
30 − 31

0.2  = 
−1
0.2  = − 5 

X = 32 G²p.      Z = 
32 − 31

0.2  = 
1

0.2  = 5 

 

 

 

TPm 10.22 

 P(30 < X < 32) = P(−5 < Z < 5)  

 =  ØÝ Yû[YûW«u ¸r Es[ TWl×  = 1 (úRôWôVUôL) 

 (ii)   X = 30.5 G²p.   Z = 
30.5 − 31

0.2  = 
−0.5
0.2  = −2.5 

 P(X > 30.5) = P(Z > − 2.5) 

  = 0.5  + P(0 < Z < 2.5)  

  = 0.5 + 0.4938   =  0.9938 

 

 

 

TPm 10.23 

T«t£ 10.5 

 (1) JÚ CVp ¨ûX Uô± X-u NWôN¬ 80 BLÜm. §hP ®XdLm 10 

BLÜm AûUkÕs[Õ, ¸rdLiPYtû\ RWlTÓj§ ¨LrRLÜ 

LôiL, 

  (i) P(X ≤ 100) (ii) P(X ≤ 80) 
  (iii) P(65 ≤ X ≤ 100) (iv) P(70 < X) 
  (v) P(85 ≤ X ≤ 95)  

x = 31.5µ = 31x = 30.5
∞-∞

x = 31.5µ = 31x = 30.5
∞-∞

µ = 31
∞-∞

µ = 31
∞-∞

z = -2.5
∞-∞

z = -2.5
∞-∞
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 (2) Z  JÚ §hP CVp ¨ûX Uô± G²p. ¸rdLiPYt±p cCu 

U§l× LôiL, 

  (i) P(0 < Z < c) = 0.25 (ii) P(−c < Z < c) = 0.40 

  (iii) P(Z > c) = 0.85  

 (3) AùU¬dL LiPj§p ù_h ®Uô]j§p TVQm ùNnÙm JÚ 

STo Lôvªd L§¬VdLj§]ôp Tô§dLlTÓYÕ JÚ CVp¨ûX 

TWYXôÏm, CRu NWôN¬ 4.35 m rem BLÜm. §hP ®XdLm 0.59 
m rem BLÜm AûUkÕs[Õ, JÚ STo  

5.20 m rem dÏ úUp Lôvªd L§¬VdLj§]ôp Tô§dLlTÓYôo 

GuTRtÏ ¨LrRLÜ LôiL, 

 (4) úTôo ÅWoL°u LôX¦L°u BÙhLôXm CVp¨ûXl 

TWYûX Jj§Úd¡\Õ, CkRl TWY−u NWôN¬ 8 UôRUôLÜm. 

§hP®XdLm 2 UôRUôLÜm AûU¡\Õ, 5000 úNô¥ LôX¦Ls  

A°dLlThP úTôÕ. GjRû] úNô¥Lû[ 12 
UôReLÞdÏs[ôL Uôt\lTP úYiÓùU] G§oTôodLXôm, 

 (5) JÚ Ï±l©hP Lpí¬«p 500 UôQYoL°u GûPLs JÚ 

CVp¨ûXl TWYûX Jj§ÚlTRôLd ùLôs[lTÓ¡\Õ, CRu 

NWôN¬ 151 TÜiÓL[ôLÜm §hP ®XdLm 15 
TÜiÓL[ôLÜm Es[], (i)  120 TÜiÓdÏm 155 TÜiÓdÏm 

CûPúVÙs[ UôQYoLs (ii)  185 TÜiÓdÏ úUp ¨û\Ùs[ 

UôQYoL°u Gi¦dûL LôiL, 

 (6) 300 UôQYoL°u EVWeLs CVp¨ûXl TWYûX 

Jj§Úd¡\Õ, CRu NWôN¬ 64.5 AeÏXeLs, úUÛm §hP 

®XdLm 3.3 AeÏXeLs, GkR EVWj§tÏd ¸r 99% 
UôQYoL°u EVWm APe¡«ÚdÏm? 

 (7) JÚ Ts°«u 800 UôQYoLÞdÏd ùLôÓdLlThP 

§\]ônÜj úRo®u U§lùTiLs CVp¨ûXl TWYûX 

Jj§Úd¡\Õ, 10% UôQYoLs 40 U§lùTiLÞdÏd ¸úZÙm. 

10% UôQYoLs 90 U§lùTiLÞdÏ úUÛm ùTß¡\ôoLs, 

40 U§lùTiLÞdÏm 90 U§lùTiLÞdÏm CûPúV 

U§lùTiLs ùTt\ UôQYoL°u Gi¦dûLûVd LôiL, 

 (8) JÚ CVp¨ûXl TWY−u ¨LrRLÜl TWYp  

  f(x)  = c e−x2 + 3x ,  − ∞ < X < ∞ G²p. c, µ, σ2 CYtû\d LôiL, 
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TpYônl× ®ûPV° ®]ôdLs  
(Ï±dúLôs ®]ôdLs) 

(OBJECTIVE TYPE QUESTIONS) 

N¬Vô] ApXÕ Ht×ûPV ®ûP«û] GÓjùRÝÕL: 

 (1) x = 2Cp y =  − 2x3  + 3x  + 5 Gu\ Yû[YûW«u NônÜ 

  (1)  − 20 (2) 27 (3)   −16 (4)  − 21 
 (2) r BWm ùLôiP JÚ YhPj§u TWl× ACp HtTÓm Uôßm 

ÅRm. 

  (1)  2 π r (2) 2 π r 
dr
dt  (3)   π r2  

dr
dt  (4)  π  

dr
dt  

 (3) B§«−ÚkÕ JÚ úSodúLôh¥p x ùRôûX®p SLÚm 

×s°«u §ûNúYLm v G]Üm a + bv2 = x2 G]Üm 

ùLôÓdLlThÓs[Õ, CeÏ a Utßm b  Uô±−Ls, ARu 

ØÓdLm B]Õ 

  (1) 
b
x (2) 

a
x (3)   

x
b  (4)  

x
a 

 (4) JÚ EÚÏm T²dLh¥l úLô[j§u L] A[Ü 1 ùN,Á,
3 / ¨ªPm 

G]d Ïû\¡u\Õ, ARu ®hPm 10 ùN,Á, G] CÚdÏm úTôÕ 

®hPm Ïû\Ùm úYLm B]Õ 

  (1) 
−1

50π ùN,Á, / ¨ªPm  (2)  
1

50π ùN,Á, / ¨ªPm  

  (3)   
−11
75π ùN,Á, / ¨ªPm  (4)  

−2
75π ùN,Á, / ¨ªPm 

 (5) y = 3x2 + 3sin x Gu\ Yû[YûWdÏ x=0®p ùRôÓúLôh¥u NônÜ 

  (1) 3 (2) 2 (3) 1 (4) − 1 

 (6) y = 3x2
 Gu\ Yû[YûWdÏ xCu BVjùRôûXÜ 2 G]d 

ùLôiÓs[ ×s°«p ùNeúLôh¥u NônYô]Õ 

  (1)  
1

13  (2) 
1
14  (3)  

−1
12  (4) 

1
12  

 (7) y = 2x2 – 6x – 4 Gu\ Yû[YûW«p x –AfÑdÏ CûQVôLÜs[ 

ùRôÓúLôh¥u ùRôÓ ×s° 

  (1) 



 

5
2  ,

– 17
2    (2) 



 

−5
2   ,

– 17
2    (3) 



 

−5
2   ,

 17
2    (4) 



 

3
2  ,

– 17
2    
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 (8) y= 
x3

5   Gàm Yû[YûWdÏ (−1, − 1/5) Gu\ ×s°«p 

ùRôÓúLôh¥u NUuTôÓ 

  (1) 5y + 3x = 2 (2) 5y − 3x = 2 (3) 3x − 5y = 2  (4) 3x + 3y = 2 

 (9) θ = 
1
t   Gàm Yû[YûWdÏ ×s° (−3, − 1/3) Gu\ ×s°«p 

ùNeúLôh¥u NUuTôÓ 

  (1) 3 θ = 27 t – 80  (2)  5 θ = 27t – 80   

  (3)  3 θ  = 27 t + 80 (4)  θ = 
1
t   

 (10) 
x2

25 + 
y2

9  = 1 Utßm 
x2

8  − 
y2

8  = 1 Gàm Yû[YûWLÞdÏ 

CûPlThP úLôQm 

  (1) 
π
4 (2) 

π
3 (3) 

π
6 (4) 

π
2 

 (11) y = emx Utßm y = e–mx , m >1 Guàm Yû[YûWLÞdÏ 

CûPlThP úLôQm 

  (1)  tan−1 




2m

m2-1
    (2) tan−1





2m

1− m2    

  (3)  tan−1 




−2m

1+ m2   (4) tan−1  




2m

m2+1
   

 (12) x2/3+y2/3=a2/3 Gàm Yû[YûW«u ÕûQ AXÏf NUuTôÓLs 

  (1)  x = a sin3 θ  ;  y  = a cos3 θ (2)  x = a cos3 θ ; y = a sin3 θ 

  (3)  x = a3 sin θ  ;  y  = a3 cos θ (4)  x = a3 cos θ  ;  y  = a3 sin θ 

 (13) x2/3 + y2/3  = a2/3 Gu\ Yû[YûW«u ùNeúLôÓ xAfÑPu θ 
Guàm úLôQm HtTÓjÕùU²p AfùNeúLôh¥u NônÜ  

  (1)  – cot θ (2)  tan θ (3)  – tan θ (4)  cot θ 

 (14) JÚ NÕWj§u êûX ®hPj§u ¿[m A§L¬dÏm ÅRm  

0.1 ùN,Á / ®]ô¥, G²p TdL A[Ü 
15

2
 ùN,Á BL CÚdÏm 

úTôÕ ARu TWlT[Ü A§L¬dÏm ÅRm 

  (1)  1.5 ùN,Á
2/®]ô¥ (2) 3 ùN,Á

2/®]ô¥ 

  (3) 3 2 ùN,Á
2/®]ô¥     (4) 0.15 ùN,Á

2/®]ô¥ 
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 (15) JÚ úLô[j§u L] A[Ü Utßm BWj§p HtTÓm 

UôßÅReLs GiQ[®p NUUôL CÚdÏmúTôÕ úLô[j§u 

Yû[TWl× 

 (1)  1 (2) 
1

2π (3) 4π (4) 
4π
3  

 (16) x3 − 2x2 + 3x + 8 A§L¬dÏm ÅRUô]Õ x A§L¬dÏm ÅRjûRl 

úTôp CÚ UPeÏ G²p xCu U§l×Ls 

  (1)  



− 

1
3 , − 3  (2) 



1

3 , 3  (3) 



− 

1
3 , 3  (4) 



1

3 , 1  

 (17) JÚ EÚû[«u BWm 2 ùN,Á, / ®]ô¥ Gu\ ÅRj§p 

A§L¬d¡u\Õ, ARu EVWm 3 ùN,Á, / ®]ô¥ Gu\ ÅRj§p 

Ïû\¡u\Õ, BWm 3 ùN,Á, Utßm EVWm 5 ùN,Á, BL CÚdÏm 

úTôÕ ARu L] A[®u Uôß ÅRm 

  (1)  23π (2) 33π (3) 43π (4) 53π 

 (18) y = 6x − x3 úUÛm x B]Õ ®]ô¥dÏ 5 AXÏLs ÅRj§p 

A§L¬d¡u\Õ, x = 3 Gàm úTôÕ ARu Nôn®u UôßÅRm 
  (1)  − 90 AXÏLs / ®]ô¥ (2) 90 AXÏLs / ®]ô¥ 
  (3) 180 AXÏLs / ®]ô¥ (4) − 180 AXÏLs / ®]ô¥ 

 (19) JÚ L]fNÕWj§u L] A[Ü 4ùN,Á,
3 / ®]ô¥ Gu\ ÅRj§p 

A§L¬d¡u\Õ, AdL]fNÕWj§u L] A[Ü 8 L,ùN,Á, BL 

CÚdÏm úTôÕ ARu ×\lTWlT[Ü A§L¬dÏm ÅRm 

  (1) 8 ùN,Á,
2/®]ô¥ (2) 16 ùN,Á,

2/®]ô¥ 

  (3) 2 ùN,Á,
2/®]ô¥ (4) 4 ùN,Á,

2/®]ô¥ 

 (20) y = 8 + 4x − 2x2 Gu\ Yû[YûW y-AfûN ùYhÓm ×s°«p 

AûUÙm ùRôÓúLôh¥u NônÜ 

  (1) 8 (2) 4 (3) 0 (4) − 4 

 (21) y2 = x Utßm x2 = y Gu\ TWYû[VeLÞd¡ûPúV B§«p 

AûUÙm úLôQm 

  (1) 2 tan−1 



3

4  (2) tan− 1 



4

3  (3) 
π
2 (4) 

π
4 

 (22) x = et cos t  ;  y = et sin t  Gu\ Yû[YûW«u ùRôÓúLôÓ  

x-AfÑdÏ CûQVôLÜs[Õ G²p tCu U§l× 

  (1) − 
π
4 (2) 

π
4 (3) 0 (4) 

π
2 
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 (23) JÚ Yû[YûW«u ùNeúLôÓ xAf£u ªûL §ûN«p θ 
Guàm úLôQjûR HtTÓjÕ¡\Õ, AfùNeúLôÓ 

YûWVlThP ×s°«p Yû[YûW«u NônÜ 

  (1) − cot θ (2) tan θ (3) − tan θ (4) cot θ 

 (24) y = 3ex Utßm y = 
a
3 e−x  Guàm Yû[YûWLs ùNeÏjRôL 

ùYh¥d ùLôs¡u\] G²p ‘a’Cu U§l× 

  (1) − 1  (2) 1 (3) 
1
3 (4) 3 

 (25) s = t3−4t2+7 G²p ØÓdLm éf£VUôÏm úTôÕs[ §ûNúYLm 

  (1) 
32
3  m/sec (2) 

− 16
3  m/sec (3) 

16
3  m/sec (4) 

− 32
3  m/sec 

 (26) JÚ úSodúLôh¥p SLÚm ×s°«u §ûNúYLUô]Õ. 

AdúLôh¥p JÚ ¨ûXl×s°«−ÚkÕ SLÚm ×s°dÏ 

CûP«p Es[ ùRôûX®u YodLj§tÏ úSo ®¡RUôL 

AûUkÕs[Õ G²p ARu ØÓdLm ©uYÚm Ju±àdÏ 

®¡RUôL AûUkÕs[Õ, 

  (1) s (2) s2 (3) s3 (4) s4 

 (27) y = x2 Gu\ Nôo©tÏ [− 2, 2]Cp úWô−u Uô±− 

  (1) 
2 3

3  (2) 0 (3) 2 (4) − 2 

 (28) a = 0,  b = 1 G]d ùLôiÓ f(x) = x2 + 2x − 1  Gu\ Nôo©tÏ 

ùXdWôg£«u CûPU§l×j úRt\j§uT¥Ùs[ ‘c’Cu 

U§l× 

  (1) − 1  (2) 1 (3) 0 (4) 
1
2 

 (29) f(x) = cos 
x
2  Gu\ Nôo©tÏ [π, 3π]Cp úWôp úRt\j§uT¥ 

AûUkR cCu U§l× 

  (1) 0 2) 2π (3) 
π
2 (4) 

3π
2   

 (30) a = 1 Utßm b = 4 G]d ùLôiÓ. f(x) = x Gu\ Nôo©tÏ 

ùXdWôg£«u CûPU§l×j úRt\j§uT¥ AûUÙm ‘c’Cu 

U§l× 

  (1) 
9
4 (2) 

3
2 (3) 

1
2 (4) 

1
4 
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 (31) lim
x → ∞

   
x2

ex  -u U§l× 

  (1) 2 (2) 0 (3) ∞ (4) 1 

 (32) lim
x→ 0

 
ax − bx

cx − dx -u U§l× 

  (1) ∞ (2) 0 (3) log 
ab
cd (4) 

log ( )a/b
log ( )c/d   

 (33) f(a) = 2;  f ′(a) = 1 ; g(a) = − 1 ; g ′(a) = 2 G²p  

lim
x → a

   
g(x) f(a) − g(a) f(x)

x − a
Cu U§l× 

  (1) 5 (2) − 5 (3) 3 (4) − 3 

 (34) ©uYÚY]Ytßs GÕ (0, ∞)Cp Hßm  Nôo×? 

  (1) ex (2) 
1
x (3) − x2 (4) x−2 

 (35) f(x) = x2 − 5x + 4 Gu\ Nôo× Hßm CûPùY° 

  (1) (− ∞, 1)      (2) (1, 4)     (3) (4, ∞)    (4) GpXô ×s°L°PjÕm 

 (36) f(x) = x2 Gu\ Nôo× C\eÏm CûPùY° 

  (1) (− ∞, ∞) (2) (− ∞, 0) (3) (0, ∞) (4) (− 2, ∞) 

 (37) y = tan x − x Gu\ Nôo× 

  (1) 



0 , 

π
2 Cp Hßm Nôo× 

  (2) 



0 , 

π
2 Cp C\eÏm Nôo× 

  (3) 



0 , 

π
4 Cp Hßm 



π

4 , 
π
2  Cp C\eÏm 

  (4) 



0 , 

π
4 Cp C\eÏm 



π

4 , 
π
2  Cp Hßm 

 (38) ùLôÓdLlThÓs[ AûW YhPj§u ®hPm 4 ùN,Á, ARàs 

YûWVlTÓm ùNqYLj§u ùTÚU TWl× 

  (1) 2 (2) 4 (3) 8 (4) 16 

 (39) 100Á
2 TWl× ùLôiÓs[ ùNqYLj§u Áf£ß Ñt\[Ü 

  (1) 10 (2) 20 (3) 40 (4) 60 
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 (40) f(x) = x2 − 4x + 5 Gu\ Nôo× [0, 3]Cp ùLôiÓs[ ÁlùTÚ 

ùTÚU U§l× 

  (1) 2 (2) 3 (3) 4 (4) 5 

 (41) y = − e−x Gu\ Yû[YûW 
  (1) x > 0®tÏ úUpúSôd¡d Ï¯Ü 

  (2) x > 0®tÏ ¸rúSôd¡d Ï¯Ü 
  (3) GlúTôÕm úUpúSôd¡d Ï¯Ü 
  (4) GlúTôÕm ¸rúSôd¡d Ï¯Ü 
 (42) ©uYÚm Yû[YûWLÞs GÕ ¸rúSôd¡ Ï¯Ü ùTtßs[Õ? 

  (1) y = − x2 (2) y = x2 (3) y = ex          (4) y = x2 + 2x − 3 

 (43) y = x4 Gu\ Yû[YûW«u Yû[Ü Uôtßl×s° 
  (1) x = 0 (2) x = 3 (3) x = 12             (4) GeÏªpûX 

 (44) y = ax3 + bx2 + cx + d Gu\ Yû[YûWdÏ x = 1Cp JÚ Yû[Ü 

Uôtßl×s° EiùP²p 
  (1) a + b = 0 (2) a + 3b = 0 (3) 3a +b = 0 (4) 3a + b = 1 

 (45) u = xy G²p 
∂u
∂x

dÏf NUUô]Õ 

  (1) yxy − 1 (2) u log x (3) u log y (4) xyx − 1 

 (46) u = sin−1 






x4 + y4

x2 + y2  Utßm f = sin u G²p. NUT¥jRô] Nôo× 

fCuT¥ 

  (1) 0 (2) 1 (3) 2 (4) 4 

 (47) u = 
1

x2 + y2
 G²p x 

∂u
∂x

 + y 
∂u
∂y

 = 

  (1) 
1
2 u (2) u (3) 

3
2 u (4) − u 

 (48) y2 (x − 2) = x2 (1 + x) Gu\ Yû[YûWdÏ 
  (1) x-AfÑdÏ CûQVô] JÚ ùRôûXj ùRôÓúLôÓ EiÓ 

  (2) y-AfÑdÏ CûQVô] JÚ ùRôûXj ùRôÓúLôÓ EiÓ  

  (3)CÚ AfÑLÞdÏm CûQVô] ùRôûXj ùRôÓúLôÓLs EiÓ  

  (4) ùRôûXj ùRôÓúLôÓLs CpûX 

 (49) x = r cos θ, y = r sin θ  G²p 
∂r
∂x

 = 

  (1) sec θ (2) sin θ (3) cos θ (4) cosec θ 
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 (50) ©uYÚ]Ytßs N¬Vô] átßLs: 
  (i) JÚ Yû[YûW B§ûVl ùTôßjÕ NUfºo ùTt±Úl©u 

AÕ CÚ AfÑLû[l ùTôßjÕm NUfºo ùTt±ÚdÏm, 
  (ii) JÚ Yû[YûW CÚ AfÑLû[l ùTôßjÕ NUfºo 

ùTt±Úl©u AÕ B§ûVl ùTôßjÕm NUfºo 

ùTt±ÚdÏm, 
  (iii) f(x, y) = 0 Gu\ Yû[YûW y = x Gu\ úLôhûPl ùTôßjÕ 

NUfºo ùTtßs[Õ G²p f(x, y) = f(y, x). 
  (iv) f(x, y) = 0 Gu\ Yû[YûWdÏ f(x, y) = f(− y, − x), 

EiûUVô«u AÕ B§ûVl ùTôßjÕ NUfºo 

ùTt±ÚdÏm, 

  (1) (ii), (iii) (2) (i), (iv) (3) (i), (iii) (4) (ii), (iv) 

 (51) u = log 



x2 + y2

xy  G²p x 
∂u
∂x

 + y 
∂u
∂y

 GuTÕ 

  (1) 0 (2) u (3) 2u (4) u−1 
 (52) 28Cu 11Bm T¥êX NR®¡Rl ©ûZ úRôWôVUôL 28Cu 

NR®¡Rl ©ûZûVl úTôp _____ UPeLôÏm 

  (1) 
1

28 (2) 
1
11 (3) 11 (4) 28 

 (53) a2y2 = x2 (a2 − x2) Gu\ Yû[YûW 
  (1) x = 0 Utßm x = adÏ CûP«p JÚ Li¦ UhÓúU 

ùLôiÓs[Õ 
  (2) x = 0 Utßm x = adÏ CûP«p CÚ Li¦Ls ùLôiÓ 

Es[Õ 

  (3) x= −a Utßm x = adÏ CûP«p CÚ Li¦Ls ùLôiÓ 

Es[Õ 
  (4) Li¦ HÕªpûX 

 (54) y2 (a + 2x) = x2 (3a − x) Gu\ Yû[YûW«u ùRôûXj ùRôÓúLôÓ  
  (1) x = 3a (2) x = − a/2 (3) x = a/2 (4) x = 0 

 (55) y2(a + x) = x2 (3a − x) Gu\ Yû[YûW ©uYÚY]Ytßs GkRl 

TÏ§«p AûUVôÕ? 
  (1) x > 0    (2) 0 < x < 3a    (3) x  ≤ − a Utßm x > 3a (4) − a < x < 3a 

 (56) u = y sin x G²p 
∂2u

∂x ∂y
  = 

  (1) cos x (2) cos y (3) sin x        4) 0 



 261

 (57) u = f 



y

x  G²p. x 
∂u
∂x

 + y 
∂u
∂y

 Cu U§l× 

  (1) 0 (2) 1 (3) 2u (4) u 

 (58) 9y2 = x2(4 − x2) Gu\ Yû[YûW GRtÏ NUfºo? 
  (1) y-AfÑ (2) x-AfÑ (3) y = x                (4) CÚ AfÑLs 

 (59) ay2 = x2 (3a − x) Gu\ Yû[YûW y-AfûN ùYhÓm ×s°Ls 
  (1) x = − 3a, x = 0 (2) x = 0, x = 3a  (3) x = 0, x = a  (4) x = 0 

 (60) ⌡⌠
0

π/2
 

cos5/3x

cos5/3x + sin 5/3x
  dx Cu U§l× 

  (1) 
π
2 (2) 

π
4 (3) 0 (4) π 

 (61) ⌡⌠
0

π/2
 

sin x − cos x
1 + sin x cos x dx Cu U§l× 

  (1) 
π
2 (2) 0 (3) 

π
4 (4) π 

 (62) ⌡⌠
0

 1
 x (1 − x)4 dx Cu U§l× 

  (1) 
1

12 (2) 
1
30 (3) 

1
24 (4) 

1
20 

 (63) ⌡⌠
− π/2

π/2
   



sin x

2 + cosx  dx Cu U§l× 

  (1) 0 (2) 2 (3) log 2 (4) log 4 

 (64) ⌡⌠
0

π
 sin4x dx Cu U§l× 

  (1) 3π/16 (2) 3/16 (3) 0 (4) 3π/8 

 (65) ⌡⌠
0

π/4
 cos32x dxCu U§l× 

  (1) 
2
3 (2) 

1
3 (3) 0 (4) 

2π
3  
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 (66) ⌡⌠
0

π
 sin2x cos3x dx Cu U§l× 

  (1) π (2) π/2 (3) π/4 (4) 0 
 (67) y = x Gu\ úLôh¥tÏm x-AfÑ, úLôÓLs x = 1 Utßm x = 2 

B¡VYt±tÏm CûPlThP AWeLj§u TWl× 

  (1) 
3
2 (2) 

5
2 (3) 

1
2  (4) 

7
2 

 (68) x = 0C−ÚkÕ x = 
π
4 YûW«Xô] y = sin x Utßm y = cos x Gu\ 

Yû[YûWL°u CûPlThP TWl×  
  (1) 2 + 1 (2) 2 − 1 (3) 2 2 − 2 (4) 2 2 + 2 

 (69) 
x2

a2 + 
y2

b2 = 1 Gu\ ¿s YhPj§tÏm ARu ÕûQ YhPj§tÏm 

CûPlThP TWl× 

  (1) πb(a − b) (2) 2πa (a − b) (3) πa (a − b) (4) 2πb (a − b) 

 (70) TWYû[y2 = xdÏm ARu ùNqYLXj§tÏm CûPlThP TWl× 

  (1) 
4
3 (2) 

1
6 (3) 

2
3 (4) 

8
3 

 (71) 
x2

9  + 
y2

16 = 1 Gu\ Yû[YûWûV Ït\fûN ùTôßjÕ 

ÑZt\lTÓm §PlùTôÚ°u L] A[Ü 
  (1) 48π (2) 64π (3) 32π (4) 128 π 

 (72) y = 3 + x2 Gu\ Yû[YûW x = 0®−ÚkÕ x = 4 YûW x-AfûN 

AfNôL ûYjÕf ÑZt\lTÓm §PlùTôÚ°u L]A[Ü 

  (1) 100 π (2) 
100

9  π (3) 
100

3  π (4) 
100

3  

 (73) úLôÓLs y = x, y = 1 Utßm x = 0 B¡VûY HtTÓjÕm TWl×  

y-AfûN ùTôßjÕf  ÑZt\lTÓm §PlùTôÚ°u L] A[Ü 

  (1) π/4 (2) π/2 (3) π/3 (4) 2π/3 

 (74)  
x2

a2 + 
y2

b2 = 1 Gu\ ¿sYhPj§u TWlûT ùShPfÑ. Ït\fÑ 

CYtû\ ùTôßjÕf ÑZt\lTÓm §PlùTôÚ°u L] 

A[ÜL°u ®¡Rm 

  (1) b2 : a2 (2) a2 : b2 (3) a : b (4) b : a 
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 (75) (0, 0), (3, 0) Utßm (3, 3) B¡VYtû\ Øû]l ×s°L[ôLd 

ùLôiP ØdúLôQj§u TWl× x-AfûN ùTôßjÕf 

ÑZt\lTÓm §PlùTôÚ°u L] A[Ü 

  (1) 18π (2) 2π (3) 36π (4) 9π 

 (76) x2/3 + y2/3= 4 Gu\ Yû[YûW«u ®p−u ¿[m 
  (1) 48  (2) 24 
  (3) 12  (4) 96 
 (77) y = 2x, x = 0 Utßm x = 2 CYt±tÏ CûPúV HtTÓm TWl×  

x-AfûN ùTôßjÕf ÑZt\lTÓm §PlùTôÚ°u 

Yû[lTWl× 
  (1) 8 5 π (2) 2 5 π (3) 5π (4) 4 5π 
 (78) BWm 5 Es[ úLô[jûR R[eLs ûUVj§−ÚkÕ 2 Utßm 4 

çWj§p ùYhÓm CÚ CûQVô] R[eLÞdÏ CûPlThP 

TÏ§«u Yû[lTWl× 
  (1) 20π (2) 40π (3) 10π (4) 30π 

 (79) 
dy
dx + 2 

y
x = e4x Gu\ YûLdùLÝf NUuTôh¥u ùRôûLd LôW¦ 

    (1) log x (2) x2 (3) ex (4) x 

 (80) 
dy
dx + Py = Q Gu\ YûLdùLÝf NUuTôh¥u ùRôûLd LôW¦ 

cos x G²p. PCu U§l× 

   (1) − cot x (2) cot x (3) tan x (4) − tan x 

 (81) dx + xdy = e−y sec2y dyCu ùRôûLd LôW¦ 

  (1) ex (2) e−x (3) ey (4) e−y 

 (82) 
dy
dx + 

1
x log x .y =  

2

x2 Cu ùRôûLd LôW¦ 

  (1) ex (2) logx (3) 
1
x (4) e−x 

 (83) m < 0BL CÚl©u 
dx
dy + mx = 0Cu ¾oÜ  

  (1) x = cemy (2) x = ce−my (3) x = my + c (4) x = c 

 (84) y = cx − c2 GuTRû]l ùTôÕj ¾oYôLl ùTt\ YûLdùLÝ 

NUuTôÓ  

  (1) (y′)2 − xy′ + y = 0 (2) y′′ = 0  

  (3) y′ = c  (4) (y′)2 + xy′ + y = 0 
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 (85) 



dx

dy

2
 + 5y1/3 = x Gu\ YûLdùLÝ®u 

  (1) Y¬ûN 2 Utßm T¥ 1  
  (2) Y¬ûN 1 Utßm T¥ 2  
  (3) Y¬ûN 1 Utßm T¥ 6 
  (4) Y¬ûN 1 Utßm T¥ 3 
 (86) JÚ R[j§p Es[ x-AfÑdÏ ùNeÏjRpXôR úLôÓL°u 

YûLdùLÝf NUuTôÓ 

  (1) 
dy
dx = 0 (2) 

d2y

dx2 = 0 (3) 
dy
dx = m (4) 

d2y

dx2 = m 

 (87) B§l×s°ûV ûUVUôLd ùLôiP YhPeL°u ùRôÏl©u 

YûLdùLÝf NUuTôÓ 

  (1) x dy + y dx = 0  (2) x dy − y dx = 0 

  (3) x dx + y dy = 0  (4) x dx − y dy = 0 

 (88) YûLdùLÝf NUuTôÓ 
dy
dx + py = Q®u ùRôûLd LôW¦ 

  (1) ⌡⌠ pdx (2) ⌡⌠ Q dx (3) e⌡⌠Q dx
 (4) e ∫pdx 

 (89) (D2 + 1)y = e2x
Cu ¨Wl×f Nôo× 

  (1) (Ax + B)ex     (2) A cos x + B sin x   (3) (Ax + B)e2x   (4) (Ax + B)e−x 

 (90) (D2 − 4D + 4)y = e2x Cu £\l×j ¾oÜ (PI) 

  (1) 
x2

2  e2x (2) xe2x (3) xe−2x (4) 
x
2 e−2x 

 (91) y = mx Gu\ úSodúLôÓL°u ùRôÏl©u YûLdùLÝf 

NUuTôÓ 

  (1) 
dy
dx = m (2) ydx − xdy = 0 

  (3) 
d2y

dx2 = 0 (4) ydx + x dy = 0 

 (92) 1 + 



dy

dx

1/3
  = 

d2y

dx2 Gu\ YûLdùLÝf NUuTôh¥u T¥ 

  (1) 1 (2) 2 (3) 3 (4) 6 
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 (93) c = 




1 + 



dy

dx
3 2/3

d3y

dx3

  

 

Gu\ YûLdùLÝf NUuTôh¥u     T¥ 

 

(CeÏ c JÚ Uô±−) 

  (1) 1 (2) 3 (3) − 2 (4) 2 
 (94) JÚ L§¬VdL ùTôÚ°u UôßÅR U§l×. AmU§l©u (P)úSo 

®¡RRj§p £ûRÜß¡\Õ, CRtÏ Ht\ YûLd ùLÝf NUuTôÓ 

(k Ïû\ Gi) 

  (1) 
dp
dt  = 

k
p (2) 

dp
dt  = kt (3) 

dp
dt  = kp (4) 

dp
dt  = − kt 

 (95) xy R[j§Ûs[ GpXô úSodúLôÓL°u ùRôÏl©u YûLd 

ùLÝf NUuTôÓ 

  (1) 
dy
dx = JÚ Uô±−   (2) 

d2y

dx2 = 0 (3) y + 
dy
dx = 0 (4) 

d2y

dx2 + y = 0 

 (96) y = keλx G²p ARu YûLdùLÝf NUuTôÓ 

  (1) 
dy
dx = λy (2) 

dy
dx = ky (3) 

dy
dx + ky = 0 (4) 

dy
dx = eλx 

 (97) y=ae3x+be−3x
 Gu\ NUuTôh¥p aûVÙm bûVÙm ¿d¡d 

¡ûPdÏm YûLdùLÝf NUuTôÓ 

  (1) 
d2y

dx2 + ay = 0 (2) 
d2y

dx2 − 9y = 0   (3) 
d2y

dx2 − 9 
dy
dx = 0 (4) 

d2y

dx2 + 9x = 0 

 (98) y = ex (A cos x + B sin x) Gu\ ùRôPo©p AûVÙm BûVÙm ¿d¡l 

ùT\lTÓm YûLdùLÝf NUuTôÓ 
  (1) y2 + y1 = 0  (2) y2 − y1 = 0  

  (3) y2 − 2y1 + 2 y = 0 (4) y2 − 2y1 − 2 y = 0 

 (99) 
dy
dx = 

x − y
x + y G²p 

  (1) 2xy + y2 + x2 = c (2) x2 + y2 − x + y = c 

  (3) x2 + y2 − 2xy = c (4) x2 − y2 − 2xy = c 

 (100) f ′(x) = x Utßm f(1) = 2 G²p f(x) GuTÕ 

  (1) − 
2
3 ( )x x + 2   (2) 

3
2 ( )x x + 2  

  (3) 
2
3 ( )x x + 2   (4) 

2
3 x ( )x + 2  
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 (101) x2dy + y(x + y)dx = 0 Gu\ NUlT¥jRô] YûLdùLÝf 

NUuTôh¥p  y = vx G]l ©W§ÂÓ ùNnÙm úTôÕ ¡ûPlTÕ 

  (1) xdv + (2v + v2)dx = 0 (2) vdx + (2x + x2)dv = 0 

  (3) v2dx − (x + x2)dv = 0 (4) vdv + (2x + x2)dx = 0 

 (102) 
dy
dx − y tan x = cos x Gu\ YûLdùLÝf NUuTôh¥u ùRôûLd 

LôW¦ 

  (1) sec x (2) cos x (3) etanx (4) cot x 

 (103) (3D2 + D − 14)y = 13e2x
Cu £\l×j ¾oÜ 

  (1) 26x e2x (2) 13x e2x (3) x e2x  (4)  x2/2 e2x 
 (104) f(D) = (D − a) g(D), g(a) ≠ 0 G²p YûLdùLÝf NUuTôÓ  

f(D)y = eax
Cu £\l×j ¾oÜ 

  (1) meax (2) 
eax

g(a) (3) g(a)eax (4) 
xeax

g(a) 

 (105) ¸rdLiPYtßs GûY átßLs? 
  (i)   LPÜs Euû] B£oY§dLhÓm 
  (ii) úWôNô JÚ é 
  (iii) Tô−u ¨\m ùYiûU 
  (iv) 1 JÚ TLô Gi 
  (1) (i), (ii), (iii) (2) (i), (ii), (iv)   (3) (i), (iii), (iv)  (4) (ii), (iii), (iv) 
 (106) JÚ áhÓd átß êuß R²dátßLû[d ùLôiPRôL 

CÚl©u. ùUnVhPYûQ«Ûs[ ¨ûWL°u Gi¦dûL 

  (1) 8 (2) 6 (3) 4 (4) 2 
 (107) p«u ùUnU§l× T Utßm qCu ùUnU§l× FG²p 

©uYÚY]Yt±p GûY ùUnU§l× T G] CÚdÏm? 
  (i) p ∨ q (ii) ∼ p ∨ q (iii) p ∨ ∼ q (iv) p ∧ ∼ q 
  (1) (i), (ii), (iii)  (2) (i), (ii), (iv)  
  (3) (i), (iii), (iv)  (4) (ii), (iii), (iv) 
 (108) ∼ [ ]p ∧ (∼ q) u ùUn AhPYûQ«p ¨ûWL°u Gi¦dûL 
  (1) 2 (2) 4 (3) 6 (4) 8 

 (109) ¨TkRû]d átß p → qdÏf NUô]Uô]Õ 

  (1) p ∨ q (2) p ∨ ∼ q (3) ∼ p ∨ q (4) p ∧ q 
 (110) ©uYÚY]Ytßs GÕ ùUnûUVôÏm? 
  (1) p ∨ q (2) p ∧ q (3) p ∨ ∼ p (4) p ∧ ∼ p 
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 (111) ©uYÚY]Ytßs GÕ ØWiTôPôÏm? 
  (1) p ∨ q (2) p ∧ q (3) p ∨ ∼ p (4) p ∧ ∼ p 
 (112) p ↔ qdÏf NUô]Uô]Õ 

  (1) p → q    (2) q → p   (3) (p → q) ∨ (q → p)   (4) (p → q) ∧ (q → p) 
 (113) ¸rdLiPYt±p GÕ RCp DÚßl×f ùNV− ApX? 
  (1) a * b = ab  (2) a * b = a − b  

  (3) a * b = ab  (4) a * b = a2 + b2 
 (114) NU²ÙûPV AûWdÏXm. ÏXUôYRtÏ éoj§ ùNnV úYi¥V 

®§VôYÕ. 
  (1) AûPl× ®§ (2) úNol× ®§ 
  (3) NU² ®§  (4) G§oUû\ ®§ 
 (115) ¸rdLiPYtßs GÕ ÏXm ApX? 
  (1) (Zn , +n) (2) (Z, +) (3) (Z, .) (4) (R, +) 

 (116) ØÝdL°p * Gu\ DÚßl×f ùNV− a * b = a + b − ab G] 

YûWVßdLlTÓ¡\Õ G²p 3 * (4 * 5) Cu U§l× 
  (1) 25 (2) 15 (3) 10 (4) 5 
 (117) (Z9 , +9)Cp [7] Cu Y¬ûN 
  (1) 9 (2) 6 (3) 3 (4) 1 
 (118) ùTÚdLûXl ùTôßjÕ ÏXUô¡V Ju±u ØlT¥ êXeL°p. 

ω2Cu Y¬ûN 
  (1) 4 (2) 3 (3) 2 (4) 1 
 (119) [3] +11 ( )[5] +11 [6] Cu U§l× 

  (1) [0] (2) [1] (3) [2] (4) [3] 
 (120) ùUnùViL°u LQm RCp * Gu\ DÚßl×f ùNV−  

  a * b = a2 + b2 G] YûWVßdLlTÓ¡\Õ G²p (3 * 4) * 5Cu 

U§l× 
  (1) 5 (2) 5 2 (3) 25 (4) 50 
 (121) ¸rdLiPYtßs GÕ N¬? 
  (1) JÚ ÏXj§u JÚ Eßl©tÏ Ju±tÏ úUtThP G§oUû\ 

EiÓ, 
  (2) ÏXj§u JqùYôÚ Eßl×m ARu G§oUû\VôL 

CÚdÏùU²p AdÏXm JÚ GÀ−Vu ÏXUôÏm, 

  (3) ùUnùViLû[ Eßl×L[ôLd ùLôiP GpXô 2 × 2 
A¦dúLôûYLÞm ùTÚdLp ®§«p ÏXUôÏm,  

  (4) GpXô a, b ∈ GdÏm (a * b)−1 = a−1 * b−1  
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 (122) ùTÚdLp ®§ûVl ùTôßjÕ ÏXUô¡V Ju±u SôXôm 

êXeL°p. − i Cu Y¬ûN 

  (1) 4 (ii) 3 (3) 2 (4) 1 
 (123) ùTÚdLûX ùTôßjÕ ÏXUô¡V Ju±u nBm T¥ êXeL°p  

ωk
Cu G§oUû\ (k < n) 

  (1) ω1/k (2) ω−1 (3) ωn − k (4) ωn/k 

 (124) ØÝdL°p * Gu\ DÚßl×f ùNV− a * b = a + b − 1 G] 

YûWVßdLlTÓ¡\Õ G²p NU² Eßl× 
  (1) 0 (2) 1 (3) a (4) b 

(125)f(x) = 



 k x2 
 0

 
0 < x < 3 

Utù\e¡Ûm  

 

GuTÕ ¨LrRLÜ APoj§f Nôo× G²p kCu U§l× 

  (1)  
1
3 (2)  

1
6 (3)  

1
9 (4) 

1
12 

(126) f(x)  =  
A
π  

1

16 + x2, − ∞ < x < ∞ GuTÕ X Gu\ ùRôPo NUYônl× 

Uô±«u JÚ ¨LrRLÜ APoj§f Nôo× (p.d.f.) G²p ACu 

U§l× 

  (1)  16 (2)  8 (3)  4 (4) 1 
(127) X Gu\ NUYônl× Uô±«u ¨LrRLÜl TWYp ©uYÚUôß:  

X 0 1 2 3 4 5 

P(X = x) 1/4 2a 3a 4a 5a 1/4 

  P(1 ≤ x ≤ 4) Cu U§l× 

  (1)  
10
21 (2)  

2
7 (3)  

1
14 (4) 

1
2 

(128) X Gu\ NUYônl× Uô±«u ¨LrRLÜ ¨û\fNôo× TWYp 

©uYÚUôß:   

X −2 3 1 

P(X = x) 
λ
6 

λ
4 

λ
12 

  λ®u U§l× 

  (1)  1 (2)  2 (3)  3 (4) 4 
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(129) X Gu\ JÚ R²¨ûX NUYônl× Uô± 0, 1, 2 Gu\ U§l×Lû[d 

ùLôs¡\Õ, úUÛm P(X = 0) = 
144
169 ,  P(X = 1) = 

1
169 , G²p  

P(X = 2)Cu U§l× 

  (1)  
145
169 (2)  

24
169 (3)  

2
169 (4) 

143
169 

(130) JÚ NUYônl× Uô± XCu ¨LrRLÜ ¨û\f Nôo× (p.d.f) 
©uYÚUôß 

X 0 1 2 3 4 5 6 7 

P(X = x) 0 k 2k 2k 3k k2 2k2 7k2 + k 

  kCu U§l× 

  (1)  
1
8 (2)  

1
10 (3)  0 (4) − 1 or 

1
10 

(131) E(X + c) = 8 Utßm E(X − c) = 12  G²p cCu U§l× 

  (1)  −2 (2) 4 (3)  −4 (4) 2 

(132) X Gu\ NUYônl× Uô±«u 3, 4 Utßm 12 B¡V U§l×Ls 

Øû\úV 
1
3  ,  

1
4  Utßm 

5
12 B¡V ¨LrRLÜLû[d 

ùLôsÞùU²p. E(X)Cu U§l× 

  (1)  5 (2)  7 (3)  6 (4) 3 

(133) X Gu\ NUYônl× Uô±«u TWYtT¥ 4 úUÛm NWôN¬ 2 G²p 

E(X2)Cu U§l× 

  (1)  2 (2)  4 (3)  6 (4) 8 

(134) JÚ R²¨ûX NUYônl× Uô± XdÏ. µ2 = 20, úUÛm µ2′  =  276 

G²p XCu NWôN¬«u U§l× 

  (1)  16 (2)  5 (3)  2 (4) 1 
(135) Var (4X + 3)Cu U§l× 

  (1) 7 (2) 16 Var (X) (3) 19 (4) 0 
(136) JÚ TLûPûV 5 Øû\ ÅÑm úTôÕ. 1 ApXÕ 2 ¡ûPlTÕ 

ùYt±ùV]d LÚRlTÓ¡\Õ. G²p ùYt±«u NWôN¬«u U§l× 

  (1)  
5
3 (2)  

3
5 (3)  

5
9 (4) 

9
5 
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(137) JÚ DÚßl×l TWY−u NWôN¬ 5 úUÛm §hP®XdLm 2 G²p  
n Utßm pCu U§l×Ls 

  (1) 



4

5 ,25   (2)  



25, 

4
5   (3)  



1

5 ,25   (4) 



25,

1
5   

(138) JÚ DÚßl×l TWY−u NWôN¬ 12 Utßm §hP®XdLm 2 G²p 

TiT[ûY pCu U§l× 

  (1)  
1
2 (2)  

1
3 (3)  

2
3 (4) 

1
4 

(139) JÚ TLûPûV 16 Øû\Ls ÅÑm úTôÕ. CWhûPlTûP Gi 

¡ûPlTÕ ùYt±VôÏm G²p ùYt±«u TWYtT¥ 

  (1)  4 (2)  6 (3)  2 (4) 256 

(140) JÚ ùTh¥«p 6 £Yl× Utßm 4 ùYsû[l TkÕLs Es[], 

AYt±−ÚkÕ 3 TkÕLs NUYônl× Øû\«p §Úl© 

ûYdLôUp GÓdLlThPôp. 2 ùYsû[l TkÕLs ¡ûPdL 

¨LrRLÜ 

  (1)  
1

20 (2) 
18
125 (3) 

4
25 (4) 

3
10 

(141) SuÏ LûXdLlThP 52 ºhÓLs ùLôiP ºhÓdLh¥−ÚkÕ 2 
ºhÓLs §Úl© ûYdLôUp GÓdLlTÓ¡u\], CWiÓm JúW 

¨\j§p CÚdL ¨LrRLÜ 

  (1) 
1
2 (2) 

26
51 (3) 

25
51 (4) 

25
102 

(142) JÚ Tôn^ôu TWY−p P(X = 0)  = k  G²p TWYtT¥«u U§l× 

  (1)  log 
1
k  (2)  log k (3)  eλ (4) 

1
k 

(143) JÚ NUYônl× Uô± X Tôn^ôu TWYûXl ©uTtß¡\Õ, 

úUÛm E(X2) = 30 G²p TWY−u TWYtT¥  

  (1)  6 (2)  5 (3)  30 (4) 25 
(144) NUYônl× Uô± X Cu TWYp Nôo× F(X) JÚ 

  (1)  C\eÏm Nôo× 

  (2) Ïû\Vô (C\eLô) Nôo× 

  (3) Uô±−f Nôo× 

  (4) ØR−p Hßm Nôo× ©u]o C\eÏm Nôo× 
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(145) Tôn^ôu TWY−u TiT[ûY λ = 0.25, G²p CWiPôYÕ 

®XdLl ùTÚdÏj ùRôûL  

  (1)  0.25 (2) 0.3125 (3) 0.0625 (4) 0.025 

(146) JÚ Tôn^ôu TWY−p P(X = 2) = P(X = 3) G²p. TiT[ûY 

λCu U§l× 

  (1)  6 (2)  2 (3)  3 (4) 0 

(147) JÚ CVp¨ûXl TWY−u ¨LrRLÜ APoj§f Nôo× f(x)Cu 

NWôN¬ µ G²p ⌡⌠
− ∞

∞
f(x) dx  Cu U§l×     

  (1)  1 (2)  0.5 (3)  0 (4) 0.25 

(148) JÚ NUYônl× Uô± X. CVp¨ûXl TWYp  f(x) = c e 
−1/2 (x − 100)2

25 I 

©uTtß¡\Õ G²p cCu U§l×     

  (1)  2π (2)  
1

 2π
 (3)  5 2π (4) 

1

5 2π
 

(149) JÚ CVp ¨ûX Uô± X Cu ¨LrRLÜ APoj§f Nôo× f(x) 

Utßm X ∼ N(µ, σ2) G²p ⌡⌠
− ∞

 µ
    f(x) dx Cu U§l× 

  (1)  YûWVßdL Ø¥VôRÕ (2) 1     (3) .5 (4) − .5 

(150) 400 UôQYoLs GÝ§V L¦Rj úRo®u U§lùTiLs 

CVp¨ûXl TWYûX Jj§Úd¡\Õ, CRu NWôN¬ 65. úUÛm 120  
UôQYoLs 85 U§lùTiLÞdÏ úUp ùTt±Úl©u. 

U§lùTiLs 45C−ÚkÕ 65dÏs ùTßm UôQYoL°u 

Gi¦dûL 

  (1) 120 (2) 20 (3) 80 (4) 160 
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®ûPLs 
T«t£ 5.1 

 (1) (i) 100 Á/®]ô¥      (ii) t = 4  (iii) 200Á      (iv) −100 Á/®]ô¥ 

 (2) − 12, 0 (3) (i) 72 ¡,Á / U¦ (ii) 60 Á, 

 (4) 1.5936° ùN,/®]ô¥        (5) 1.6 ùN,/¨ªPm ÅRj§p Ïû\¡\Õ 

 (6) 
195

29
 ¡,Á / U¦  (7) 0.3 Á2/®]ô¥        

 (8) 
π
63

 Á/¨ªPm  (9) 
6

5π  A¥Ls/¨ªPm 

T«t£ 5.2 

 (1) (i) 8x + y + 9 = 0 

   x − 8y + 58 = 0 

 (ii) 2x − y − π/2 = 0 

  x + 2y − 3π/2 = 0 

  (iii) y = 2 

   x = π/6 
 (iv) y − ( )2 + 1  = ( )2 + 2  



x − 

π
4  

  y − ( )2 + 1  = 
− 1

2 + 2
  



x − 

π
4  

 (2) 



2 

2
3 ,  

2
3   Utßm  



− 2 

2
3 ,  − 

2
3  

 (3) (2, 3) Utßm (− 2, − 3)  

 (4) (i) (1, 0) Utßm (1, 4)   (ii) (3, 2) Utßm (− 1, 2) 

 (5) 2x + 3y ± 26 = 0 (6) x + 9y ± 20 = 0 

 (9) θ = tan−1 









log a − log b

1 + log a  log b  

T«t£ 5.3 

 (1) (i) EiûU , c = 
π
2    (ii) EiûUVpX , f(0) ≠ f (1) 

  (iii) EiûUVpX ; x = 1Cp Nôo× YûL«P CVXôÕ, 

   (iv) EiûU, c = ± 
3

2  

 (2) (0, 1) 
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T«t£ 5.4 

 (1) (i) EiûU , c = 
3
2   (ii) EiûU, c = 2  (iii) EiûU , c = 

− 1 + 61
6  

  (iv) EiûUVpX , x = 0®p Nôo× YûL«P CVXôÕ 

         (v) EiûU , c = 
7
3 

 (2) 16 
T«t£ 5.5 

 (1) 1 + 
2x

1
  +  

(2x)2

2
  +  

(2x)3

3
 + … (2)  1 − x2 + 

x4

3  + … 

 (3) 1 − x + x2 + …  (4)  x + 
x3

3  + 
2x5

15   + … 

T«t£ 5.6 
  (1) − π (2) 2 (3) 1 (4) n2n − 1 (5) 2 
  (6) − 2 (7) 0 (8) 2 (9) 0 (10) e 
  (11) 1 (12) 1 (13) 1 

T«t£ 5.7 
 (3) (i) Hßm   (ii)  §hPUôL Hßm   (iii)  §hPUôL C\eÏm 
  (iv) §hPUôL Hßm     (v)  Hßm 
 (5) (i) (− ∞, − 1/2 ]p Hßm Utßm [−1/2 , ∞)p C\eÏm 
  (ii) (− ∞, − 1] ∪ [1, ∞)p Hßm Utßm [− 1, 1]p C\eÏm 
  (iii) Rp §hPUôL Hßm 

  (iv) 



0, 

π
3  ∪ 



5π

3  , 2π p C\eÏm Utßm 



π

3 , 
5π
3 p Hßm     

  (v) [0, π]p Hßm 

  (vi) 



π

4 , 
π
2 p Hßm Utßm 



0, 

π
4 p C\eÏm 

T«t£ 5.9 
 Uôß¨ûX GiLs ¨ûXl ×s°Ls 

 (1) (i) x = 
1
3 



1

3 , 
1
3    

  (ii) x = ± 1 (1, − 1) Utßm (− 1, 3) 

  (iii) x = 0, 4, 
8
7 (4, 0) Utßm 



8

7 , 



8

7
4/5

 



20

7
2

 

  (iv) x = 0, − 2 (0, 1) Utßm 



− 2, − 

1
3  
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  (v) θ = 0, 
π
4 , 

π
2, 

3π
4  , π (0, 0), 



π

4,1 , 



π

2, 0 , 



3π

4  , 1 , (π, 0) 

  (vi) θ = π (π, π) 
 ÁlùTÚ ùTÚUm Áf£ß £ßUm 
 (2) (i) 5 1 

  (ii) 2 − 7 

  (iii) 66 − 15 

  (iv) 3 5 

  (v) 
2
3 

1
2 

  (vi) 2 1 

  (vii) π + 2 − 
π
6 − 3   

 CPgNôokR ùTÚUm CPgNôokR £ßUm 

 (3) (i) 
2

3 3
 

− 2
3 3

 

  (ii) 12 
− 19
27  

  (iii) 0 − 9 

  (iv) CpûX − 1 
  (v) 1 CpûX  
  (vi) CPgNôokR ùTÚUm Utßm £ßUm CpûX 

T«t£ 5.10 

 (1) 50, 50           (2) 10, 10        (5)  ( )2 r, 2 r  (6) 20 5 

T«t£ 5.11 
  úUpúSôd¡ Ï¯Ü úUpúSôd¡ Ï®Ü Yû[Ü Uôtßl ×s° 

 (1) (− ∞, 1) (1, ∞) (1, 0) 

 (2) R − CpûX 

 (3) 



− 

5
6 , ∞  



− ∞, − 

5
6  − 

5
6 , 

305
54  

 (4) (− ∞, −1) ∪ (1, ∞) (− 1, 1) (1, − 5), (− 1, − 5) 
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 (5) 



π

2 , π  



0, 

π
2  



π

2 , 0  

 (6) (− 2, 1) (− ∞, − 2) ∪ (1, ∞) (1, 9), (− 2, 48) 

T«t£ 6.1 

 (1) (i) dy = 5x4dx (ii) dy = 
1
4 x− 3/4dx (iii) dy = 

x (2x2 + 1)

x4 + x2 + 1
 dx 

  (iv) dy = 




7

(2x + 3)2  dx  (v) dy=2 cos 2x dx   (vi) dy=(x sec2x + tan x) dx 

 (2) (i)   dy = − 2x dx ; dy = − 5 (ii) dy = (4x3 − 6x + 1) dx ; dy = 2.1 

  (iii) dy = 6x (x2 + 5)2dx  ; dy = 10.8 (iv) dy = − 
1

2 1 − x
 dx ; dy = − 0.01 

  (v)  dy = − sin x dx  ;  dy = − 0.025 

 (3) (i)  6.008 (úRôWôVUôL)    (ii) 0.099 (úRôWôVUôL)    (iii) 2.0116 (úRôWôVUôL)  

  (iv) 58.24 (úRôWôVUôL) 

 (4) (i) 270 L] ùN,Á,   (ii) 36 ùN,Á,
2 (5) (i) 0.96 π ùN,Á

2    (ii) 0.001667 

T«t£ 6.2 

Gi 
LôQlTÓm 

TÏR 
NUfºo 

ùRôûXj 

ùRôÓúLôÓLs 
Li¦Ls 

2 − 1 ≤ x ≤ 1 x-AfÑ.  

y-AfÑ 

Utßm B§ 

CpûX − 1 Utßm 
1dÏ 

CûPúV 2 

Li¦Ls 

3 − 2 < x ≤ 6 x- AfÑ x = − 2 0 Utßm 6dÏ 

CûPúV 1 

Li¦ 

4 x ≤ 1 x- AfÑ CpûX 0 Utßm 1dÏ 

CûPúV 1 

Li¦ 

5 x = b Utßm  

x ≥ a 
x- AfÑ CpûX  CpûX 
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T«t£ 6.3 

 (1) (i) 
∂u
∂x

 = 2x + 3y  ;  
∂u
∂y

 = 3x + 2y 

   
∂2u

∂x2 = 2  ;  
∂2u

∂y2 = 2 

 

(ii) 
∂u
∂x

 = 
x3 + 2y3

x3y2   ;  
∂u
∂y

 = − 
(y3 + 2x3)

x2 y3  

     
∂2u

∂x2 = 
− 6y

x4   ;  
∂2u

∂y2 = 
6x

y4 

  (iii) 
∂u
∂x

 = 3 cos 3x  cos 4y  ;  
∂u
∂y

 = − 4 sin 3x sin 4y 

   
∂2u

∂x2 = − 9 sin 3x cos 4y  ;  
∂2u

∂y2 = − 16 sin 3x cos 4y 

  (iv) 
∂u
∂x

 = 
y

x2 + y2  ;  
∂u
∂y

 = − 
x

x2 + y2 

   
∂2u

∂x2 = 
− 2xy

(x2 + y2)2  ;  
∂2u

∂y2  = 
2xy

(x2 + y2)2 

 (3) (i) 5t4et5 (ii) 
2 (e2t − e−2t)

(e2t + e−2t)
 (iii) − sin t 

  (iv) 2cos2t 

 (4) (i) 
∂w
∂r

 = 
2
r  ;  

∂w
∂θ  = 0 (ii) 

∂w
∂u

 = 4u (u2 + v2) ;  
∂w
∂v

 = 4v(u2 + v2) 

  (iii) 
∂w
∂u

 = 
2u

1 − (u2 − v2)
2
  ; 

∂w
∂v

 = 
− 2v

1 − (u2 − v2)
2
  

T«t£ 7.1 

 (1) 
π
4 (2)   

2
3 (3)   

5
2  + 

9
4 sin−1 



2

3  (4)   
1
4 

 (5) 
π
6 (6)   

1
3 tan−1 

1
3 (7)  log 



16

15  (8)  
1

64 π4 

 (9) 
2
3 (10) e − 2  (11) 

1
10 (e3π/2 − 3) (12) 

1
2 [1 − e−π/2] 

T«t£ 7.2 

 (1) 0 (2)  0 (3)   
1
4 (4)   

4
3 (5) 

2
3  

 (6)  0 (7)  0 (8)  
3
2 (9) 

1
132 (10) 

π
12 
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T«t£ 7.3 

 (2) (i) − 
1
4 sin3x cos x − 

3
8 sin x cos x + 

3
8 x 

  (ii) 
1
5 cos4x sin x + 

4
15 cos2x sin x + 

8
15 sin x 

 (3) (i) 
5π
32    (ii) 

128
315   (4) (i) 

35π
512  (ii) 

16
105         (5) (i) 

− 3
4  e−2 + 

1
4  (ii) 27. 6  

T«t£ 7.4 
 (1) (i)  4  (ii) 4 (2) (i) 57  (ii) 16 (3) 4 

 (4) 
55
27 (5) 8 ( )4 − 2  (6) 

8a2

3  

 (7) 
4 5

3  



5 + 

9
2 sin−1 

2
3  (8) 9 (9) 4 

 (10) πa2  (11) 
178π

15  (12) 
πa3

24  

  (13) 
3
5 π (14) 

4π ab2

3  

 (15) 
1
3 πr2h (16) π 

T«t£ 7.5 

 (1) 2πa (2) 4a        (3) 
8πa2

3  ( )2 2 − 1   

T«t£ 8.1 
  Y¬ûN T¥  Y¬ûN T¥ 

(1) (i) 1 1 (vi) 2 3 
 (ii) 1 1 (vii) 2 1 
 (iii) 2 1 (viii) 2 2 
 (iv) 2 2 (ix) 1 3 
 (v) 3 3 (x) 1 1 

 (2) (i) y = 2xy′ (ii) x2y′′ − 2xy′ + 2y − 2c = 0 

  (iii) xy′ + y = 0 (iv) x [ ](y′)2 + yy′′  − yy′ = 0 

  (v) y′′ + 3y′ − 10y = 0 (vi) y′′ = 6y′ − 9y 

  (vii) y′′ = 6y′ − 13y (viii) y = e(y′/y)x       (ix) y′′ − 4y′ + 13y = 0 

 (3) (i) yy′ = (y′)2x + a   (ii) y′ = m   (iii) y′′ = 0 (4) y2 [ ](y′)
2
 + 1  = 1 
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T«t£ 8.2 

 (1) y + 
sin 2y

2  + 
cos 7x

7  + 
cos 3x

3  = c (2) log y + etan x = c 

 (3) x = cy e( )x + y
xy  (4) ex(x2 − 2x + 2) + log y = c 

 (5) sin−1 



y − 4

5 + 
2
3

 tan−1 




2x + 5

3
 = c (6) tan (x + y) − sec (x + y) = x + c 

 (7) y − tan−1 (x + y) = c (8) exy = x + 1 
T«t£ 8.3 

 (1) (y − 2x) = cx2y (2)  y3 = cx2 e−x/y (3)  y = cex2 / 2y2
  

 (4) 2y = x(x + y) (5)  x2 (x2 + 4y2)3 = c (6)  y = x log x 
T«t£ 8.4 

 (1) ex(y − x + 1) = c (2)  y(x2 + 1)2 − x = c 

 (3) xetan−1y = etan−1y (tan−1y − 1) + c (4)  y(1 + x2) = sinx + c 

 (5) 2xy + cosx2 = c (6)  y = 1 + ce− x2/2 

 (7) xey = tan y + c (8) x = y − a2 + ce− y/a
2 

T«t£ 8.5 

 (1) y = Ae−4x + Be−3x + 
e

30

2x
  (2) y = e2x [A cos 3x + B sin 3x] + 

e− 3x

34  

 (3) y = (Ax + B)e− 7x + 
x2

2  e−7x + 
4
49 (4) y = Ae12x + Bex + 

e−2x

42  − 
5
11 xex 

 (5) y = 2[cos x − sin x] (6) y = ex [2 − 3ex + e2x] 

 (7) y = Aex + Be−4x − 
1
4 



x2 + 

3x
2  + 

13
8  

 (8) y = Ae3x + Be− x + 
1

130   [4 cos 2x − 7 sin 2x] 

 (9) y = (A + Bx) + sin 3x (10) y = (A + Bx) e3x  + 



x

9 + 
2
27  + e2x 

 (11) y = Aex + Be− x − 
1
5 cos 2x + 

2
5 sin 2x 

 (12) y = [ ]C cos 5 x + D sin 5 x  + 
1

10 + 
1
2 cos 2x 

 (13) y = e−x [ ]C cos 2 x + D sin 2 x  − 
1
17 [4 cos 2x + sin 2x] 
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 (14) y = Ae−x + Be−x/3 + 
3
2 xe−x/3 

T«t£ 8.6 
 (1) A = 0.9025 A0 (2)  17 BiÓLs(úRôWôVUôL)   (3)  38.82° C 

 (4) 197600 (5)  136 SôhLs 

T«t£ 9.1 
átßLs : (1), (2), (3), (5), (6), (10) ; Ut\ûY átßLs ApX 
 (11) T (12) T (13) T (14) F (15) T 
 (16) F (17) F (18) T (19) F (20) F 
 (21) (i) B]kj ùNn§jRôs T¥d¡\ôu Utßm ¡¬dùLh 

®û[VôÓ¡\ôu, 
   B]kj ùNn§jRôs T¥d¡\ôu ApXÕ ¡¬dùLh 

®û[VôÓ¡\ôu, 
  (ii) G]dÏ ¼Ùm Iv¡ÃØm ©¥dÏm, 
   G]dÏ ¼ ApXÕ Iv¡Ãm ©¥dÏm, 

 (22) (i) p ∨ q: LUXô Ts°dÏf ùNp¡\ôs ApXÕ YÏl©p CÚTÕ 

UôQYoLs Es[]o, 

  (ii) p ∧ q : LUXô Ts°dÏf ùNp¡\ôs Utßm YÏl©p CÚTÕ 

UôQYoLs Es[]o, 
  (iii) LUXô Ts°dÏf ùNpX®pûX, 
  (iv) YÏl©p CÚTÕ UôQYoLs Es[]o GuTÕ RYß, 
  (v) LUXô Ts°dÏf ùNpX®pûX ApXÕ YÏl©p CÚTÕ 

UôQYoLs Es[]o, 

 (23) (i) p ∧ q      (ii) p ∨ q    (iii) ∼ p (iv) p ∧ q (v) ∼ p 
 (24) ºRôÜdÏ T¥lTÕm ®û[VôÓYÕm ©¥dLôÕ, 

 (25) (i) 5 JÚ ®¡RØ\ô Gi ApX, 
  (ii) U¦ JÝeLt\Yo ApXÕ LÓûUVôL EûZdL UôhPôo, 
  (iii) ClTPm Su\ôLÜm CpûX AZLôLÜm CpûX, 

T«t£ 9.2 
(1) p∨ (∼ q)Cu ùUn AhPYûQ 

p q  ∼ q p ∨ (∼ q) 

T T F T 

T F T T 

F T F F 

F F T T 
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(2) (∼p) ∧ (∼ q)-u ùUn AhPYûQ 

p q ∼ p ∼ q (∼p) ∧ (∼ q) 
T T F F F 
T F F T F 
F T T F F 
F F T T T 

(3) ∼ (p ∨ q)-u ùUn AhPYûQ 
p q p ∨ q ∼ (p ∨ q) 
T T T F 
T F T F 
F T T F 
F F F T 

(4) (p ∨ q) ∨ (∼ p)-u ùUn AhPYûQ 
p q p ∨ q ∼ p (p ∨ q) ∨ (∼p) 
T T T F T 
T F T F T 
F T T T T 
F F F T T 

(5) (p ∧ q) ∨ (∼ q)-u ùUn AhPYûQ 
p q p ∧ q ∼ q (p ∧ q)∨(∼ q) 
T T T F T 
T F F T T 
F T F F F 
F F F T T 

(6) ∼ (p ∨ (∼ q))-u ùUn AhPYûQ 
p q ∼ q p∨ (∼ q) ∼ (p ∨ (∼ q)) 
T T F T F 
T F T T F 
F T F F T 
F F T T F 

(7) (p ∧ q) ∨ (∼ (p ∧ q))-u ùUn AhPYûQ 

p q p ∧ q ∼ (p∧q) (p∧q)∨(∼(p∧q)) 
T T T F T 
T F F T T 
F T F T T 
F F F T T 
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(8) (p ∧ q) ∧  (∼ q)-u ùUn AhPYûQ 

p q p ∧ q ∼ q (p∧q) ∧  (∼q) 

T T T F F 

T F F T F 

F T F F F 

F F F T F 

(9) (p ∨ q) ∨ r-u ùUn AhPYûQ 

p q r p ∨ q (p ∨ q) ∨ r 

T T T T T 

T T F T T 

T F T T T 

T F F T T 

F T T T T 

F T F T T 

F F T F T 

F F F F F 

(10) (p ∧ q) ∨ r-u ùUn AhPYûQ 

p q r p ∧ q (p ∧ q) ∨ r 

T T T T T 

T T F T T 

T F T F T 

T F F F F 

F T T F T 

F T F F F 

F F T F T 

F F F F F 
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T«t£ 9.3 

 (1) (i) ((∼p) ∧ q) ∧ p ØWiTôÓ 

  (ii) (p ∨ q) ∨ (∼ (p ∨ q)) ùUnûU 

  (iii) (p ∧ (∼ q)) ∨ ((∼ p) ∨ q) ùUnûU 

  (iv) q ∨ (p ∨ (∼ q)) ùUnûU 

  (v) (p ∧ (∼ p)) ∧ ((∼ q) ∧ p)) ØWiTôÓ 

T«t£ 9.4 

 (1) T¬Uôtß ®§ûVl éoj§ ùNnVôÕ, B]ôp úNol× 

®§dÏhTÓm, 

 (2) Bm 

 (10) 0([1]) = 1,  0 ([2]) = 4,   0([3]) = 4,   0([4]) = 2 

T«t£ 10.1 

(1) X 0 1 2 3 

 p (X = x) 125
216  

75
216 

15
216 

1
216 

 

(2) X 0 1 2 

 p (X = x) 188
221 

32
221 

1
221 

 

(3) X 0 1 2 

 p (X = x) 12
22 

9
22 

1
22 

 (4) (i) 
1

81  (ii) 
1
9  (iii) 

11
27 (6)  (i) 20   (ii) 

13
16 

 (7) (i) α β  (ii) e− β(10
α

)  

 (8) f(x) = 

2x
0   

0 ≤ x ≤ 1
elsewhere   (i) 0.3125   (ii) 0.25   (iii) 0.4375 
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 (9) c = a (10) (i) 
1

2π  (ii) 
1
4  (iii) 

1
2 

T«t£ 10.2 

 (1) NWôN¬ = 1,    TWYtT¥ = 
1
2 (2) E(X) = 3.5 

 (3) E(X) = − 15 (4)  NWôN¬ = 
2
13  ,  TWYtT¥ = 

24
169 

 (5) E(X) = − 1.25  
 (6) NWôN¬ = 6.4 , TWYtT¥ = 16.24  

 (7) (i) NWôN¬ = 0, TWYtT¥ = 48   (ii) NWôN¬ = 
1
α ,  TWYtT¥ = 

1

α 2
 

  (iii) NWôN¬ = 2,  TWYtT¥ = 2 

T«t£ 10.3 
 (1) Nôj§VªpûX, Hù]²p JÚ ¨Lrf£«u ¨LrRLÜ 0®tÏm 

1dÏm CûP«p UhÓúU AûUV úYiÓm, 

 (2) NWôN¬ = 40 ;  TWYtT¥ = 
80
3  

 (3) NWôN¬ = 450,  §hP ®XdLm = 3 5 

 (4) (i) 
3
8    (ii) 

11
16    (iii) 

11
16 (5) 

2048

55  (6) 
59

610 (15) 

T«t£ 10.4 
 (1) (i) 0.4331   (ii) 0.5368 (2)  (i) 0.1952  (ii) 0.5669 

 (3) (i) 45 × 
48

510   (ii) 0.2706 (4)  (i) 0.0838  (ii) 0.9598 

 (5) (i) úRôWôVUôL 50 KhÓ]oLs (ii) úRôWôVUôL 353 KhÓ]oLs 

T«t£ 10.5 
 (1) (i) 0.9772 (ii) 0.5 (iii) 0.9104 (iv) 0.8413  (v) 0.2417 

 (2) (i) 0.67 (ii) − 0.52 Utßm 0.52 (iii) − 1.04 
 (3) 0.0749 (4) 4886 úNô¥Ls 
 (5) (i) 291 SToLs (úRôWôVUôL)      (ii) 6 SToLs (úRôWôVUôL)  

 (6) 72.19 AeÏXm     (7) 640 UôQYoLs    (8) c = 
e−9/4

π
, µ = 

3
2  ,  σ2 = 

1
2 
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Ï±dúLôs ®]ôdLÞdLô] ®ûPLs 

 
Q.No Key Q.No Key Q.No Key Q.No Key Q.No Key 

1 4 31 2 61 2 91 2 121 2 

2 2 32 4 62 2 92 4 122 1 

3 3 33 1 63 1 93 2 123 3 

4 2 34 1 64 4 94 3 124 2 

5 1 35 3 65 2 95 2 125 3 

6 3 36 2 66 4 96 1 126 3 

7 4 37 1 67 1 97 2 127 4 

8 2 38 2 68 2 98 3 128 2 

9 3 39 3 69 3 99 4 129 2 

10 4 40 4 70 2 100 3 130 2 

11 1 41 4 71 2 101 1 131 1 

12 2 42 1 72 3 102 2 132 2 

13 2 43 4 73 3 103 3 133 4 

14 1 44 3 74 4 104 4 134 1 

15 1 45 1 75 4 105 4 135 2 

16 4 46 3 76 1 106 1 136 1 

17 2 47 4 77 1 107 3 137 4 

18 1 48 2 78 1 108 2 138 3 

19 1 49 3 79 2 109 3 139 1 

20 2 50 1 80 4 110 3 140 4 

21 3 51 1 81 3 111 4 141 3 

22 1 52 2 82 2 112 4 142 1 

23 1 53 3 83 2 113 3 143 2 

24 2 54 2 84 1 114 4 144 2 

25 2 55 3 85 2 115 3 145 2 

26 3 56 1 86 2 116 1 146 3 

27 2 57 1 87 3 117 1 147 1 

28 4 58 4 88 4 118 2 148 4 

29 2 59 4 89 2 119 4 149 3 

30 1 60 2 90 1 120 2 150 3 
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